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P R E F A C E .  

The Figure and Dilneneions of the Earth have been determined in thie country by the 

labors of G. B. Airy, Esq., Astronomer Royal of England,* but, on the completion of 

the Principal Triangulation of the Uliited Kingdom, we gave the Figure nnd Dimensions 

as derived from our own geodetic operations, and also the result derived from the co~nbina- 

tion of all the separate measurements of Arcs of Meridians in Peru, France, Russia, 

Russia, Cape of Good Hope, India, and in the United Kiugdo1n.t From which we derived 

the following dimensious :- 

Equatorial semi-diameter . . . . . . . . . . . . . . .  209263 3 0  
. . . . . . . . . . . . . . . . . .  Polar semi-diameter 20855240 

1 
Ellipticity . . . . . . . . . . . . . . . . . . . . . . . .  294.36 

\Ve also published in 1858 Geodetical Tables based on the above elements of the 

Figure of the Earth, but these numbers being dependent upon old comparisons, uiust now 

be slightly modified in conformity to the results of thc conlparisons now mnde. 

In computing the Figures of the Meridians and of the Equator for the several 

measured Arcs of Meridian, it is found that the equator is slightly elliptical, having the 

longer diameter of the ellipse in I 5'. 34' east longitude and the shorter in 105" 34' east 

longitude. In the Eastern hemisphere the meridian of 15". 34' passes through Spitzbergen, 

a little to the west of Vienua, through the Straits of Messina, through Lake Chad in North 

Africa, and along the west coast of South Africa, nearly corresponding to the meridian 

which passes over the greatest quantity of land in that hemisphere. In the western 

hemisphere this meridian passes through Bering's Straits, and through the centre of the 

Pacific Ocean, nearly corresponding to the nieridian which passes over the greatest quantity 

of water in that hemisphere. 

The meridian of rag" 34' passes near North East Cape in the Arctic Sea, through 

'ronquin and the Straits of Sunda, and corresponds nearly to the meridian which passes 

over the greatest quantity of land in Asia, and in the western hemisphere it passes through 

* 13ncq'clo1wilin Mutropolitnnn. Art. Figtlro 01. the E ~ w t l ~ .  
t Account of tho Principnl Trinugulntion, pp. 733-778. 



Smith's Sound in Beriug's Straits, new blontl.ea1, near Ncw York, between Cuba and 

St. Donlingo and close along the western coast of South America, corresponding nearly to 

the nleridian passing over the greatest amount of land in the western hemisphere. 

These meridians therefore correspond with the nlost remarkable physical features of 

the globe. 
Feet. . . . .  The longest semi-diameter of the equatorial ellipse is.. 20926350 

and the shortest . . . . . . . . . . . . . . . . . . . . . . . . . . .  209'9972 
I 

giving an ellipticity or the equator equal to . . . . . . . . .  
3269.5 

The polar semi-diameter is equal to . . . . . . . . . . . . . . .  20853429 

The u~aximum and minimum polar compressions are.. . . .  

I 
01- a mean conipression of very closely . . . . . . . . . . . .  - 

300 

The Specific Gravity of the Earth mas determined by Dr. Maskelyne in 1774 fro'" 

observations on the attraction of the mountain Schehalien in Scotland, and was found to 

be 4 g o ,  and in I 855 I had observations made at  Arthur's Seat near Edinburgh, and the 

Specific Gravity of the Earth obtained fiom the attraction of that mountain was found to 

be 5.316.' 

The Principal Triangulation -of the United Kingdom was finished in 1851, and the 

Triangulations of France, Belgium, l'russia, and Russia were so far advanced in 1860, that, 

if connected, we should have a colltinuous Triangulation from the Island of Valentia on the 

south-west extremity of Ireland, in north latitude 51" 55' 20" and longitude 10" 20' 40" 

west of Greenwich, to Orsk on the River Ural in Russia. 

I t  was, therefore, possible to rneasurc the length of an arc of parallel in latitude 52" of 

about 75O, and to determine, by the aseistance of the electric telegraph, the exact difference 

of longitude between the extremities of this arc, and thus obtain n crucial test of the 

accuracy of the Figure and Dimensions of the Earth as derived from the Measurement of 

Arcs of Meridian, or the data €or modifying the results previously arrived at. 

The Russian Government, therefore, at t,he instance of M. Otto Struve, Imperial 

Astronomer of Russia, invited in 1860 the co-operation of the Governments of 

Prussia, Belgium, France, and England to effect this most important object, and to their 

great honor they all consented, and granted the necessary hnds  for the cxecution of 

the work. 
. -- - 

* Philosophical Trnnsnctions, 1856, page 591. 
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The portion of the work which was assigned to mc was the corincction of the 

Triangulation of England with that of France and Belgium, and I published thc results 

of' this operation in I 86z.* But this work hns been done in duplicate, for when applica- 

tion \\.as made to the French Gove~nrnent to permit the necessary observations to be n~ade 

in France, they not only consented tu allow this, but at the same time volunteered to joi~l 

in the labor and expense of the work itself. 

I t  would obviously have been wrong to mix up observations made with different kinds 

of instruments, and on different principles, and, therefore, it was agreed that the work 

should in fact be made in duplicate, both the French and English geometricians using the 

exact same stations. 

The  results obtained by lhe French geometricians is published in the Supplenient to 

1'01. IX. of the Memorial du DCpBt GCnCral de la Guerre," 1865, and the agreelilellt 

with the results obtained by the English is trulv surprising. 

But however accurately the trigonotnetrical observations might be performed, it is 

obvious that without a knowledge of the exact relativc lengths of the Standards used ns the 

units of measure in the triangulation of the scveral countries, it would be impossible 

accurately to express the length of the arc of parallel in terms of any OIIC of the Stanuardu. 

I t  was, therefori, necessary that a co~nparison of' the Standards of Length shoulcl bc 

made, and as we had a building and apparatus expressly erected for the purpose of com- 

paring Standards a t  this officc, the English Government, on my recommendation, invited 

the Govcrnrnents of the several countrics naliled to send tlieir Standards here, and 1t.c 

have had the following cornpared with the greatest accuracy :- 

I .  Russian Standard double Toise P. 
2. Prussian Standard Toise. 
3.  Belgian Standard Toise. 
4. Platinum Metre of the Royal Society, compared with the Standard Metre of 

France, by M. Arago. 
5. English Standard Yards, A, B, C, 29, 47, 51, 55, 58. 
6. Ordnance Survey 10-feet Standard Bar. 
7. Indian 10-feet Stnndard Bars, new and old. 
8. Australian 10-feet Standard Bars. 
9. In addition to the above, the 10-feet Standard Bar of the Cape of Good I-Iopc 

was compared here in I 844. 



We have invited the Governments of Austria, Spaiu, and the United States of 

America, also to send their Standards. We have been promised that of Austria, and but 

for the unfortunate war in which she has been engaged we should have received it 

before this. 

I have entrusted the execution of the work of comparison, and the drawing up of the 

results, to Captain Alexander R. Clarke of the ltoyal Engineers, who also designed the 

greater part of the apparatus used. The numerous comparisons to be made entailed 

a great amount of labor upon him, and his assistants, Quartermaster Steel and Corporal 

Compton of the Royal Engineers. 

Before the connection of the Triangulation of the several countries into one great net- 

work of triangles extending across the entire breadth of Europe, aud before the discovery 

of the Electric Telegraph, and its extension from Valentia to the Ural Mountains, it was 

uot possible to execute so vast an undertaking as that which is now in progress. I t  is in 

fact a work which could not possibly have been executed at any earlier period in the 

history of the world. The exact determination of the Figure and Dimensions of the Earth 

has been the great aim of Astronomers for upwards of two thousand years, and it is 

fortunate that we live in a time when men are so enlightened as to combine their labors to 

effect an object desired by all, and at the first moment when it was possible to execute it. 

HENRY JAMES, 

Ordnance Survey Office, Colonel Royal Engineers. 

Southampton, 10th August I 866. 



DESCRIPTION OF THE COMPARING APPARATUS 
AND OF CERTAIN 

STANDARD BARS. 

1. 
T h e  room especially designed md l ~ u i l t  for thc purpose of coulparing standard measurea 

is situated in one of thc angles of the boundary wall of the grounds of the Ordnauce Survey 
Office, Southampton. T h e  situation has two advantages ; ~t is sheltcrcd in some measure 
from the mid-day sun by  a high house immediately on the south side, and the direct,ion of 
the  room is very nearly t o  thc ~neridiun. T h e  bar-room proper is built inside 
of an outer building, and partly sunk below the level of  the ground. T h i s  will be uuder- 
stood by  a reference to  Plates I. and 11. 

FFF . . . . . is the old boundary wall. 
X f f J : .  . . . . the  walls of the outer building. 
I-IHHH . . . t h e  walls of the  inner, or bar-room. 
ppp . . . . . . a clear passage round the inner roorn. 
1.r . . . . . . . the concrete roof of the  room. 
wwlv . . . . . the windo\:.s of the outer room. 
\VIV . . . . . the t w  \\~indo\vs of the inner r o o m  
ss . . . . . . . steps down to the  floor of inucr roonl. 
DD'D, . . . . the do~lb lc  door of inucr room. 
uu' . . . . -. . . strong wooden shutters of' ~virido\vs I\'. 
PP'P" . . . . stonc piers for carrying microscopes. 
BB . . . . . . a hollow bean1 ot'mahogany for carrying t h e  bars. 
cc . . . . . . . two strong fir rakers resting on 
SS . . . . . . . two stones, deeply sunk, carrying one end of each rafter. 
q . . . . . . . . a small block of stone supporting the other end of each rafter. 
cld . . . . . . . two oak posts fixing the rafters, and transferring any upword pressure 

t o  the ceiling. 
ee . . . . . . . two blocks of' mood f i r~uly screwed to the rafters cc, and ~vliicll inlme- 

diately reccivc the I~o l lon  beam B. 
g . . . . . . . . a gas burner ; one opposite each window IV. 

O n  the  two sides on which the wall f f  is in contact with the  boundary wall, it. 
is in a series of arches as shown 011 the left of Plate 11. 'The w:~lls of the inner 
room will be seen fiom the plates to  be cloztble; the outcr is two t'cet ill t l~ickness; 
then s space of three inches of a i r ;  then nu inside wall of four inches or a single 
brick. T h e  passage p is of sufficient lreaclth to  permit one to  pass round. 'I he 

11423. \Vt. 239s. A 
,./ 0 



roof of the bar-room is supported by three iron girders, ~ rh ich  carry on their lower 
flanges large slabs of slate covering the whole roo111 ; on these again is laid concrete, one 
foot in thickness. There are three orifices in the roof of this rooni; two coilical, over 
the two gas burners, and one cylindrical, for the passage of a stove pipe through the roof. 
The conical openings are in the middle of the brcadth of the roorn, and about four feet 
from each end of the room; the upper and outer cliar~letcr of tlie orifice is three inches, 
the lower and inner about 12 inches. The  cylindrical orifice is in the centre of the length 
~f the room, but near the side of the room furthest from the piers PP'P". N o  stove is 
ever now used ; but after thc room was first built a stove was kept burning for some 
months for the purpose of drying. The gas burners are sometimes used when there is no 
work going on, to promote ventilation, and carry away any dampness. The  room, 
however, is generally free from damp, and it is very desirable to keep it so. 

The  foundations of the walls H are strongly built. T h e  flooriug consists, first, of low 
brickwork arches, rmlning the length of the room ; then 011 these is laid concrete, forming 
a plane floor, interrupted by a space arouud the microscope piers PP'P", and the stones S, S. 
On the concrete floor, again, is laid a board flooring in three pieces, as seen in Plate I. ; 
each of these is framed with rafters underneath (see Plate 111. j j j . )  These three picces 
of flooring are disconnected with the malls of the room, and cach rests on fbur blocks 
of india-rubber which lie between the woodwork and the concrete. By tliis Ineans a steady 
bearing was obtained, and any jar or shakc corillnunicated to the boards of the floor is 
deadened in its transmission to the concrete. Thus  the vibration caused by any person 
moving about on the floor is not sensibly transmitted to the piers PP'P, which are entirely 
disconnected from the concretc floor, and have a foundation of their own. 

The  fir rafter cc, which nleasures nine inches square in scction, is bolted down to the 
stone S, which is sunk four feet deep in the earth. The rafter has no contact with the 
concrete floor ; its second point of support is a t  its further extrelnity where i t  rests on 
a small block y, and is kept down in its place rigidly by a post of oak, which is jammed 
against ihc roof. Neither tlie board flooring nor the walls have any contact with cc, 
and the stone S has no contact either wit11 tlie piers P or thc concrete floor. The hollow 
mahogany beam BB is entirely supported by the overhanging part of cc. I t  will be seen 
by this, that changes in the weight supported on BB will noL nfect the piers PP'P" ; so 
that if we remove a light bar, and replace it by a heavy onc, the nlicroscopes will not be 
affected. 

The \vindows \\'W are opposite to two of the windows LOW of the outer building. 
The room is but moderately lighted by daylight, the points of the bars being always 
illuminated by the flame of a candle condensed. The  windows are closed by thick wooden 
doors on the outside. The floor of the bar-room being two feet beneath the surface of' 
the external ground is reachcd k)y the steps s, s. The  room is entered by the folding 
doors D'D' on the outside, and the door D on the inside. A person entering the room 
has sufficient space to close the door D'D' after him before he opens the door D. Thus 
very little of the external air is brought in. 

The objcct of thc different arrangements so far, it will be seen, is to provide a room 
which shall not be subject to any sudden changes of temperature, and which shall afford 
three entirely independent foundations for, ( I )  thc observer, ( 2 )  tlie bars compared, 
( 3 )  the lnicromcter microscopes. 

The dimensions (internal) of the bar-room are-lcngth 19 .7  feet, breadth I I .  5 ,  and 
height 7 . 7  feet. 

l'late 111. presents a front view of the apparatus, with a ten-feet bar under comparison. 
The flooring is sho l~n  in section, and thc fi'ont side of the box containing the bar is 
supposed removed. Plate 1V. is an end view of the sa~ne,  and sho\rs t l ~ c  ten-feet bar and 
the standard yard ; tlic end of the box being supposed removcd. Originally, thc outer 
piers were square in plan as shown in Platc I., but were subsequently altered to the shape 
shown in Plate 111. in order that a double toke might be compared. 



pt~;p ,  . . . . is the centre stone pier, 4 feet in length. 
p p p  . . . . is the left   tone pier. 
p"p"p" . . . is the right stone pier. 
CCC . . . . is the concrete flooring cut away from below e,c,. 
j j j  . . . . . the ,joi5ts of the board flooring resting on india-rubber blocka. 
BBB . . . . the hollow ~nahogany braam. 
a,n, . . . . . slips of nlahogany screwed to the upper surface of BB. 
a'a . . . . . rails of cast-iron, planed. 
gg, g'gl . . carriages running on the rails. 
ooo . . . . . the box containing the bars, having a double bottom 0'0'. 

bb' . . . . . . the bar restiug on the eight rollers rrr.. .  
t l t t .  . . . . . thermometers whose bulbs are bent down into wells in the bar. 
t ln trn.  . . . microscopes for reading the thermometers. 
nun . . . . . niicl~ometer microscopes. 

We shall now describe more in detail the different parts. 

Great rigidity is here requisite, so tliat no flexure shall be perceptible under the weight 
of the bar. The  four planks of mahogany of which this beam is built were very carefully 
selected from well-seasoncd timber. The  upper and lower planks are 14 inches wide by 
2 inches thick ; the two sides are 3 inches thick by 5 inches wide. These four, being very 
truly planed and fitted, were fastened together by copper screws. On the upper surface of 
the mahogany beam, and running its whole length, are planed cast-iron rails tiu (each in 
two pieces, seven feet long). As the beam BB may naturally be expected to be lictble to 
warp in course of time, two strips of mahogany a,a, are screwed along the whole length of 
the beam, and their upper surfaces very carefully planed, to receive the planed iron rails. 
If the beam BB be found to warp, the upper surface of the strips u,a, can be planed true 
again. I t  will be observed tliat the inncr and outer rails differ in section. The beam BB 
rests upon the blocks ee (whicll are strongly fi~stenecl to the rafters vc). I t  si~nply rests 
by its own weight, which is considerable, and is not fastened. Grcat care is taken thut 
it is ( I )  horizontal, and (2) has a perfectly steady bearing on its supports, which are seven 
feet asunder. 

The Carriages. 

The two carriages marked gg, g'g', which support the box that holds the sti~ndard 
bars in Plate III.,  ~vill be seen III more detail in Plates IV. and V. Fig. 3, Plate V., is 
an isometric projection, which serves to give a general iden of the carriage as it stands on 
the rails. I t  consists essentially of four parts, ( I )  n lower carriage k'k, which runs on 
three wheels, along the rails n'tr ; (2)  nn upper carriage Z'l, which runs on three wheels on 
rails planed out of the upper surface of the lower carriage perpendicular to the direction 
of the iron rails n'n ; ( 3 )  a clatnp ss, with slow motion screw a arid a T-shaped piece ttt'. 

The  lower carriage is a brass casting, strongly ribbed on the under side, and having 
bearings for the three wheels ?n, nz, nz,; on the up er side are left three rails, r, r, r,, fbr the 7 wheels of the upper carriage, and two grooved r:ti s s, s, for the clamp. These rails are 
very carefi~lly planed. The wheels m, ?la, 111 ,  hare axles fitted to the bearings. The wheels 
nz, rn, are grooved to run on thc angular rail n', and ?tzL is plain, running on tlie flat riiil r r .  
By this nrrnngelnent it will be scen that the carriage cannot tnkc a faulty bearing. The 
wheel m2 is provided with n brnke .rr,y, which acts as a clamp, and prevents the carriage 
running on the rails a'n. 

The motion of the upper carriage is perpendiculnr to that of tlie lower. The  body of 
this carriagc is a casting somewhat si~nilar to the lower, strongly ribbed below, and provided 
with bearings for the three wheels n, n, 11,. These tliree wheels are nll grooved, running 
upon the angular rails planed on the upper surface of the lower carriage. Iu order to 
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ensure a perfect bearing upon the rails at nll tirnes, one of the wheels, ?a, ,  adunits of n very 
s~nall  play in a transverse direction, that is, its axle can slide parallel to its own length in 
its bearings. By this means a perfect bearing is secured on the supposition of' there being 
any defect of parallelisln in the rails ~,t.,r,. Screwcd to the upper surface of the uppcr 
carriage are two bearings t, ti, which receivc the turned pivots or arms of the piece tft'. 
l'he boss r r  receives the box wl~ich carries the burs. The  extremity t' of the T-shaped 
piece rests upon thc top of a screw (I, which is screwcd up fioni below through the body of 
the uppcr carriage. Ux  means of this screw the piecc ttt' is made truly level in a direc- 
tion perpendicular to tlle rails a'u. I t  will be seen that tlicre can be no shakc in the 
piece ttt',  but it nlust present a pcrfcctly steady basis for the bar box to rest upon, 
while motion is com~nunicated to it in two tlircctious, and these with perfect sn~oothness. 

I t  is necessary to be able to communicate a slow u~otion to this upper carriage, and for 
this purpose a clamp s is provided, running upon the grooved clamping rails s, s,. Upon 
these grooved rails slips of brass are scre\ved, upon wliich tllc clamp bites. T h e  mode of 
clamping will bc understood best perhaps from Figure 4, Plate V. The  screw s' serves to 
draw together thc piece s and a lower plate c which slides in the grooves. 'rhus s 
becomes a fixture at  any required part of the rails, and the slow inotion screw cr, working 
in a fen~ale screw v attached to the uppcr carriage iiiipnrts to it a fine motion. The  screw 
a has a ball joint at  b, and is kept in its soclrct by a small plate ee above. 'rhis small 
plate may be screwcd do\vn with Inore or less pressluc, as may be rcquircd. The  play of 
the upper carriage on its rails is allout tlirce inches ; it is prcventcd running off behind by 
stons 21. 1: ... 1 -  1.- 

T o  support the bos  containing the bar two of these carriages are rcquircd. They are 
precisely siunilar, with the exception that while the cross piece t t t ' i~i  one has a single boss 
in its centre, that of the other has two bosses, one a t  each extremity. Thus the box is 
supported on three points ; by the one carriage it is supported on two points near the 
outer edges of tlie box, and by the other carriage it is supported in one point at  the 
centre of its breadth. The carriage seen in Plate IV., and in Figures r ,  3 ,  Plate V., is 
that one which has the single boss ; but besides this single boss 11 two smaller ones, u, u,, 
will be seen. These, however, are not rigid ; they are pressed upwards by a s l~t ing,  and 
merely serve to relieve u of part of tlie ~veyl i t  of tlie box. 

Bur Bores. 

In Plate IV. we have an end view or scction of'tlie box containing the ten-feet bar Oi. 
Its leugth ia 1 0 . 6  feet. The mahogany of'which it is made is one inch in thickness. T h e  
internal breadth is six inches, and depth six and a quarter. 111 order to rigidity, which is 
very necessary, there is a double bottom o o', a space of half an inell being left betweeu 
the planks. 'l'he standard yard being of sn~aller dimensions than the bar Oi, a strip of 
~naliogany f is fastened to the inside of the box along its whole length. T o  the bottom 
o' of' the box are strongly screwed do\vn (l'lates III.,  IV.) brass pieccs dd, which carry 
the axles or pivots of' the cradles which support the bar. Inside of each of thc upright 
pieces dd, as seen in the cnd view, l'late IV., is a platc of brass fitted to slide vertically 
r ~ p  and down ; i n  these pieces are the Y's or bearings \vhicli take the pivots of the axles of 
the cradles. The slidiug pieces are moved up and down by the thread or a. vertical screw, 
which has a fixed shoulder at  the top of'tlle upright d. l'he uppcr parts Irk of these screws 
are filed squu1.e (that is in section), so that they may be turned by a key similar to a 
w t c h  key. I t  is of' course necessary that the two extreniities of the axle of the cradle be 
raised together, or that the screws Ic bc always turncd exactly the same amount and 
sin~ultaneously. T o  c8'ect this n key shown in Figure 6, Plate VI., is used. Here, by a 
system of three toothed wheels, when the milled head nl is turned, it will be seen that the 
key6 Jr, k' (which fit ou to the screw heads kk, Plates I l l . ,  1V.) are necessarily turned 
togelhe). 



The  covcr of the box is provirled with apertures for permittill ( I )  the rending of 
the dots on thc bar;  ( 2 )  the thermometers ; and ( 3 )  the use of the evelling key, so that 
tlie bar call be adjusted to focus without opening tlie box. 

'i 

In  Plate 111. it mill bc seen that the h:lr IIC' rests upon eight rollers, \\hich arc frnnied 
in two systems of le\.er$. PB' is olie Icver, movcable round an axis through its centre, which 
axis is held in the support (1. Inside (Plate IY.) of this lever arc two smaller Ieveru 55,  eilch 
carrying at its extremity a rollcr I .  ; the pivots of these inner a ~ i d  smaller levers are seen at 
i and i .  In the construction carc is taltcn that nll the lercrs b;~lancc accurately on their 
pivots or axles, and that tlie rollers rcvolve \vith the least possible atnonut of friction. 

I t  will be seen fro111 this lcver systen~ that tllc pressure upwards of each roller upon 
the bar is tlic s;1111c. 'l'l~us the bar is supportctl 1)y eight eq11i1l prcssurcs, and applied at 
eqiid intervals. 'I'he propcr interval bet\vce~i rollers of sucll a systcnl is investigated by 
Mr. Airy, in a pnpcr \vhicl~ will Lic found in th.2 fifteenth volume of the Memoirs of the 
Itoyal Astronomical Society. 

Each of the systcn~s of levers /3p, ry', can, as wc have scen, bc indcpendcntly raised 
or lowered by the key (Figure 6, Plate VI.) Thus the bar Lb Inay bc levelled, or eitl~er 
extremity acl.justed to focus under the ~nicroscopes n111t. 

Of thc eiglil rollers supporting the bar one only is n true cyliuder ; the remainder arc 
slightly convex or barrcl shaped. By this rneans a proper bearing is ensured. If the 
rollers \Irere all truc cjlinders there would be a great probability of some of the contacts 
being at thc outer edges of the bar. \TTitll the convex form thc contact cannot be far 
from the centre of the breadth of the bar. 

Support of tlt e Stc~l~rlarrl Yard. 

This is shown in end view,.f, in Plate ITr. and in side view, bb', in Plate VI., Figclre 5. 
I t  is a heavy cast-iron fri~me, upon \vliich are screwcd thc L~.;lss suppo~.ts t f d ,  (IV.) or cc' 
(VI.) These carry two rollers rr, (IV.), \vhich can be elevated or depressed by means 
of a key similar to that shown in 1:igure 6, Plate VI. The rollers, of which one is a 
cylinder, and tlie other slightly convex or barrel shaped, are 1 8  inches npnrt. 

In the standard yard the lines ~na rk i~ ig  the ruensure a t  either extremity are drawn on 
tlic surface of a gold pin a t  the bottom of a circular bole or tvell, drilled half wily t11rou.gh 
the bar. In order to illuillinate tlic lines properly for obscrvatioli it is nccessnry to inclrne 
the 1)ar slightly, as shown in the end view L, (Plate I\'.) I t  is kept in this position by 
t\ro small pieces of brass, one of \\.liich will be secn in the drawing, plilccd between tlle bar 
and the rollers. The  nicasurc of tlie inclillation is the fraction J,- or the angle tan--' A. 

The  two principal ones, n~arlted H and K,  and seen iu the front view in Plate III., 
are shown in more detail i u  l'lates IV. and VI. Figure 3, Plate YI. ,  sho~t-s onc of tllesc 
\\,it11 its turlied collars c'c, and attac11c.d level I. The  length of the tube froni the diaphragnl 
to the object glass is 12 inclics, from the ob,jcct glass to tlie estem:ll f o c ~ ~ s  3 inches. The  
magnifying power is about 60, and the value of n division of tlie ~nicrometer about the 
thirty-five tl~ousnndth part of' an inch. 

The  microscope is Ilcld by its collars ill a gun-metal liolder $ 5 ,  l'lnte VI., Figures 
I ,  2, 4, and Plate IV. This lioldcr is n hollow cylinder, having three arms E,.,:, at the 
rniddlc of its lengtl~, and at eitl~er extrcn~ity internal bearings e,e,r,, Figure 4, for receiving 
the microscope collars. T h e  ii~icroscope is pressed, abovc and below, into its bcaringl, by 
a piece 7, whicli is urged by a spring J, which cnu be dmwn back at pleasure by thc 



small milled head at  c. The lnicroscope is free to revolve in its bearings, but there is 
no shake. T h e  bearings, as will be seen in Figure 4, are segments of circles. 

This gun-metal holder is again supported on a cast-iron plate craa, which rests, 
having three bosses on its undcr side, on the stone pier. Thrce screws @/3P arc 11olted 
into the cast-iron plate, and firmly fixed, so as to be truly vertical whcn the plate is placed 
on a horizontal plane. On each of these screws are two brass 11uts y,y', and between the111 
are held the arms of the gun-metal holder, which have holes through which the threc 
ecrews pass. If the upper nuts y'y'y' be releascd, thc weight of thc microscope and its 
holder is supported by the three lower nuts y,y,y,, and by then1 thc microscope may bc 
levelled to any degree of nicety, and then by a gentle pressure of the upper nuts held 
down in its place. The  iron casting aau is provided with a hole h'o' through which the 
gun-metal holder (with the lower spring c) passcs. 

I t  will be seen that by this arrangement a very important point is secured; namely, 
that the microscope is held in its holder without a strain, and the holder is itself held on 
the iron casting without a strain ; while by means of' the attached level, the microscope, 
revolviu~ in its bearings, can be made vertical. Further, the means is supplied of raising 
or lowering, by the nuts, the microscope, when it may be required to bring it to focus over 
a given point. 

The upper collar c' is furnished with a flange .f; which takes a bearing on the upper 
edge of the gun-metal holder, and gives the microscope a definite position vcrtically. 

Besides thesc ~nicroscopes there are smaller ones, of ~\ , l~ich one, A ,  is sho~vn in r ' g  ' 1  ures 
5, 6, 7, l'late V. They are held in almost exactly the same manner as has just been 
descr~bed for the microscopes H and K. 

The  divided surface undcr observatioil is illumi~iated by the light of a candle CC, 
Plate IV., passing through a ler~s 1' three inches in diameter ; the lens is set in a brass cell, 
fitting into a corresponding circular orifice in the cast-iron stand. Thus the light of the 
candle is condensed on the point under observation (Fig. 5 ,  Plate V.) The  candle itself is 
contained in a brass tube which has a spring in its l~ottom continually pressing up the 
candle as i t  burns ; thus the position of the fl;une is invariable, and when once lighted and 
placed in thc proper position it docs not require ally fi~rther attcution. The light of the 
candle illuminates also the micrometer head. 

The  light thus thrown on the divided surface of the bar is excellent, and leaves nothing 
to bc desired. Thc  licat of a candle is considerably less than the heat of gas or cven of an 
oil lamp. Also the p n s i t i o ~ ~  of the flnlne with respect to the bar is favourable, for being 
above it, the air immediately heated by the candle ascends. 1 1  sheet of plate glass is 
always placed in a vertical planc im~nediately in fiont of the candle, between it and thc 
microscopc; this partly intercepts the heat of thc candle, and prevents any currcnts of air 
(causc~l by thc nlovements of the obscrrer) from causing the flame to flicker. 

The thermometers which are used to inclicntc the ternperatures of bars under conlparison 
have their bulbs at  right angles to the tubes; the bulbs passlng clo\vnwards into circular 
wells drilled into the bar, while the tube or stem, which is rnounted on a metallic plate, lies 
on the surface of the bar. Thc  illctallic plate is six inches in length by three quarters of an 
inch in breadth. The tube of the ther~nometer is five inches long ; and the length of one 
degrec Fnhrcnhcit is about one fifth of arl inch. 'rhc tube is divided to tenths of degrces. 
Four of these thermometers extend from 30" to so0, four from 50" to 70°, and four from 
7oc to go'. Some of the thermometers were made by Messrs. Troughton and Simms, 
and some by L. Casella of Hatton Garden. The  thennometers, when lying in the bars, 



are read by microscopes rLn,rn,  Plate Ill., whose axeb arc verticnl ; the lower part of each 
of these microscopes 1s set in a brass slide, whereby it is permitted to trnveme the whole 
length of the thermometer; the correspondiug opening in the cover of the box being six 
inches long by an inch broad. The magnifying power of the lnicroscopes is about ten 
times, so that the thermometer readiug can be cstimnted to , b o  of u. degree Fahrenheit ; 
and the field of view is sufficiently large to permit the reading of at  letut one of the numbers 
on the scnle marking the degrees. 

Besides these thermometers with bent bulbs there are some similar therinonleters with 
straight bulbs, which, in the case of standard bars wvliich have no wells, are simply laid upon 
the surface of the bars. 

T h e  errors of the worlting thermomeler6: (as these nlay be called) are obtained by 
conlparison with Sta~idard thermometers which h a w  both the boiling and freezing points 
inarked on their scales. The  following Standards are twenty-four inches in leugtl~ :- 

' I  Casella, No. 3241 ," from o0 to zzoO Fahrt. : lo = 0.0987 inches in length. 

and the following, twenty-two and twenty-three iuches long :- 

" Kew, No. 26," from zoo to zzoO Fnhrt. : I" = 0.0962 inches in length. 

I n  addition to these, reference has been made to some of the standard thermometers 
constructed with such very great care and skill by the late Mr. Sheepshanks, during his 
labours in the construction of the New National Standard Yard and its copies. Those 
examined have the distinctive marks C,, A,, R, and L. These last two are the 
thermometers which were inserted in his quicksilver trough, and on which in fact almost 
the ;\.hole of Mr. Sheepshanks' operations in thc comparison of his own standurd depend. 
Thc freezing points of L and R, and all the errors of calibration, were detcrlnilied by 
Mr. Sheepshanks, but the tubes do not extend to thc boiling point. The scvle on these 
thermometers is a scale of tenths of inches. Thc values werc detertuined by hIr. Slieep- 
shanks in I 850 by  comparison with five of his own original thern~ometera. 

Apparatus for Comparison of Thernlo~neters. 
Very numerous comparisons amongst the thermometers just described have been made. 

The apparatus for the comparisons will be secn in Plate VII., Figures 2, 3, 4. I t  consists 
essentially of a water trough nwz, and a bracket BU carrying a nlicroscope which is so 
held as to be free to slide in two directions at  right angles to one another. The  bracket 
is fastened to the wall W of the bar-room (its position, T, is sholrn in Plate I.), and 
supported by the prop P ; or when the comparisons of ther~no~neters have to be mode at 
high temperatures, the bracket is fixed in another room which is heated by n stove. T o  
each end of this platform an iron plate is screwed, for the purpose of holding the two 
parallel cylindrical iron rods tt', which are rnised about half nu inch nbovc the surface of 
the platform. On these two rods there slides a block of mahogany C. This block grasps 
the rods by means of three rings on its under surface. Thus it slides with u, very even 
motion in a direction parallel to the length of the water trough rnm. The  brass pieces zz, 
screwed to the upper surface of the block C, form n groove or slide in which the arnl , t /y  of 
the microscope slides in a direction perpeudicular to thc length of tlie water trough. ?'he 
rods .z.r' are fixed in an accurately horizontal position. 

Into the extremity of the arm ,yy is screwed the tube fib, in which, ngilin, thc tubc of the 
microscope AA' slides. The length of the luicroscope tube from the object glass to the 
diaphragm is two feet, and from the object glass to the ertcrilal f o c ~ ~ s  about the saoic. In 
the diaphragm there slides a slnall rectangular piece of plate glass au, linving ou its surface 
a series of eleven converging lines. These nrc for the purpose of subdividiug the spaces on 



t h e  long thern~on~ete rs  (whcrc a dcgree is about one t e l ~ t h  of an inch long) into tenths. T h e  
lines are made t o  convergc slightly so as t o  suit diff'crent thernnonlctcrs, thc lengths of' a 
degree being slightly variable. T h e  dianletcr of thc objcct glass is 1-25 inch, :lnd the  
magnifying power of the eye piece about 8 times. T h c  tube AA' is very accurately 
vertical. . - . . - . - -. 

T h e  water trough is a wooden box whose internal dimensions me, length 29 inches, 
brendth g inches, depth g inchcs ; about tlic centrc of its depth are fixed four l ~ a r s  of wood, 
v, upon which lie the  thermometers tt, the  box bcing filled with water. 

T o  secure uniformity of temperatnre in tlnc water, i t  is i~gi tatcd by fans rr', two of 
which arc fixed to each of thc vcrticnl rods 7 ~ 1 ~ ' .  T h e  lo~ver  extrc~nities of thcse rods 
revolve in pivots, and an uppcr bearing fi)r them is formed by the hrass pieces opq, o'p'q'. 
T h e  rod n/i is nlade to  rotate by the handle s, and its rotatory motion is corn~nunicated 
t o  the  other rod 11' l)y ~neans  of thc clastic brtnd w r .  'I'hus on the turning of the  11;11dle s 
the  four fans are set in  notion. 

I n  order to  prcvcnt the water o r  ~ l ~ c ~ ~ l n o r n c t e r s  being disturbed by  the  presence of the  
observer, n wooden screcn, EE, intervenes. This  screcn is attached to a platform D, on which 
the obscrvcr stands while reatling thc thermol~~cte rs ;  thc handle s is withi11 convenient 
reach of his left hand. 

I n  Figure I is shown thc apparatus for ex:~rniniug the errors of division or of calibration 
of the loug t l~ermo~neters .  On the heavy 1)rass plate bb' arc crectccl the uprights r.,~', which 
arc joined by  two pnmllel brass rods re'. O n  thesc rods slides n brass platform, f;\rhich 
holds the rod e in two places, or hy t\vo hearings, and the rod e' in a single bcaring. This  
plalfornl can be fised in any rcquiretl position by thc screw g. T h e  platforn~ c:~rries a 
transverse sliding piece i, into wl~ich is scre\vetl a vcrticnl cxlit~der 11. 111 this cylinder the  
~uicroscope u slides vertically, ant1 so is capable of focal adjustlncnt over the ther~nomctcr  
tt'. O n  the platc b6' there elides longitudinally a narrow rectangular plate of brass, a', 
lia\ril~g n close-fitting bearing nt either end. T h e  longitudinal  notion is communicated 
b y  :L micrometer screw 111. O n  t l ~ c  uppcr sidc of' tld' there are t\vo small pieces Irk', each 
provided with a spring whereby the thern~ometer  is gently bilt firmly held in a horizontal 
position. T h e  ~nicrometer of the n~icroscope is here made no use o f ;  the transverac wire 
is left as a fixed point of reference in the  centrc of the field, and all measurements are 
~ u a d c  by the ~n ic ro~ne te r  scrcw m, which commmnicatcs n sunall nlotion to the therlnometcr 
in t.he direction of its axis. 

T h e  apparatus for thc determination of the boiling point is shown in Figures 5 and 6, 
Plate VII. Figure 5 is a perspective view of the apparatus supported on a stool a t  one 
end, and on a small gas  stove a t  the other. Figiwe 6 is a section by  a vertical plane 
through the centre. I t  may be taken asunder into three parts, the boiler a, thc tobe tlil, 
and the p1ate.g T h e  boiler is a cubical vessel (side six inches) having firc faces of copper 
and onc bb a platc of thick brass; to~vards the upper part of the face is a rcctangular 
aperturc through wliicli thc ther~nometer  t i ~ b c s  pass. T h c  copper tube t k l  is soldered a t  
the  one end to the  rectangular brass plate cc, and a t  the other to  the rcctangular brass 
plate oe, Both thcse plates havc apertures corresponding to thaL in 66; the :lpertures are 
rectangular, 2.75 inches in breadth, by 1.25 inch in height. Inaidc of' thc t ~ t b c  t l t l  is a 
second copper tube (Fig. 6 )  soldered a t  oue cstremity to  the platc c.c, b u t  open a t  the  
other ; falling short of the plate ee by  half an inch. T h e  transverse scction of' thesc two 
tubes woul(l be simply represented by t\vo sitnilar concentric rcctanglcs. T h e  steam 
arising fro111 the boiling water in a, passes along tllc inner tube, and then rcturns along the  
outsidc of that tube, cscnping by means of t l ~ c  r'~teed part g through an apcrture in t h e  
plates cc, 6h. I t  does not  cscape finally by this apcr t~ue ,  but  spr.cads ovcr the upper 
surface of the boilcr a, being confined by a copper covering. 'rhe object of this is t o  keep 
the top of thc boiler hot, and SO prevent any condensation over the  bulbs of the thermometers. 



T h c  steam escapes finally by a cock s, whose aperture is under control. T h e  manometer 
1111, fiupplied with a sniall quantity of tctrtcr, indicates the prcesurc; the vessel is filled I)y 
nieans of the  funnel k. T h e  aperture in the b r ~ s s  plate ee is closed bg nicnns of  another 
plate , f j  having four snrall circular holes half an inch apart fiotu centre to  centre, through 
whicli the t l icr~no~neter  tubes pass. T o  ~nal ie  the fitting of thc t l l ~ r ~ r r o ~ u c t c r  tulrcs sfc~nrn- 
t ig l~ t ,  they :ire caiiscd to  pass through srnall llolcs in a slicet of vulriu~izctl india-ruhbcr. 
This  piece of indin-rubber is kept in its placc agninst the plate .tj- by nicnns of' anotller 
s~na l l  plate screwed to.[]': this last plate having, ofcoursc, four circular liolcs corrcqpond- 
ing t o  thosc in the plate .fl T h u s  the t l i e r m o ~ ~ ~ e t e r  tubes pass through tlrc circular Iiolcs 
in thc iudia-r~ibber without coming into actual coutact wit11 cithcr of the two brass plates. 
A t  tlie extremity n c r t  tlie boiler the tubes si~ilply rest upon n piece of wire stretched 
horizontally across tlic apcrture in the plntc cc. l'lie planc joining thc upper edges of thc 
platcs cc, ee is b y  construction parul l t~l  to  the tubes of thermometers hcltl as clescrikd: b y  
this means, laying a lcrel across tlic upper edges of rc, cc3 f'rotn oiie to the other, \re can, 
with the assistance of tlrc ~ r e d g c  ( I . ,  render the tubes of the thero~omctcrs accurnrely Icvc1,- 
a very ncedful acljustnient. 'I'lie water in tlre 11oiler is about nn incli below tlrc bulbs of 
tlie thcrmometeru. T h c  height of the water in tlrc vcsscl is indicntetl in the ordinary tnsnncr 
by a slnall glass tube (which does not appeilr in thc d r n w i ~ ~ g ) .  l ' he  ~va tc r  is lientctl by 
means of a small gas stove, which is very con\~euient, as the ~ I I ~ O L I I I ~  of hcot supplic~tl is thus 
under ready control. Tl ie  water used In a is from thc condcnsed stcam of it lilrgc boilrr 
used for other purposes. B y  n~eans  of the sniall screws shown in the drawing, c d sJ' [nay 
be detached a t  pleasure fro111 cc. ; and so also can thc plate .ix holding the  tliernion~etcrs, bc 
detached from ee. I n  order t o  render tliesc joints steam-tight, n shect of vulcanized india- 
rubber (wit11 a central rectangular aperture) is placed between the platcs bb, f:~, and another 
bet\vec~i thc plates (T, A very small portiou o f ' t l ~ e  tubcs of tlrr thcrtnolnctel~s projects 
beyond.jJ only as niucli as is rcquirctl to  cnablc one t o  rend the z I 2'' division liric properly. 
'l'l~e apparatus is placed bcncutli tlic I ' J I I ~  niicroscopc AA', ~\~liicIi is used to read tlic 
boiling point. 

These bars have, in all conrpa~isons, as far as is known, beeti supported on four 
rollers a t  a given distance apart and in a straight line. T h e  mode of eff'ccting this, ns 
followed in the present operations, will be understood fiom Figurcs r and 2, Platc VIII .  
Figure I shows a plan of the  box ~vhicli contains tlie l'russian and Orduance 'I'oises 
when under comparison. Tl ie  top of t l ~ e  box is reuiroved, nird the l'russii111 'l'oisc is nlyo 
removed, showing its supporting rolle~s. T'l' is thc Ordnance Toisc resting on its cradlce. 
Figure 2 shows a side elevation of tlic supports of tlic. Prussian Toise ; : ~ n d  tlic dottcd 
line indicates the box. T h e  box oooo containing tliesc bars is of mahogany, an inch ill 
thickness ; the internal brcadth is six i l ~ c l ~ e s  and clepth five i~lclies ; thetc is a doulrlc 
bottolii 0'0' for rigidity, and also partly t o  bring the bars t o  the proper hcigllt. 'l 'l~e four 
rollers geed are carried by n cast-iron bar ricccl. 'I'his bar is traversed by two short stccl 
cylinders cc, Figure 5 ,  which servc as arms or axes, nhcreby it  is held ; they have thcir 
bearings in brass plates mhich slide with a vertical motion iu the uprights I b .  Tliese 
sliding picces receive their movenicnt up\rarcls or donuwards by  vcrticill screws, wl1ic11 
are filcd square a t  thcir upper extremities Irk. Tlic  screws arc si~niiltaneously tu r~ ied  hy 
the  key, Figure 6, IJlate VI .  T h e  uprights L1 arc strongly ( b u t  rcrnovcal)ly) screwed 
to tlrc bottom of' the box. I n  order to  avoitl thc strain \rliicIi i r~ight  occur \Yere no 
provision ri~ade for thc relative expalision and contraction of the iron bar and tlic ~trahogn~ry 
box, the holes or bearings in the sliding plates, which a t  one end of thc bar rcceivc t l ~ e  
pivots c, are slightly elongated. It will bc sccn, then, that  we have t l ~ c  nrcnns of raisiug, 
lowering, or levelling tlie bur on 11y nieans of tlie keg, while thc bur itself' is held w r y  
firlnly, and yc t  altogetlicr ficc from strain. 

'I'hc tnanncr in ~vlricli thc bar occ lioltls tlrc 1.o1le1.s 0 1 -  r;rtlicr tlic roller f r ~ n ~ c s  I\ ill bc 
understood by Figures 4, 7, 8. T l ~ c  frlunc, of brass, cltl, fits c l o ~ ~ ( c /  r~poli tlic iron bar, 

11429. I3 



being bolted through by the bolt f ;  but the hole through which .f' passes is slightly 
elongated in a vertical direction, so that the frame dil nlny he moved upwards or down- 
wards, but the n~ovement is purposely stif, and not easy. Ry driving the little screws 

mhose points rest on thc upper surface of the bar nn, the liarnc, with the roller it 
carries, is raised. On ullscre\ving.j:f, and relieving thus their points from contact \\-it11 
the bar, the frame, with its rollcr, may be pressed do\vn (requiring sonlc force) by the 
hand 11i)til the points of .j; and f '  again come into col~tact with the bar. Thus  it \\,ill be 
seen that we have the power of raising or lowc~ri~lg the rollers ; but this applies only to 
the two central rollcrs rp ; the extreme rollcrs t,,e' have no vertical ac!justu~ent; it is 
eufficient that thc othcr two PP can be brought into a straight line wit11 e,e'. One of the 
extremc rollcrs e, is capable of n slight transverse n1otio11 by means of thc slow tnotion 
screw g ; the other rollcr e' has no adjustment. Two of the rollers e,r' hare flanges ; the 
othcr two, ee, llavc not;  one of the central rollers, Fig. 8, is a cylinder; the others are 
all slightly convex or barrel-shaped. The object of this is to secure for the Toise an 
unconstrnined bearing; were the rollers all cylinders there \\loul(l be a dangcr of sub- 
mitting the bar to a snlall torsion force. In  Figl11.e 2 tt is the Toise resting 011 the four 
rollers. T o  the extremities of the bar cia are fixed the horizontal brass plates Iih, which 
carry the two parts of- 

This is shown in plan in Figure 3,  with the Toise lying in between ; and in per- 
spectire, mounted on its stand in Figure 6. I t  will ~naterially simplify the explanation 
of this apparatus if we first explain that the t\vo flat semi-cplindersp~)' are the essentinl 
prrrts ; the remainder of the screws, &c. merely afford the acljusting power whereby we are 
enabled to place these semi-cylinders in any required position. Each of tlle semi-cylinders 
has a fine line on its surface (parallel to its base or diameter), and aboi~t  the hundredth 
part of an inch from the circumference ; so that when the two semi-cylinders are in contact, 
as in Figure 6, these form a pair of parallel lines ; parallel to, equidistant from, and on 
opposite sides of the line, which is then a common tangent to the two semi-cylinders. 

When under comparison, the Toise lies between the two parts or halvcs of this appa- 
ratus ; one half' being fixed on each of the plntcs l t I ~  (Figures I ,  2 )  at the cstremities of' the 
bar aa. During the comparisons the semi-cylinders are in contact with the terminal 
polished disks of the Toise; so that if u he the distance between the parallel lines on the 
semi-cylinders when they are in contact as in Figure 6, the distance betmeen the same lines 
when the two semi-cylinders are mounted on the plates hh and in contact with the Toise, 
whose length is T, is u + T. Strictly speaking, the pieces we have called semi-cylinders are 
not so. They are formed thus :-A cylinder is turned of steel 0.75 inch in diameter and 
o .  1 2  inch thick; its cylindrical surface is then made slightly convex, so that the solid 
becomes a segment of a prolate spheroid contained between two planes perpendicular to the 
axis of revolution, and at  equal distances on either side of the centre of the generating 
ellipse. The radius of curvature of this ellipse at  the extremity of its transverse axis is 
about two inches. The  surface of tlle steel is before removal from the lathe vcry highly 
polished, all the ]narks of turning being worked out. The  piece of stcel is then cut 
in halves along a diameter. When the two halves are laid upon a llorizontal plane surface, 
and their curved edges brought into contact, it is clear that their colnmon tangent plane is 
vertical. This mtcy not bc true if through any imperfection in the turning, thc solid 
produced is a segment of an ellipsoid contained between two planes at  not cxactly the 
sanlc distance on opposite sides of the centre, unless the faces which arc uppermost 
formed originally the same plane, that is before the cylinder was cut. 

I t  will be scen by this that the semi-cylinders have contact with thc vertical terminal 
steel disks of the Toise, not over their whole sudace but in a point only. This has the 
advantage that thcre is the less chance of any particle of dust, &c. making the contact 
false. I t  would hare 1)ccn casier to havc made an apparatus which should have presented a 



plane surface to be brought against the terminal disks of the Toise, but there would have 
been greater risk of imperfect contact. 

I t  is necessary to the perfection of the comparisons that \ve hale perfect control over 
these semi-cylinders. Now, in order thnt the position of a body in space be tixed, six 

are required to be given. For instance, suppose a sphete, tind Ict there be two 
oints marked on its surface l', Q. Its centre is fixed l)y three rectangular co-ordinates, 

Eut it is still free to re101ve in any liii~nner rouud the centre. But if we have the al~itude 
and azinluth, so to speak, of that point in which the line joining the centre and 1' nieets 
the celestial sphere, the body is now free only to revolve about a fixed liue ; and oue 
more quantity given will fix its position absolutelj-. And it will be found that the same 
nuinber of quantities are required whatever may be the nicthod of fixing the body. 

Now, in acjusting the selni-cylinder to contact with the plane tcrlr~inal circulur disk of 
the 'l'oise, tllerc are six things to be considered :- 

I .  The diameter or base of'the semi-cylinder must be horizontal : 
z. T l ~ e  radius d r a ~ \  11 on the surface perpendicular to this clianicter must be 

horizontal : 
3 .  The  contact wit11 the disk of thc Toiee ulu5t I)e at  the propcr altitude, thnt is, on 

the horizontal diameter of the disk : 
4. The  contact nlust also be on the vertical dinmeter ot'the disk : 
5. The contact must not be intercepted by any pnrticle of dust or other matter : 
6. The tine line (parallel to the base or diameter) which is drawn close to the circum- 

ference of the semi-cylinder must be parallel to the t e r ~ i ~ i ~ ~ i l l  disk of tlie Toise. 
Of these conditions tlie ti rst ancl second sccure the horizontality of the plane faces of 

the semi-cylinder ; the third and fourth secure a contact at  tlie centre ot' tllc dibk of the 
toise ; the fifth, an unintercepted contact; and the sixtli provides that tlie actual contact 
shall be : ~ t  that point of the convex surfl~ce of the semi-cylinder iu which the vcrticnl 
tangent plane is parallel to the fine line on the stulhce. 

We now procccd to explain Figures 3 and 6. The semi-cj linder 11 is firnily scre\ved 
to the rectaiignlar steel plate-we shall call it the stecl ncecilc, I. This btecl needle sl~tlcs, 
without any looseness or shake, between the brass pieces klclr'li' wliicll are bclcwed to tlie 
piece.ggg. I t  is urged forward by tlie spring point 71, the spiral spring urging n being 
contalned in the small cylinder m. The force of the spring cau be regulated by the screw 
p ;  thc cylinder O N  is fixed to the piece ggg. This piece ggg is also made to slide, between 
Jf and,f ' f l ,  011 tlie plate dd ; the motion is colntnunicuted by the screw y, which has n 
shoulder at h fixed to ggg, and works in the female screw IL, which is connected with the 
plate dd. This last plate, agaiu, slides between the pieces b l ,  on the lower plate aan. The 
motion is colnlnunic~ted by the screw 6, which works in a shoulder attached to the plate 
ana. The screws y 8 then co~nniunicate longitltdinal ant1 transverse motion to the scmi- 
cylinder y. 

The platc ntrna rests upon either the plate h ,  Figures I ,  z, or upon tlie staud A A A ;  tlie 
contact being on the points of the four screws ccc'c'. By these screws wc may either level 
or raise bodily the plate acra. '1'0 support a body on four points is generally ol?jectionable; 
but in the present case not the slighest ditliculty arises from this cause, as the very niinutest 
amount of shake is readily discovered on slightly tapping the head of either of the screws 
c'c'. Finally, the plate aaa is held down, either to tlie staud A.4 or to the plnte I r ,  Figures 
I ,  2, by the shoulders of the screws ee,e,, which pass through holes (without threads) i l l  the 
plate ann. 

For the purpose of levelling, a sniall but very delicate level stands upon the needle 1. 
The holes in the stand A A A  for the three screws ee, c; of each half of the contact 

apparatus, are so cut by the maker, that the directions of the sliding nlotions of the two 
needles shall be exactly parallel. In  order to draw the lines on the steel cylinders, sninll 
pieces of platinitrn are inlaid in a groove on their upper surfaces. The  two parts nrc then 
mounted 011 the stand, and the setni-cylinders being brought lightly to contact, the traus- 
versc slo~v-motion screws 6 are turned until the common tangent linc at  the point of coutact 
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is perpeudicular t o  the line of motion of t h e  needles. Lines arc thcn drawn, as  in the  
nccompany ing Figlire I .  

r11;. I .  Fro. 2. 

Tllc  dottcd linc joining t l ~ c  ccntres c?', Fig. 2, corresponds with tl;c linc of motion 
of the nccdlcs, anrl the lines nb, dl', necessaiiljr broken, are dra\\'n p:~rallel to  :uncl equ :~ l ly  
dist:uit from cc'. T h e n  perpendicular t o  tlicsc ant1 palallel t o  thc colnmon tnngcnt l i ~ ~ c  
nrc drn\rn thc lines hlr' kk'. If; ho\vercr, tllc scnii-cylinders I)c not a c c ~ ~ r i ~ t c l y  opposite 
t o  onc anotllcr \\hen tlnc l i~lcs  are drann,  and ~ I I L I S  thcir centres describe, not the sclnie 
strsiglit line, as in l;i,qure 2, but  parallel lincs as in Figure I ,  a t  a very sinall distance 
apwt,  aud if thc lincs ub n'b' be then drawn, ncithcr of' t l ic~n equidistant from either of tlie 
dotted lincs, tlleil t l ~ c  distoncc of' tlic transverse lincs hh' kk' can be  increased by :rdjusting 
tllc t u o  centres cc' into coinci0encc with the linc of motion of the  nccdles. B u t  this 
iiiaxirnu~n distance is tlie quantity absolutely required t o  be known, as will be seen if' 
\vc suppose the semi-cylinders in contact wit11 t l ~ e  vertical parallel terminal disks of t h e  
Toise, the  lines lth' Ilk' bcing parallel to  those disks. 

\Vc niay correct for this error in  the relative position of the  semi-cylindcrs ~ r h c n  
the  l i i~cs are drawn, in the following manner. L e t  g be  the  radius of either scnli-cylinder, 
e - A, g - A', the distance of Ah' and klc' from t l ~ c  centres cc' x, the distance apart of the  
parallel lincs through cc', also le t  2 be thc distancc apart of the parallcl lines hll' lrl" \vhcn 
tllc cylinders are in contact as in thc figurc. Now, ( I )  by t l ~ e  motion of tlie transverse 
atljusting screws let  thc semi-cylinders, innintaining their parallelism and contact, be  so 
plnccd that  a C' shall fall into one and the  same straight line; in this p o s i t i o ~ ~  let t l ~ c  
distance of h l ~ '  from Iclc' be 2' : ( z ) ,  let, similarly, a' and B 1)e lilade t o  fall into one and the 
same straight line, and in this position le t  the  distance of h l ~ '  from klc' bc a. Then  we have 
the following equations : 

(6' + 2 - A - A')" ((i + 2.y = 4 ge 
(8, + 2 e - A - A ' ) ~  + (i - I)" 4 g 
(8 + z e - A - A')" .rz = 4 6" 

Whcre i is tllc distance apart of thc parallel lincs nb a'b'. T h r s e  equatiol~s beco~nc, 
siitcc i and .r are very small compared with p 

( i  + r)" 
A + A' - = ;' 

4 6 



consequently 3 becomes known by tlie measurement of 3 - 2, nild we hnvc 

h + A' = 2 + -% (2, - hV)% 
4 a' 

T h e  parallelism of the lines I L ~ ' ,  kk' when the apparatus ia  mountcd on the stand A A A  
is very perfect, as is easily verified by the motion of the transverse wirc of' n luicrometer 
microscope. 

Ni~tionnl Standard Y(rri/s. 

The  various copies of tlie National Standard Ynrd, constructed of different nietnle, as 
cast steel, cast iron, S\rctlish iron, bronze, kc., are all one ilicll squarc in sectioo. Towards 
the extremities of one fi~cc of thc I~ar, and thirty-six inches npnrt fro111 cet~trc to centre, 
two cylindrical wells are sunk to tlie depth of tlic centre of the bar ; it1 tlic ccntrc ot' the 
bottoms of tlie wells gold pins llrc inserted, and upoli the prepared ~urf:lcc of' c;lch, three 

< 7 equidistant parallel lines perpendicular to tlie length of the bar arc tlra\v~l. 1 lie cli~t;~t~t.c 
apart of these parallcl lines is one hundredth of an inell (very approsi~iiatcly). l'hcp are 
crossed at right angles l)y a pair of parallel lines 0.02 inches apnrt, ~larallel to thc Icngtl~ 
of the bar. The  puint to be ~neaburcd from on each gold pin is that point of the tniddle 
transverse lint \\,Ilich lies ruidway bet\vce~i the longitudinnl par:~llel lines. l'l~crl: arc i'our 
wells in the uppcr surf'acc for receiving the bent bulbs of therrnomcters; tlicse ~vclls (in 
those copies distributed to the Ord~uuce  Survey Office) are at five and fifteen inchcs fro~ii 
tllc centtc on either side. 

0i.dilanc.e Str vui:y Skottkorl. 

This Stnndard was constructed for the Ordnancc Survcy ill I 826-7 by J1cssl.s. Tro~~gl l tou  
and Siturns ; it  is of wrought iron 1 2 2 . 1 5  inches in length, 1.45 in bre:~dtll, clnd 2 50 inches 
in dcpth. I t  is supported on two rollers a t  one fourth and three fourths of its lcngth. l ' l~e  
cnds of the bar are cut away to half its dcptl~, so that the dots marking, on plntinum piue, 
tlic measure of ro feet, are situntcd in the neutral axis of the bar. 011 tlic uppcr surlhcc., 
40 inchcs from t l ~ c  middle of the bar towards either cxtrcmity, arc two wells h r  
thermometers. This bar has been always designntcd 8,. 

Inorder to make n con~pnrison betwcetl tlie lengths of thc t\vo bars just tlcscribed, that 
is, to obtain tlie length oftlic Ordnance ten-feet Staud:~rd in terms of tlie standard ynrd, it 
mas necessary to coristruct an iutermcdiatc bar of ten feet, sub:li\.idcd into yards and feet. 
This bar has its s cc t io~~  in the form of a girder, \\.it11 equal flanges ubovc and bclo\v, as 
will be seen by refixring to l'late IV. I t  is of \\.rooght iron, c:ircfully 1)1aiic(I. 'rhe 
breadth is I .53 inches, ant1 depth 2.48 iuches. A groovc half nu itich ill brc,~dtli, :itid 
about an eighth of an inch deep, is planed out through the \vhole lcngtli ot' tlie uppcr 
surface. In the centre of the breadth of this groove seven holes wcrc tlrillcd, about rr 
tenth of an inch diameter, one a t  the centre of tlie bar, anti thrcc on e;ich sidc ot' thc 
centre, namely, nt onc foot, two feet, and five feet from the centrc ; t l ~ i ~ s  tlivitlit~g thc b;ir 
into six spaces, viz., onc yard on the left, four contiguous spaces of OIIC foot cnch, ill the 
centre; atid one space of a y:ud 011 the t.igllt. Into the liolcs just described werc scrc\rctl 
srnall cjlindrical iron plugs, ~vhosc licads lvere nf'terwards filed of Icvel wit11 tlic uppcr 
surface of the bar, but raised above tlie botto~li of the groovc. T l ~ e  tops of tl~csc plugs 



were then with some considerable difficulty and labour filed down, until they appeared 
to be in true horizontal line-the bar resting on eight rollers ; that is, no one above the 
level of the others. This was tested by a delicate level, and a atinuui piu was then R' inscrted In the centre of each plug. A fine thread wt1s then stretc ed along the length of 
the bar over the centres of the platinum pins, and on each pin was drawn a pair of parallel 
lincs, onc ou either side of the thread, and so ahout 0.02 inch apart. Finally, on each 
pin was drawn a single transverse line, perpendicular to the parallel lines. The  measures 
are taken from that point of the transverse line which is midway between the longitudinal 
parallel lines. 

In the upper surfacc of the bar are four \\ells for therrnorneters, one in the centre of 
each of' thc extrenie yard spaces, and one in the centre of cach of the spaces of one foot 
adjacent to the centre ; so that the wells are, six, and forty-two, inches fiom the centre bar 
towards cither end. 

This bar is designated 01,. 
Similar, cxcept in the disposition of the subdivisions, are the bars 01, 01, 01, : the 

last two are the Australian Standards. All these have been invariably supported on the 
cradle systeln of eight rollers. 

As iu the bars just described, the section of this bar is that of a girder with equal 
flanges above and below ; the exact section is sliown in Figure 8, Plate VI. I t  is of cast 
fiteel, carefully planed. The  points are inserted in the same manner as in the bar 01,; 
they are four in nunlber, su\)dividing the bar into three spaces, namely, two consecutive 
yards, and a space of 4.74 inchc~, so that the distance between the extreme points is 
7 6  74 inches. On each of' the four platinu~u pins are drawn, not one transverse line, as 
in Oi,, but, as in the standard yards, a system of' three parallel equidistant transverse lines, 
the central line being that used in the measurements. The distance apart of the parallel 
transverse lines is, as in the standard yards, one hundredth of an inch. The  breadth 
of this bar is I .oo inch, and its de th I .50 inch; the extreme length 78.0 inches. 
Through the upper surface are dril f' ed two wells for thernlo~netcrs, 22.5 inches on 
either sidc of the centre. T h e  bar rests on a cradle systcm of eight rollers. I t  is 
designated OT. 

Is  a bar the same in section, material, and general construction as the preceding, but 
has only tliree points on its surface, subdividing the length into two spaces, one of which 
is a jard, and the other 3.37 inches, so that thc distance o f  the extreme points is 39.37 
inches. Thc  ext~enie length is 41 inches ; the thermometer wells are I I .75 inches on 
either side o f the  ccntre of the bar. The bar rests ou a cradle syster~l of four rollers. I t  is 
designated OM. 

O~dvl(tnce Foof. 

This is a t a r  of wrought iron, an inch square in section and thirteen inches in 
length. The  lines marking the inches into which the h o t  is divided are drawn ou 
platintin1 pins, which arc flush with the upper surface of the bar. The extreme inches 
are divided on inlaid strips of platinu~n into tentlis, and two of the tenths in each inch into 
Iluntl~~ctltl~u. 'I'herc are turo wells for thermometers, three inches and a half' on either side 
of the centre of the bar. I t  is designated OF. 



Prussintl und Belgian Tuiws. 

These are flat bars of cast steel, similar in all respects. The ljrendth is I .70 inclies, 
depth o. 39 inch ; terminating at each end in a cylinder 0.56 inch long, as show11 in 
Figure 3, Plate VIII., the diameter of' the cylinder coinciding with the dcptti of the bar. 
A t  the extremity of each of these cylinders is afixed a smnller cylinder of tcm crcc\ 
steel, having its axis coincident with the axis of the bar; its diameter is 0 .  1 2  inci, ? its 
length only 0.016 inch. The  faces of thesc small cylinders, which are pcrfect pli~nes, 
beautifully polished, and at  right angles to the axis of' the bnr, form the terminal planes 
(les bouts) of the measure. The Prussian bar lins tlie distinctive [nark No. 10. ; the 
Belgian is marked No. I I .  They were made by hI. Bnuinann of Berlin, and are copiee 
of the Toise of Bessel, preserved in the Observatory at  Kiinigsbcrg. 

The Prussian bar bears the follolring inscription :- 
1852. Dieser Stab in drr N'crr~~te elon 16.25 gruciur~ rles Irut~dertt lrr i l ip~~~~ thermo- 

nleters, in der Achse seiner gedrrlitc~n e~rclrtz gemrsserl, ist o, ooo 19 lit~ien kitrzer uls die 
der Kotkigsberger S/ernulnrte gel~orige 1-opir drr  t o i r p  I?/[ P~:roit. 

1%. 1 0 .  B~~rlt~tntrti. Br+lin 
The  Belgian bears the following :- 
1852. Dieser Stab in der 1Yarme oon 16.25 graden des hundert/lreilige~~ tltentto- 

meters, i n  der Aclrse seiner gedrehten enden gemessen, ist o. ooozoz linien kitrzer a& die 
der Konigsberger Sternwarte gehorige copke der toke du Pbrou. 

I\%. 1 1. Baumantt, Berlin. 
These bars are supported each on four points adjusted into a straight line, the distance 

apart from one to another being z I. 5 inches. 



11. 

O N  T H E  S O U R C E S  O F  13R.ROR 
AND 

THE METHODS OF COJ~PIIRING, 

The  elasticity of the material of \vhich standards of length are coiistructcd rendering 
then1 to a ccrtnin clegree susceptible of change of' forli~, it is of the utmost i~nportancc that 
a standard bar be so held as that the strain to which it is sutiected be the least possible. 
Moreover, it is absolutely necessary thnt the fiec cspausion and contraction of the bar be 
not impeded. 13y the cradle system of lever rollers tlicsc points are both secured, for when 
the friction of the rollers is reduce4 to a minimum the bar 111oves with a very slight 
pressure. Thus the tcn.fcet bar QI,, weighing 8 I Ibs., ~rl icn resting on its eight rollers is 
moved by a force of 4.40 lbs. ; and the bar OT, weighing 22 lbs., when on its eight rollcrs 
is moved by a force of I .  0 3  lbs. 

Tlie standard yard being a coniparativcly short bar, has bcen, in tlie present com- 
parisons, supported always on two rollers at  one fourth, and three fourths of its length, care 
being always taken that the rollers were free to revolve with the least force. I t  was sntis- 
factorily proved by the late Mr. Sheepshanlrs that the length of this bar is not affected 
by the inode of support; the reason being that the lines arc cngravcd on n surface 
coinciding with the neutral axis of the bar. 

I t  is of much iinportancc that the supporting apparatus upholding the bnrs uiidcr conl- 
parison 1)e strong, weighty, and fiee fronl shake ; it slioulcl also be as far as possible fro111 
possessing any elasticity, and should be not liable to be disturbed by the presence of tllc 
observer or hi3 necessary n~overncnts. I11 tlie present operations this point has been carc- 
fully studicd ; the beams which support the travcllillg carriagcs have a foundation entirely 
separate froti1 the flooring ; aud the travelling carriages are so constructed that any shake is 
next to impossible, nor can it be introduced by wear. 'l'hc boxes which contain the bars 
are very strongly put together, and have considerable rigidity; they arc, moreover, 
supported on three points. The boxes al\rnys are supportcd at  the salnc parts of their 
bottoms, brass plates being :lttached belo\\,, whicll plates come ilito immcdiate contact wit11 
the bosses on the carriagcs. 

'l'hc room in which the comparisons arc iuade is specially adapted to exclude suddcli 
clinsgcs of tcmperaturc. A change of' more than o i ~ c  dcgrec Fahrenheit ill thc coursc of 
24 hours is not very colniuon, a~icl sornetin~es tlicrc has not been a change cxceecliug one 
dcgree for weeks. Still therc is evcn iu this room caution required, especially whcn tlic 
gciicral state of the ~vcather has changed suddenly from warn] to cold, or vice vcrsi ; for ill 
this case it would appear that thc stone pillars which carry tllc microscopes are slower to 
acqi~irc thc change of teniperature than the air of the room. liere then the two bars which 
lic in the box under the microscope are dissiinilarly situated ; the one is nearcr the stonc 
picrs; the othcr is ncarer the ceiltre of the room ; and there exists a slight diffcrc~ice uf 
tcnipcrnture between theni, sollie one or two tcnths of a tlcgrce. 'l'lie reniedy fbr this is to 
observe with the bars in alter~late positions, that bar \vhicli ia nearcst thc piers one day 



being put  nearest the obscrver the next day. Hy this nlenns \vc clirninate, or very nearly, 
a t  any rutc as nearly as possible, the  effect of slight dif i rcncc of' t c ~ ~ ~ p e r ; ~ t u r e  between the 
bars ; but  it  is to  be notcd that  the computcd probable error ol' thc resultu in s u c l ~  a cnsc 
will be greater than it  should be. \%'hen the ternperaturc of the t ~ o  bars differs, as just  
described, the thermometers (lo not rilwr:ys indicate the clifferencc ; its csistcnce is rathcr 
inferred fro111 the results of the conipnrisons. 

Auothcr evil not casily rcrncdied is that  tlie bars compared nre not all of the same 
section, and consequently not nll cqually sensitive to  changes of tempernture, thc more 
massive bars being slower in taking up (I ch:~nge of te~nperature than the lighter ones. 

-4 slight disturbance and risc of te~npc.raturc is :~lmost inevitably caused by the 
presence of the observer when making the observation, and also partly, perhaps, by the heat 
of thc two candles, which are then lighted, one a t  each ~nicroscopc. T h e  e r e c t  has seldo~n 
arnountec! to  0.06 on the mean of the four thcrn~ometers. T h e  box rcniains covered during 
the con~parisons. 

T h e  method of adjusting the different pnrts of the apparatus for thc conlparison ot' 
two bars is as follows :-The box \r11ich is to  carry the two bars is placed on the cnrriages, 
and the I~nrs then placed on their supporting rollers in the box. l'lie box being run in 
close to the piers until the wheels ~ 1 ~ 1 1 ~  I'lates IV., VI. of t l ~ c  upper car~,iugcs are within an 
e ig l~ th  of nu inch of contact wit11 their stops v,v,, one of the bars, thnt nearer the observer 
(or  the oz i t f ,~ .  bnr), is carefully levelled by means of a long level laid on its surface. 

'l'lie ~nicroscopeo I4 aud K are then placed in the cast-iron stands o17er the cxtren~it,ies 
of the bar which has just heen lcvclled. '1'11~ a x e  of rotation of tlic t11.o 111ic-roacopcs :ire 
made approsiniatcly ~ e r t i c a l ,  by revolving them in tlicil. g~ui-nietnl Iioltlers ; t l ~ e y  arc tlie~l 
by  means of the lower nuts y,y,y,. l'latc VI., 1"igure I ,  brought as nearly as possible to 
focus over the lines on t l ~ c  platinum dislts on thc bar. Tlic vel.tic:ility of thc axes of tlie 
r~~icroscope is then again corrected, and the luicroscopcs 1,rouglit by the sliding of the 
cast-iron stand (on the stone piers) to  bisect approximately by t11eir cross hairs (~vhich  
are set to  zero in the collimation centre of the field) the lines on the bar. These 
different operations, necessarily interfering with oue another, nlnp have t o  be gone over 
separately several tirnes before they ;111 stand perfect together. Wheu two bars arc 
compared, whose lengths, as is usually the case, do not tlifkr morc tb:111 fi.0111 five t~ teu 
micronieter divisions, tlie microscopes are generally so placcd (tlie ~nicromcter-heads being 
outwards, as shown in Plate 111.) that e a c l ~  line on tlie 11ars will rend ;l small l~ositive 
number of divisions; that  is, supposing the centre of tlie ficld to  read zcro; but if the 
difference be large, as in tlie comparison of the Ordnance and Prussian Toises, where 
i t  amounts to  up\vards of 500 divisions, the11 the niicroscopes are so placed that the 
distance of their zeros is n rnenn between the lengths of the bars; thus in ench micro- 
scope cqual quantities arc measured on eiicli side of' the zcro or collimntion centre. 
In this case the colli~natio~l centre is supposed t o  read lo revolutions, so ns t o  avoid 
changes of sign in the reatliugs. 

r 7 l h e  microscopes being brought into adjust:nent, the  upper nuts y'y'y' nl.e l~rought  
down gently, so as to  clnmp the arms of the gun-tnetnl hol~ler  firtilly. 'Vhis is 1ial)le to 
disturb sorne of tlie preceding ac!ji~stments, which are therefore ngtliu esan~iued and 
corrected. T h e  box is now run ou t  from the piers, until the clamp s co~lles to  ubout the 
end of its slidc ; ill this position the second or inner bar will be fo~ind  r111der the micro- 
scopes ; and either of the upper carriilges being run in or out small quantities; nnd the 
whole box run longitudinally n small quantity if necessary, by the rrlotion of both curriagca 
on the rails cta, the divided dislts are brought into the centres of thc fields of tllc 
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microscopes. In  this poeitiol~ the upper carriages are clamped, and the slow-motion screw c 
of each, worked until the intersection of the cross-hairs of the microscopes are found 
midway between the parallel longitudinal lines on each disk. A small nlotion is then 
communicated by hand to the box longitudinally, until the lines to be observed nre nearly 
bisected. This being done, the bar, which wns not previously levelled, has to be brought 
to focus under the liiicroscopcs (which reniaili fixed). This is done by raising or lowering 
the crndles by means of the levelling key, Figure 6. Plate VI. 

Thermometers are IIOW laid on the bars, their bulbs being inserted iu the wells, alid 
the cover placed on the box. On the cover are then fastened (over the therinonieter 
openings) the small brass slides by which the readi~tg microscopes nnwn, I'late 111, arc 
held, and permitted to run up and down the length of the thern~ometer tubes. 

I t  is usual to arrange a pair of bars for comparison, in the afternoon or evening of one 
day, and to conlmence the observing the next day. T h e  bars are visited three or four times 
ench day ; a series of comparison lias generally consisted of ten visits or comparisons ; and 
the bars are then dismounted, to be compared, if necessary, another time. I t  is desirable 
to have the comparisons of a given pair of bars to extend over as many days as possible, 
and the comparlsons to be broken up into series, so that one series cannot have errors 
con~n~on  to the precediug or following series. If a pair of bars be adjusted under micro- 
scopes for comparison, then as long as all, or only some, of the adjustments are not interfered 
with, there may be a constant error ; but if the whole be dismantled, and the comparisons 
recommenced after some days, and so on, we are riluch more certain of arriving at  the 
truth. There is little use in n~ultiplying observations within a short space of time during 
which none of the circutnstances of the observations are changed. When observations are 
made in this ~nanner the results may apparently be very excellent, but they are very liable 
to be affected by some constant elror. I t  is rather required to bring out all the discrepancies 
in the observations that can be legitimately brought out, by varying, as much as possible, 
the circumstances of the observations ; in each case, of course, taking care that no known 
error of adjustment is left, nor any kuown cause of error in action. If, therefore, two bars 
have to be compared, it is desirable to break up the comparisons into detached series. If 
anything sho~lld prevent this, the different adjustments must be a t  least renewed as frequently 
as possible, no one being left undisturbed. 

In the comparing of two bars it is most desirable that the majority of' the coluparisons 
be made within a few degrees of 62", this being generally the standard temperature of 
reference. A smaller number of con~parisons at  a low temperature, as 30' or 40°, will then 
enable us to reduce all the other corn arisons to 62". P I t  is assumed in the reduction o the observations that the temperatures of' the two 
bars lying side by side in the box are the same. We might have taken then1 to be of the 
temperatures indicated by the thermometers, and thus small differences would be found; 
but it is a question whether the thermometers, do indicate tlie temperature of the metal with 
such precision as that these differences of reading might be taken to represent the actual 
differences of temperature of the bars. I t  has been considered safer to assume the bars to 
be generally of the same temperature-with the precaution of causing them to exchange 
positions. 

The errors of the short working thermometers are obtained from time to time by com- 
pat.isons with the Staudard Thermometers at  the tenlperatures at  which they have stood 
while in the bars. T o  explain tlie manner of comparing, suppose two working thermometers 
are to be examined ; they are laid by the side of two Standards in the water trough, which 
is filled with water of the requisite temperature, and with their bulbs as nearlj- as 



possible occupqing the same part ot' the water. While no arrunged they are at the 
mid-depth of the water, being covered by about tour inche~  ot it. Su pose the 
thermometers have to be conipared at  6zC, and the temperature of t g e air in 
the place where the water trough stands is a t  600; the water in the trough is madc 
63O, by the addition of a little warm water, and during the course of, w y  six hours, 
it may fall tiom 63" to 6r0, (Illring \rhich time inany comparisons may t)c rnade. A 
single compurison is rnade ns fo1lou.s:-the water being first ngitnted by the re- 
volving of the handle ; the tllcrmometers arc read by nleans of the long ~llicrohcope 
AA', first in the direct order A, B, (3, D, nnd imnledit~tely after in the reverse 
order D, C, U, A. The mean of these two re:~dings of cnch thennometer is taken 
as the result of this cori~parison. The errors of observation in this operation are 
very small ; all the ther~norneters nre read to one hundredth of a deqree. Four 
comparisons are generally made at a visit; the \t7ater being stirred rmrnediately 
before each. 

h order to the obtaining of good results, it is necessary that the temperature of the 
room be not more than a very few degrees different from that of the water in the trough. 
Otherwise the water cools too quickly. 

With respect to the long staiidard thermometcrs whic11 are tlividcd to hnlf dcgrc~s  
Fahrenheit, the errors of the division lines, as subdividi~lg into parts of' t.grrcll cuptrc,ity the 
tube froin the line 32" to the line 21zC, have been determined (to a certain e\tent) by the 
process of calibration. Here it is to be rerllnrkcd that these thermometers bnving alrcndy 
gone through this process nt tlie hands of the maker, or at Kew Observatory, before the 
lines were finally drawn, the residual errors to be determined arc very smnll. First, to 
determine the error of the division line marking 92"; from 32" to gzC should be one third 
of the capacity of the tube froin 32" to z 12" ; a column of about 60) degrees is according1 B broken off and run along the tube until its extremities slightly overlap the lines 3z0, 92 . 
The one extremity will lie between 31" and 32" ; the other between 92" and 93L. The  
thermometer is nolr Inid on the supports, \vhcre it is held by t w o  smnll springs. Thc 
microscope is caused to slide along its supporting rods until the fixed wlre is uenrly 
bisecting the line 31O, where it is clamped. I t  is impossible to have both the coluuln 
of mercury and the divisions on the glass tube in focus at  the same time, ant1 the 
ndjustment inust be divided between them ; this is an unavoidable source ot' error. 
Care is taken that the wire in the micrometer is parallel to the lines on the tl~ernlo- 
meter. Now by the movement of the micrometer m, Fig. I ,  Plate VII. the thermo- 
meter is drawn along longitudinally, and, &st, the reading of the micrometer is 
noted when the line 3 1" is bisected; secondly, when the extremity of the colunln of 
mercury is bisected; and thirdly, when the line 32" is bisected. The diRere11ce of 
the second and third readings, divided by the difference of the first and third, gives the 
fraction of a degree by which the extremity of the coluu~n lies beyond the line 32O. 
Taking care that the thermometer is not shaken, the n~icroscope is run nlong its 
supporting rods until the fixed wire arrives at the line 92", when it is clamped. 
Then by the micrometer nz, the line 92", the end of the column, and the line 93O, 
are successively brought into coincidence with the fixed wire in the microscope. The 
difference of the first and second readings, divided by the clifference of the first and 
third readings, gives the fraction of a degree by which the colun~il lies beyond 92". 
Let  the sum of this fraction and that previously obtained, for the other cntl of the 
colunln, be s,. Now tilting up the frame, Fig. I ,  Plate VII., without touclling 
the thermometer, the broken column is made to slide along until its ends overlnp, by 
nearly equal quantities, the lines gz", 152". The  fractions of degrees which these quan- 
tities measure are then found as before; let their sum be s,. Again, the column is 
made to slide along the tube until its ends slightly overlap the lines 15z0, 212". Let the 
sum of the fractions in this case be s,. Now, if we by [ a . b ]  mean the capncity of 
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TIT. 
ON THE CHANGES OF 1~ORM OF A BAR OF METAL 

CONSIDERED AS ;I?: ELLQSTIC BOD'1-. 

If we suppose a bar of iron, steel, or ally other suitable material to llavc a fine dot 
engraved upon one of its surfaces and close to either extremity, the distance of these 
dots from one anotlicr de ends not ouly ou the tetnpercrture of the bar, but on the r magnitude and directions o the forces by which the bar is held in its position under the 
microscopes which view the dots. These fol.ces, or, in other words, the supports of the bar, 
may be varied, and hence a variation of lengtli will rebult from the chauge of form due to 
the elasticity of the metal. The niocle of supporting a ~neasuriog bar becomcs, tlicrcfore, 
a mutter of great itnportunce. A cousiderable nu~nk~er of experittlcnts on these vnriatious 
of length were made by the late hlr. l h i l j ,  as rccordetl in the " d c r o u ~ ~ t  (!/ 'the Corlstrirction 
of the new Nutional Standard of let~gth rrnd i t s  principcll C'opiru" pa8es 16 and I;, and it 
has been considered desirable to obtaiu further ititbrmation on this potnt L I ~  very carefully 
conducted comparisons, and to compare the results obtained frotn such observations with 
those obtained from the ordinary theory of the flexure of elastic rods. 

1. 
Imagine nu eiastic rod or bar whose surfnces are perfect plaues and its section n rectangle 

whose breadth is 11 and depth k ; let also (I be the length and zu thc wcight of thc bar. 
As only small forces are to be here considered, Ire shall nssume tliat the extension and 
colnpression are equal for the same absolute arnount of force. Let  a be tbc extension of 
the bar wlien dircctly extended by a force equal to its wciglit I ( .  So that a also represents 
the compression of the bar wl~en cotnprcsscd 1 ) j  a ikrce cqual to 1 1 1 ;  tl~cli g will bc thc 
extension or cotnpression resulting from all c s t e n d i ~ ~ g  or collil,rcs\ing f'ol.cc e rr. 

Lct AA', HB' (tig. I ) ~cireseut  tlle sidc 
elevntioli of u small portiou of the Imr when 

PIG. 1. lying ou a horizonto1 ylaoe. 1'Q. I'Q' 
represent two plalics very c ose to one unothcr 

- :r perpendicular to the bar's length, ntid parallel 

to onc atlother ; CC' represents n horizotttal 
plane equidistant from tlic plalles AA' RLI', 
the parallel lincs pp' dcfit~c n portion of the 

P -- g' solid or a la~nina contained betweetl two 
B-- P 8' horizontal pla~les in(lefnitely close together, 

the two vcrtical planes I'Q, l"Q', mid the two 
Fib. 2. vertical hounding su~fiaces of the bar. 

Figure 2 represeuts tlie snme portion of 
the bar when curved in :L vertical plane. We 

P - - p '  ~3: suppose the forces wliicli produce tbc flexure 
to act upon the uppcr aod under sulfaccs 
perprndicularly to those surfaces iind equally 
over tllc wl~ole breadth of those surflrces, as 
for instnnce, if thc bar bc resting on two hori- 
zoatul cglinders, whosc nses ;ire pcrpendiculiv 

I , to the direction of the b'ir's lengrh. .4s thv 
: I 
i r flesure of thc bar is alwnjs a vcrf n~inutc 

quantity, the force of grnvity will a so act in 
0 a direction sensibly perpendicular to the bar. 



Take a point z 011 the surface of the bar, and suppose a p1;mc to pass tl11oug.11 this 
per endicular to the bar when straight. Tbeii it is assumed that all the particles OP?;: 

bo d' y which lie in this lane, will, when the bar is curved, continue to lie in a plane passing 
through I, and perpent!icular to the foor surfaces of the imr. Conseq~~ently the particles 
of the body which In figure I lie in the planes PP' QQ' will, when the bar is curved, figure 2, 
lie in the two planes PI" QQ'1vhic11 converge to the centre of ci~rvature 0 of the bar. The  
lamina pp' (figure I )  will bcconle (figure 2) part of a cylindrical shell, and will be in a 
state of tension while any lamina qq' (figure I )  will become also a part of a cylindrical 
shell (figure z), but in a state of co~npression. As a necessary consequence of the assump- 
tion that extension and compression are equal for the samc ainount of directly applied force, 
i t  follows that the extension of the upper surface PP' and the compression of the lower 
QQ' are equal, and also that a lamina occupying the central position CC' the neutral sur- 
face is neither extended nor compressed. 

If p be the radius of curvature of CC', u the distance of pp' from CC', then the extension 
of pp' is 

where a is the original length of pp' or the distance of the parallel planes E'P', QQ', 
figure I .  This formula evidently includes the case of compression for negative  value^ of u. 
I t  is further assumed that the elastic forces developed in the plane P'Q', and acting per- 
pendicularly to this plane, arejust such as produce the extensions expressed in formula ( I ) .  
These forces are estimated as follo~vs : Since the force w extends the bar whose length is 
a aud area of section hk to the amount a, it would extend a lamina whose thickness is 6 u, 
breadth h, and length a to the amount 

c r k  
n . &ia 

Consequently the force necessary to extend this lamina to the amount E is 

wa E 

k cra - bhu 

and substituting from ( I )  the value of s, we get- 

for the force brought into play at y or y' in the direction of the bars length. The resultant 
of these parallel forces or their sum ovcr the whole sectional surface P'Q' is 

1. 

and this result is necessary for the equilibrium of the portion of the bar to the right of 
P'Q', as the only forces by which it is solicited arc perpendicular to its length. Further it is 
necessary for thc equilibrium of the same portion of the bar that the sum of the moments of 
the applied forces with respect to C', should be cqud to the sum of the moments of' the 
elastic forces in P'Q' round C'. This latter sum is 

'i 
wak" =j; u2 du = -- - 

ga k I 12 ag 

so that when the forces which act perpendicularly upon the bar are given in magnitude and 
position, the radius of curvature of the neutral axis at any point will follow from (4). 



Let ue now investigate the form assumed by an elastic rod resting upon two sup orts in 
!b a horizontal line. Lct AB be t e rod 

A C B wbose length is u and weight zc, PP' the 
P Y P '  points of support at distances t and 6' from 

the centre C of the bar. Let  the equation 
of the curve be expressed in rectangular co-ordinates .r y, the axis of x passing through the 
points of support, and x = o corresponding to the centre of the bar. Now consider any 
point q of the bar between C and 1" and let Cq = x, the forces actiug upon the portion 
qB of the bean1 are,   st, the reaction of the support I"; zd, thc system of parallel forces 
constituting the weight of qB, and which n~ay  be replaced b their equivalent the weight 
actil~g at the middle point of'qB, and the elastic forces broug A t into action in the section of 
the bar at y. The sum of the mo~tlents of the former forces round the point q  is- 

Now the reactions at P and F" are 
b'u; bw 

b+b' ' b 7  

consequently the sum of the moments in queetion 

and this is equal to the sun1 of the ~no~llents of the elastic forces at the section q, 
consequently 

The right hand member of this equation iu equivalent to 
u 

I b + U - -  
2 

a 2 b ' + b  (b' + b)" 

In order, therefore, that there be any points in the bar of 920 cur~lnture, we have 

that is unless the points of support are further apart than half the length of the bar, the 
whole bar will be convex upwards. 

If one support be under one extremity of the bar and the other support at one third the 
bar's length from the other extremity, the bar will, for one half of its length, be convex 

I 
upwards, and for the other half concave upwards ; for if b = 2 b' = a the expression (7) 

2 
becomes- 

a which i s  manifestly negative from x = o to x = - - nnd positive from r = o for unp 
2 



positive value of x. I t  is, however, to bc re~ncull)c~.cd, that the equ:~tion ( 6 )  represents 
only that part of the bar nhich lics l)ctwccl~ the points of support PP'. 14'0s any point 
in P'B the moment of the forces is simply 

consequently the equation of 1"B is 

AS the co-efficient of' in this equation is of frequent recurrence, we shall put 
P 

Returning now to equation (6), and substituting for the radius of curvature its expres- 
sion in r and y, we have 

(P#l - 
c1.r" zbb' n 6' - b  
dy:) i 4 C ' + b  n 

( 1  + &." 

-- 
d.2' , - zbb' b ' - b  s' . , -- - -- - .- = P ( L ~ - ~ - ~  q+ 3a i 

( I  + 2:)" 4 ( 10) 

d g - 4  where i is the value of the quantitj 3 ( 1  + -) when r = o. 
c l , ~  dx 

dl/ From (10) we call exprcss -- as a function of .r, but it will bc impossible to integrate 
dx 

dl/ the equation. This, howver, is of no practical consequence for -L is so small a quantity 
dx 

that its cube may well be neglected, and we. nlay put 

where i is thc vali~e of y, when .z. = 0. 
If in this equation we malie first .2: = b', thcn x = - 6, the corresponding values of 

y are each = 0. Hence two equations fro111 \vhich 6 and i may be expressed in known 
quantities ; the reaults are 

m b'% bB - Ib' + b'8 o =  U +  - - - - 
r- 2 6a 



dy Let  p1 be the value of at P', then fiom ( I  I )  and ( r  3 )  we obtain, eliminating i, 

Integrating twicc equation (8) \re have- 

a 3 sL 

= c,+ c.2. - *.": + -, P 
(17) 

v' putting in thesc eqnntions a. = b', the left hand melnbers will become - and o ; thus we 
w 

have two equations for deternlining C and C', a ~ ~ d  the values arc 

b' - 6 b' + 6'' c = + 3t6' - 6'3 + 5'1 + 
2  611 4 6 (18) 

And finally the equations of the two curves are 
I st for PIJ'- 

P -  b b ' + K 2  
6a 4 

3 (6 + 6') 

2d for P'B- 

2 3 

Jt is almost un!lcccssarg to remark thnt this last equation will, with the. proper ~nter-  
change of symbols, cspress tllc curve of A P. 

Let us now consider two particular cases ; and first, when 6 = b' = o :  the case of 
bar supported at  its centre. The  equation is (21)  

This curve is wholly convex upwards. In order to ascertain how much the projection 
of the neutral axis up011 a horizontal plane is shorter thau the neutral axis itself, we must 
put 



Now 

T o  take a particular example : Suppose a bar of iron 40 inches in length, an inch 
square in section, and weighing 10 lbs. The force necessary to extend such a bar the 
millionth part of its length is about 18 or say 2 0  lbs. ; therefore the extension due to 
w = IO lbs. is,- 

a = 2- inch. 
2000000 

Substituting this value, with k = 1, in (25) we get for the apparent shortening of 
the neutral axis 

360 8 18 inch - . (-1 = - (-1 
448 10000 35 IOOOOOO 

or half a millionth of an inch: a quantity inappreciable in ordinary micrometer microscopes. 
But if there be marks on the upper surface of the bar, one at  each extremity, these 

marks will be separated by the extension of the upper surface to the amount - kp, where 

p is the value of 9 at the extremities ; now k = I and y by (24) is,- 
d r  

Substituting the value of p the extension becomes 

which in the particular case under consideration is the one five-thousandth part of an 
inch : being six or seven micrometer divisions-a very sensible quantity. 

Again, consider the case of a bar supported at  its extremities. The equation is 

obtained from (20) by making b = ? =  b' 
2 



~ o n a e ~ u e n t l ~  the difference between the length of the curve formed by the neutral 
axis and its horizontal projection is 

and substituting the value of p this becomes 

Thc value of this on the previous supposition of a = 40, k = I ,  is 

inch 

something more than a millionth of an inch, a quantity not discernible in thc ordinary 
micrometer microscopes. 

In this position, being supported at  the extremities, the uppcr surfiice of tlle bar is wholly 
concave, and in a fitate of compression ; couscquently points up011 its uppcr surface, mid at  
the extreme ends of the bar, will be caused to approach each other by thc quantity p,  where 

d~ a p is the value of A ; when s = -, this equals 
dx 2 

Comparing this with (26) me see that if a bar be supported at  its extre~nities the 
contractiorz of the upper surface betmcen the extreriic points is double tlic e.r/ensiotl of 
the same upper surfoce when the bar is suspended ftorn the centre. This result we shall 
see to be borne out by actual measure. 

If  the bar be supported, as is very common, on rollers at  one fourth and three fnurths 
of its length, the extension of the upper surface is 

cra - 
I 6 (3 1) 

a sensible quantity. 
I t  appears, then, that by altering the points of support a bar may measure considerably 

longer or shorter than it would if laid upon a horizontal surfncc, :111d also that the nltern- 
tion of length does not in any degree proceed from the hctual curving of t l ~ c  ncutrnl axis, 
but from the direction of the tangents to this line at  its extremities. If the b:~r be so 
supported that these tangents are parallel, thcre will be no alteration of the distance 
between points on the upper surface of tlie bar at its extremities. I3y differentiating (21) 
and putting .r = 4 Q, we get for the tangent of the direction of the neutrnl axis nt B, 

bs + 3 bb' - b'" - ,!I bbS + 6" us 
T (-6Y+;)-g } (32) 

and substituting b for b', and vice versci, wc get the tangent of the direction of the other 
extremity of the axis ; viz., 



T h e  sum of these two is to  be made zero ; that is, 
u" bb' - - = 0 
1 2  

If  this relation hold good betwecn the distance of the supports from the centre of the 
bar, the distance between points engraved on its uppcr surface at  its extremities will be the 
same aa if the bar be lying on n liorizontal plane. If tlic supports be equidistant from the 
centre, and therefore L = b', 

- 
This formula expresses tlie proper distance of the supports from the ccntrc of thc bar, 

in order that there nlay be no difference bct\veen tlie apparent Icngth of the bar when so 
supported, and when l j ing on a horizontal plane ; in other words, the total extension of the 
uppcr surface is zcro, and thc direction of the ncutral axis st either extremity is horizontal. 
This result is due to the Astrononler lloyal, and is a particular case of the follo\ring morc 
general theorem : If a uniform bar be supported on n equidistant rollers, exerting equal 
pressure upwards (us in the levcr systeni), and if tlie distance apart of the rollers be 

the total extension of the upper surfi~ce between its cxtrclnc points is zero. (See Mt.rlzo.irs 
qj'the Royal Astro~zot~iical Society, Vol. XV.)  

FI.OI~I (34) we lcarn further that if n bar supported 011 two rollers at  the distalice 
expressed in ( 3 5 )  be slightly displnccd \)y rolling a sniall distnncc to the right or left, the 
effect will 11e im~natcrial. 

In  general, from the sum of ( 3 2 )  and ( 3 3 )  nlultiplied by k, we have the Sollow- 
ing : If a bar be supported at  two points whose distances on eitlier side of' the centrc 
are b, b', the total extension of the upper surface is 

- - 

bb' 7 { ~ - 3 ~ }  
whcre a is the length, and Ic thc depth of the bar, and u thc small quantity by which the 
bar would bc elongated or compressed by thc direct action of a force equal to its own 
weight. 

Let  us now consider the result of a pressure applied in a vertical direction to a given point 
in the upper surface of the bar. Le t  AB be the bar 

A C D B resting upon supports a t  P and Q equally distant from 
I' Q ' its cxtrcmities. Let  the pressure act at  Dl the distance 

CD froni the centre being L', and CQ = CP = b.  
Let  the pressure = 620, zu being the weight of the bar. Lct  the axis of co-ordinates s pass 
through P and Q, the value of' .r corresponding to C being zero. We have first to obtain 
the pressures 1' and Q upou the supports from tlic conditions of equilibrium of the bar. 
These are given by the equations 

P + Q = w + O w  

- 
from which 

P = g w + 4 e w  



For any point in PD the sum of the momenta of the bending forces ie 

w - OUJ ( 6 ' -  .r) + Q ( b  - .z) - - (a -=)' 
2 U  2 

4 ut 11, 510 b' w ( ) +  ( ) +  
( I  - * ) ' -  ;;f 2 4 

and for any point in DQ the sanl of the moments is 

6111 w n 620 b' 
= - ( b + l ) +  ( b -  . ) - >  ( 1  + & -  59 

2 4 2 fl 

Ilence the ditfcrcntial cq~lntiolis of the ti$-o curves I'D and DQ nre: 

Integrating once we have- 

The difercnce of thcsc equations being zero for x = I', we get by substituting this 
\.aluc of x, 

c - C' = 56'" (43) 
and integrating a second time- 

9 b' x4 P D . .  . . $ = C , + C t .  + ~ ( b + d b - 6 6 . - ~ ) z a + 6 ( ~ - 6 ) 2 - -  
EL 4 12 a (44) 

9 b' d 
DQ . . . . .y = C,'+ C's + (6 + 66 - db' - 9 2 - 6 ( I  - &) r. - (45) P 4 

the difference of these equations is zero for :r = t', and hence 

c, - c,! = - ;i ep (46) 

Also from ( M ) ,  (45), making .r = - b  and .T = I ,  we have two equations which, taken 
with (43) and (46), determine the values of C, C,' C  C'. They are ns follows :- 

6' h'" 
C  = d l . & { - + + ;  - 1  Y - & }  (47) 



cly 
Let  q and p represent the values of &. at  the points of support Q and P respectively, 

then if in (41) and (42) we put .r = - b and x = b respectively, and take the difference, 
we get 

consequently the compression of the upper surface between P and Q is 

the effect of the pressure alone being 

Let  us next ascertain the effect of the pressure in shortening (through its curvature) 
the horizol~tal projection of'thc neutral axis of the bar, Let  us suppose the pressure to be 
applied at  the centre so that 6' = o, a ~ ~ d  suppose the bar supported at  its extremities so 
that b = 4 a. In this case one equation will express the whole curve of the bar : this 
equation is- 

and the difference of length between the vertical axis and its projection will be- 

T o  take a part ic~~lar case : suppose, as before, a = 40, k = I ,  

the weight of thc bar bcing 10 lbs., and let the pressure applied at  the centre bc also 
l o  Ibs., so that 8 = I .  Then by (52) the shortening of the bar through direct 
curvature 

- -- 899. 8 
A 

inch -- 
7 100000000 I00000 

which is about a third of a division in ordinary micrometer microscopes,-a quantity only 
just, visible. 

Hut the contraction of the upper surface resulting from the pressure a t  the centre is 
by (50) 

6 inch - - - 
4 raooo 

which is about 2 0  divisions. 



In  order to ascertain to what extent the rcsults obtained in the preceding sections 
agree with observations, experiuients were ~nade  on three bare ot' iron, of \+hich the 
following are the descriptions :- 

I .  Cast-iron bar marked Q ;  the faces severally marked I, 11, 111, 1111. The section 
is a rectangle ; the breadth of the faces I, and 111, is 0.988 inch, and that of the faces 11, 
1111, is o .  g8G inch, the length is 40'30 inches. The faces were caretilly planed and 
polished. The bar was cast at an inclination of 45" to the horizon; the casting is not 
absolutely perfect, there being a small hole in one of the faces. The weight of this bar is 
10.16 lbs. 

2. Cast-irou bar marked R ; the faces severally marked I, IT, 111, 1111, the section is 
a square; the breadth of eacli face is o-ggo ioch, and the length is 40.30 iucheu. The 
faces are carefully planed and polished. The bar was cast in a horizontal position, and is, 
though a good casting, less perfect than Q. Tlie weight is ro .  J 9 11)s. 

3. Wrought Swedish iron bar marked S. The faces carefully planed and poli>hed are 
rnarked I ,  11, 111, 1111, the section is a rectangle; the brcadth of' faces I ,  and 111, is 
0.992 inch, and that of faces 11, 1111, is 0.957 inch; the lcngth is 40.30 iliclles and 
the weight 10.87 lbs. The material is of very excellent quality, and has the appearawe 
of steel. 

The  method of conducting the experiment was this- 
AB is an elastic bar having under it four 
supports PQQ'P capable of motion in a 

rn vertical direction only. In the upper 
A figure the outer supports 1'1" are raised 

and the inner supports QQ' withdrawn 
0 g fronl below, so tllnt the bar rcsts only 
a on PP'. If  the outer supports be now 

lowered and the inner r a i d  we have the 
state represented in t l ~ e  lower figure, where 

I 
the outer supports are withdrawn, and the 

m. bar is carried by the inner supports only. 
3 AT)& Bni 1.11 r'ri are perpendiculars raised 

oe  from the surface of the bar and rigidly 
P P' 

connected \ ~ i t h  it, so that when the bar is 
bent the perpeudiculars ren~ain constn~itly 
at  right angles to the bar at their base. 

These perpendiculars are of wire secured to the surface of the bar, and on the top of each 
a fine dot is engraved. I t  will be seen that the distance of these dots at /,I 12 11' IIL' \\ill 
vary considerably more than corresponding points or1 the surlhce of the bar. If p be tlie 
length of the perpendiculars, k the de th of the bar, then the effects of flexure iu ,\B 
are increased in tlie proportion of y + [k : 4 ir. Over the poiuts 9 a 1 2  n'm' are adjjustcd 
~nicrometer microscopes, and by these are actually measured the chnnges of' length of' 
mm' ~nn' nm' as the supports are altered. The supports QQ' are equidistant fi-om the 
centre, and the bar may rest in four different ways, viz., on 

PP', PQ', Ql", QQ'. 
I t  is essential to the obtaining of trustworthy results, that the tra~isler of tlie bar 

from one pair of rollers to another be easily accomplished, that is, without the bar beir~g 
handled; this will be ef3ected if we are able to raise or lower any of tlie rollers without 
touching the bar. 

Each of the rollers actually employed is a cylinder of brass, nn inch long and trn i~icli 
in diameter, having a small flange to prevent the bar slipping off, not however e.ractfy rr 



c linder, as two of them nre slightly concave, nnd the other two slightly convex or barrel 
s g aped, the object of this being that the bar nlny ol\\.nys get a true bcitring or I)e supported 
on three points. The rollcrs are mounted each ill a s~iinll brass friulle\\~o~.Ii, in such o 
manner that by the turning of a vertical screw nnf  (see Figure 7, Plate VI.) tlie roller k is 
drawn upwards or let do\vn. 'rhc scre\sr is of fine tlirend, and great paills were taltell in 
the construction to make the roller film and free from all shake, while its rnotion by means 
of the milled-headed screw is easy. 

Tlie roller frames are screwed down in any required position in the bottoni of a box 
specially made for these experiments. The length of the box is four feet ; along each of 
the inner sides is marked a scale of inches aud parts, so that the rollers niay be plilced with 
great accuracy at any required distances from the centrc of the bar. l'lle two essential 
points of the a(1justment of the rollers are that they be all four truly in line, and that tlic 
axis of cach he truly perpendicular to that line. They are then firnily screwed down to 
brass plates in tlie bottom of the box. ?'he latter rcsts on tlic camels of the comparison 
apparatus, and so can be adjusted laterally or longitudinally under the ~uicroscope. 

Four ~nicroscopes were arranged iu line over the bar; thc distilnce of' the outer 
microscopes H, K was exactly 40 inches fro111 centre to 
centre. The  inner uiicroscopes A, C were 20 inches apart 
from centre to centre, cach being midway between the 
centre of tlie bar, and one of its cxtre~nities Tlie 
microscopes were carefully aligned, and their axcs made 
truly vertical. 

T l ~ c  perpendiculars to the surface of the bar were 
affixetl as in tlie annexed figu~e, where Q represents the bar 
in end elevation, rfgh a piece of brass ncarly fitting thrce 
sides of the bar, but allowing a little transverse play. I t  can 
be fixed and lield tight by the four small screws \\hen 
adjusted into line. T o  the upper surface of this brass is 
rigidly fixed ill a vertical position a piece of iron \\,ire, and 
on tlie top of this wire a piece of plt~tinuni is let in.  On 
the platinum is engraved a fine dot.  FLU^ of these per- 
pcndiculars arc attdched to tlic bar at distances of 10 and 20 

inchcs plecisclj on either side of' the centrc ; ~ I I L I S  tlie outer 
ones arc each 0.15 of nu ilicli from tlie cxtrernity o f thc  bar, 
the leugtli of \vhicl~ is 40.30 inches. 

The  supportiug rollers were placed at various times in tlic Sollo\\ring positions :- 
I .  A t  20 inches left and right of thc ccntrc ; the supports so placed are designated 

EE' res~ectivelv. 
2. A t  z inclies left i n d  right of the centrc ; designated CC'. 
3. A t  I 1.63 inches left and right of tlic centre; designated NN', this being the 

normal position for two supports computed from the form~ila (35). 
4. A t  6.72 inches left and right of the centre ; designated SS', bcing one sixth tlie 

length of the bar distant from the centre. 
The  bar was not observed in these positions only, but on uns~-~nmetrically placed 

supports. For instance, suppose thc four rollers are fxed in the positiol~s ESS'E' (the 
accented letters invariably denote supports to the right of the centrc), then the bar is 
compared with itself in four direrent positions :- 

~ s t  on . . . . . EE' 
2d ,, . . . . . SS' 
3d ,, . . . . . ES' 
4th , ,  . . . . .  SE' 

aud it has been shown that in these last two positions the bar is for one half concave, and 
the other half convex. 



6. 
On referring to the figures, page 3 I ,  i t  will be seen that the displace~nent of the top 

of a perpeiidicular is - 

where p ia the length of the perpendicular md $: the inclination of the bar nt the base 

of the perpendicular. The actual length of tlic perpendiculars e~nployed is two inches 
precisely, lience the displacement is- 

(2 + &L) 9 
d~ 

If we differentiate the equations 2 0  and 2 I ,  substituting the proper vnlue of o, b, b', we 
I JII 

get for that portion of the bnr which includes its centre, the following values of - fOr 
p c1.u 

10 different dispositio~~s of the supports. 

CC' 
N N' 
EE' 
NC' 
CN' 
EN' 
N E' 
SS' 
ES' 
SE' 

and for the portion of the bar to the right of the right support, or to the left of the left 
support (after the proper change of sign) : 

CC' 
NN' 
E E' 
N C' 
CN' 
EN' 
N E' 
SS' 
ES' 
SE' 

The  quantities obtained from this table by making s f 10 and f 20, will, when 
niultiplied by p (2  + I,k) or (equation g)  by- 

3" ,,, (4 + 16) (53) 

give the disturbances of tlie tops of the perpendiculars. 
11423. 
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T h e  numerical quantities to be multiplied by (53)  are found to be- 

The disttvbnnces are measured, positively, inwards towards the centre of the bar. 
The columns m, n, TL', m', refer to the perpendiculars so marked, in order from left to right 
in the figure, page 3 I .  

If [m, m'] signify the diminution of distance of the tops of the two outer perpendiculars 
when the bar is supported ou two given supports, as compared with their distance when the 
bar lies undisturbed on a horizontal plane, aud if [?n )L']  [n m'], signify the same for the 
distances m n', n nz', then their actual values will be as follows :- 

Supports. I 

where each quantity is to be multiplied by- 

3" (4 + k) 
c 1 k l  

- 65.68 
- 0.01 

+ 132.32 
- 85'47 
- 16.64 
+ 41-32 
+ 55'93 
- 45.12 
- 20.5 I 
+ 19.48 

Supports. 

cc' 
NN' 
EE' 
N C' 
CN' 
EN' 
N E' 
SS' 
ES' 
SE' 

The  first observations were made on Q. T h e  section of this bar may be taken as a 
square, the diflerence of the faces being very minute ; also k = 0.987. 

The method of procedure is as follows :-the bar resting on NN' is made level by the 
elevation or depression of the supporting rollers NN' ; the microscopes are then adjusted 
over the dots (which have theinselves been carefully aligned), their axes made vertical, 
and the micrometer screw acljusted carefully parallcl to the length of the bar. In each 

- 57-02 
+ 7.28 
+ 90.98 
- 76.81 
- 18.38 
+ 48.30 
+ 27.82 
- 36.46 
- 11-85 
+ 3.00 

CC' 
NN' 
EE' 
NC' 
CN' 
EN' 
N E' 
SS' 
ES' 
SE' 

[111 n'] 

- 122'70 
+ 7-27 + 223.30 
- 103.45 
- 103.85 
+ 104'23 
+ 69'14 
- 81-58 
+ 7.63 
-17'51 

- 65'68 
- 0.0 I 
+ 132.32 
- 26.64 
- 85.47 
+ 55.93 
-k 41-32 
- 45'12 

- 57.02 
+ 7-28 
+ 90.98 
- 18.38 
- 76.81 
+ 27.82 
+ 48.30 
- 36.46 

[nr na'] 

+ 1y.48 , + 3.00 
- 20'5 I -11.85 

- 131'36 
- 0.02 
+ 26464 
- I 
- I rz.rI 
+ 97'25 + 97.25 
- 90.24 
- 1.03 
- 1.03 

- 122'70 
+ 7.27 + 223'30 
- 103.85 
- 103.45 
f 69.14 
+ IO-I'Z.? - 81.58 
- 17.51 
+ 7'63 



osition of the bar the four microscopes are read twice, viz., in the order H, A, C, K, k C, A, H. The  values of one division of the micrometer in these microscopes tire, 
in millionths of a yard, 

for H . . . . . . .  0' 7949 
,, A . .  . . . . .  '"77 
,, C . . . . . . .  0.869 
,, K . . . . . . .  0.7980 

Tlie observatious in a single visit to the bar-room are recorded as followa :- 

The microscopes bciilg once ad.justed to foc~is are not again altered, but in evcry case 
the dots are brought by the elevation or depression of the supporting rollers into the 
focus of the microscope. It is evident there inust be always a slight error in focus to be 
dispersed among the dots on account of the flexure of the bar, the foci of the microscopes 
remaining in a fixed and horizontal straight line. The  flexure of the bar, however, 
is not of sufficient magnitude to cause much trouble to the observer, though it is quite 
perceptible. 

The  following results are the means of four comparisons one on each fuce, expressed 
in milliontl~s of n yard. A [mm'] means the variation in thc distance of thc dots m, m', 
corresponding to the change of supports specified in the left-hand columu of the table. 

M A C 

i 
A [nr~i'] i A [nlttr'] 

- 

t l  

35'4 
JO.Q 

6-6 
6.4 

43.6 
43'4 

- --- -- 
I 
I ( l  

E'E' I 76.6 , 76.8 

r z 1 , I  
5y.6 ' 95.5 
60.; i ~ b . . +  

I 

A [ m a 1 ]  

CC1 21.5 
20'7 

I 

CC ' 

EE' 

3'3 
3'5 

52'2 
52'0 

5'5 3'5 '9'5 

20'7  

'9'9 

86.4 
86.5 

19.6 
'9'3 

86.5 
87.4 

NN' 

8 )  

EE' 
EN' 
NE' 
UC' 
N C' 
CN' 

57'8 
25'0 
16.4 

- 36'2 
- 31.8 
- 31.7 

70.7 60.7 
25'9 1 7 ' 4  
26.8 1 28.5 

- 35.8 - 35'7 
- 31.8 - 32'2 
- j1.8 - 32'4 
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The  following sets of comparisons are with the face marked 1111 uppermost. 

011  the completion of the first set in this table it was observed that unsynlmetrical 
~.esults werc being obtained, inasrnucli as we sho~lld expect to find A [ ~ I Z U ~  = A [ t ~ m ' ] .  
This might be explnined by supposing one end of the bar less flexible than the otlicr ; 
consequently further series of conipansons \!ere madc 1~it11 the view of ascertaining, by 
tlie lcversal of the bar, the real causc of the discrcpnncy. I n  tlic sccond set, thc end of 
the bar ~narlred Q was, as in the first set, to tlic Icft. In the tliird set, the end marked Q 
was rcvcrsed, and placed to thc ~ i g h t .  The  same peculiarity in the result still remains, 
as though the lgl end of the bar were less flesible ; we have for A [?tan'] 93.2 and for 
A [n~lt'l 98.2. I t  is therefore clear that the discrepancy is not in the iron, as we should 
have found it rcvcrserl on reversing thc bar, which is not the case. Nor can the cause be 
sougllt iu mere errors of observation ; the tcstimony of the individual comparisons in each 
of the three first sets is uniform. Nor is it any peculiarity of an observer, as three 
tliff'erent observers made the comparisons in regular routine. I t  is difficult to account for 
any unsymmetrical result, as there is nothing u~isymrnetrical in the apparatus or mode of 
observing, with this exception, that the rollcrs under tlie left half of the bar are concave, 
while those on the right are convex ; so that on the left thc bar is supported towards its 
outer edges, while on the right the contart of the supporting roller is at  the centre of the 
breadth of the bar. The  friction of the rollers is, through special attention in their con- 
struction, the least possible. The force which will just move the bar on its rollers is 
between four and six ounces. 

! 

Previous to the commencement of the set marked 4, a slight inclination in the direction 
of the niicrometer screw of the right hand microscope to the true line of measurement was 
detected and adjusted. 

In the fourth set, the mark Q was to the right, and in the fifth, Q was to the left. 
In these two sets the results are perfectly satisfactory. But the disappcarance of the 
anolnalous results is certainly not to be explained by the adjustment just referred to, as that 
cause is quite insufficient ; moreover, lt is only a ternporary disappearance, as we 
shall see. 

Sct. 

We shall reject the sets marked I ,  z, 3 ,  in tliis table, and retain us the final result, the 
mean of the last tivo ; viz. :- 

Cl~nnge of Supports ' 
No. of 

I 
fiO1u i I 

I I CC' ! EF 107.o y i 8  
I 0  

8 
lo 
12 

97.4 

03'2 107.3 
93'9 106.7 94.1 

8 

1 93.2 / 106.4 92.8 
I I 



If we now compare theee obeerved change8 of length with tl~oee obtained from the table 
(54), we cau by the method of least equares obtain the value of the multiplier; the 
result is 

where a is the extension or compression of the bar Q under a force equivalcllt to its 
own weight (10' 16 Ibs.), and ex ressed in nlillionths of a yard. P This being the measure of e asticity of the bar, tlie observed and computed variations 
of length will stand as in the following table :- 

In the bar R, cast in  a horizoiital positiou, k = 0.990 inch ; the scction bcing very 
accurately a square. 

Two series of 8 and 10 comparisons respectively give for the change i i o n ~  CC' to EE' 
(face I uppermost.) 

- 

Here we have again, with a different bar, the anomaly of A [nzn'] < A [ , I J I L ' ] .  The 
observations themselves are satisfactory enough. In a third series of 14 co~up~risons on 
the same face, the anomaly almost disappears. We have,- 

Cllaugcs of' Suppol.te 

from I 

We shall take this to be the true representation of the effect of flexure. 
With face I uppernlost the bar was compared in its different positions 011 El S, S', E', 

seven comparisons; and with the opposite i'nce I11 uppernlost, five co~liparisons on thc 

A [ lnm' ]  

Olnm ud. 1 Colqutcd. 

A [ ~ i u t ' ]  

-. - 

r e  1 o r  

NN' 

I, 
,, 
t, 

C'b 

70'7 
2.5") 
26.8 

-35'8 - 31.8 
- 31.8 
106.5 

57'8 
25.0 
I 6.4 

-36-2 
- 31.8 
- 31'7 

93'5 

EE' 
EN' 
NE' 
CC' 
NC' 
C:N' 
E E' 

A [VIIJ~'] 

r Cornpit*. I - 
7 I '8 
26.4 
26.4 

-35'7 
- 30.4 
- 30'4 
'07'5 

58.6 
26.3 
16.8 

-35'3 
- 30.0 
- 30.1 

93'9 

60. j 

1 7 . 4  
zX..5 

- 3  
- 32.2 
- 32'4 

93'4 

g h . 6  
I 6.8 
16.3 

- 3 5 3  - 30 I 

- 30'4 
9.3'9 



same rollers. On comparing the observed and theoretical changes of length, we get fbr 
the multiplier,- 

This being the measure of elasticity of R, the observed and computed changes of 
length will stand as in the following table :- 

In order more satisfactorily to test the hypothesis of the equality of expansion and 
contraction of the n~aterial under the same directly applied force, or in other words to test 
the centrality of the neutral axis, the following experiment was made :-The bar resting 
on the extreme supports EE', a weight of' 9.45 Ibs. was placed on the centre of thc bar 
(covering just one square inch of the bar's surface), and the resulting variation in lcngth 
repeatedly observed. With the face 11. uppermost, the contraction of t,he distance between 
the tops of the outer perpendiculars,- 

with the opposite face 1111 uppermost, there resulted,- 

Observations were then made upon a point two inches below the under surface of the 
bar to ascertain the extension of the under part of the bar, when weighted at  the centre. 

race 
of' 

Bar. 

I 
9 )  

$1 
I,  

'i 

A [nwr'] 
- -  

Observed. 1 Computed. 

This was cflectcd as follows :--Into the end of the bar 
was screwed firmly a piece of wire, bent into the forn~ 
sho~vn in the annexed figure, whcrc R is the extremity of 
the bar, ant1 E' the right supporting roller. Thc  lower part 
of the wire being bent in a horizontal direction, carried 
a small disk of platinum with an engraved dot a t  precisely 
z inches belo\\- the under surface of' the bar. The  micro- 
scopes being adjusted over these points, one at  each ex- 
tremity of' the bar, the observations were proceeded with 
as before. The  illcrease of length produced by the weight 
being placed on the centre of tlle bar (face I upperl~lost) IS, 

from 5 comparisons, 

- 

- 79.4 - 62.8 
- 5 5 ' 2  
- 80.7 
- 64.3 
- 58.1 
+ 93'3 

- 80.9 
- 63-9 
- 57'2 
- 80.9 
- 63.9 
- 57'2 
+ 91.8 

Changes of Suppo1.1~ 
- __ 

from , to 
1 

4 L~I~R'] 

- - 

Observed. 
I 

I :;; . - -- .- - . - . . 

- 8 2 3  - 80.9 
- 58.8 
- 63.5 - 63.9 

A [nim'] 
-. . -- 

Observed. 1 Computed. 

EE' 
9, 

E 
9 ,  

66 

- 82.5 
- 59.3 
- 65.2 
+ 92.6 

- . - - 

- 94.5 
- 71-4 
- 70.0 
- 95.0 
- 71.8 
- 1 

+ 104.5 

SS' 
ES' 
SE' 
ss' 
ES' 
BE' 
EE' 

- 80.9 
- .57.2 
- "3.y 
+ y1.8 

-_ - -. - 

- 941 
- 70'4 
- 70.4 
- 4 1  
- 70.4 
- 70.4 + 105'0 



where as the contraction for the points above the eurface we have found from the mean of 
the observations on faces I1  and I11 to be,- 

A [~nna') = 96.46 

This satisfactorily establishes the position of the neutral axis as at the centre of the 
bar. 

The observed variatious of' the distauce of the upper dot3 miri wheu the weight. is 
placed on ditierent points of the bar's length is shown in the following table :- 

On extreme Supports E E' 

1 Positiot~ of weight. 

Face of 13ar / 
I 

5 in. I d 1  5 in .  riglit 
of etoll.r.. of c~nr l -~ , .  

- -- -- 
I 

I1 90.6 
90.8 72.4 

- 
Now from (48) it appears that if a bar be resting on supports at  the distances f b 

from the centre, and if a pressure = 8 x (weight of the bar) be applied at n distance f b' 
from the ccntre, the effect upon points elevated to the height p above the surface of the bar 
a t  the distnuces f b from the centre is,- 

For the bar R this formula gives, for 6' = o, b' = 5, 6' = 10, the followiug,- 

which are somewhat larger than the observed quautities. I t  must be borne in mind that 
this bar is not a very perfect casting. 

For faces I or I11 uppermost in the bar S, k = '95;. With face I uppermost, and 
over the supports NCC'N', seveu comparisons were made ; nnd with the face I11 upper- 
most, and over the supports ENN'E', six con~pariso~~s were made ; and finally with fwe I11 
uppern~ost and over the supports ECC'E' 16 comparisons were madc. Tlie observed 
variations of length being compared with the theoretical variations from table (54) 
we get,- 



4 0 

In the following table are collected the observed and computed variations of length. 

The theoretical value is 
3 ~ ( 4  + k, x (j1.55 

a k  

During the observations of which the results are given in the four last lines of this table, 
the rollers were reversed, that is, the concave-surfaced rollers which had been hitherto uuder 
the left end of the bar were placed on the right, and the convex on the left. 

In the next series with this bar, three points only were observed; viz., mm' at the 
extremes ; and a third, elevated above the precise centre of the bar,-we shall call this point 
i. I t  is at the same height above the surface as the others, namely, 2 inches exactly. The 
variations in lcngth A [mi] and A [im'] of the two halves of the bar as the supports 
changed from EN' to NE' were then observed ; ten comparisons with face I1 uppermost, 
and 12 comparisons with f'acc 1111 uppern~ost. 

Chougcs of Supports 

from I to 

A [nlnr'] A [IIIPL'] 

-- 

NN'  
,) 

) P  

,, 

A [im'] 

Here lc = ~992 ,  which gives 
- A [mi] = 9 . 9  = A [ i ~ n l  

The effect of a weight placed at the centrc while the bar rested on EE' was also 
observed, and the results are shown in the following table :- 

Obser~ed. 

- 22.3 
- 19.3 
- 19.8 

45'7 
16.0 
16.2 
67.1 

.A [rr~n'] 

Observed. 

- 21.8 
- 18.1 
- 19.1 

39'2 
I 8.0 
10'9 
60.8 

CC' 
T\T C' 
CN' 
E E' 

A [ m i ]  Filce. 

Competed. 

- 22.6 
- 19'3 
- 19.3 

45'6 
16.7 
I 6.7 
68.2 

Observed. 

- 23.5 - 20'7 
- 20.9 

37'0 
9'6 
15.8 
59'5 

Computed. 

- 22.4 
- 19.1 
- I 

37.2 
16.7 
10'7 
59.6 

EN' 

Clinl~ge of Supports 

From I 

l7ave. 

I 
111 
I 

Compu~ed. 

- 22.4 - 19.1 - 19.1 
37'2 
10.7 
16.7 
59'6 

9 '9 
I I 

1111 

Poi~its. 

Upper - 
u - 
Lower - 

A [ m n ~ ' ]  

, I "E  

Ob~er\ed.  

58.38 
58.27 
gy.01 

Computed. 

59'89 
59'89 
59.89 



Of these results, the last is the mean of six observations, the former of two each. It 
is sufficiently clear that the neutral axis is exceedingly close to the centre of the bnr. 

10. 
The differences which remain between the observed and computed variations of length 

in each of these bars, though really very ~ninute quantities, nre yet far too large to be 
attributed to uiere errors of observation. They ~nlly be due, perhaps, in small part to the 
friction of the rollers, which is not easily subjected to calculation, as it cannot always be 
determined horn it is acting. A more probable source of error is the tendency of the 
~erpcndiculars to ride up\vards 1~11e1l beiug fastened 011 to the b ~ r .  This will be easily 
unde~.stood from the tigurc page 3.2. By the pressure of either of the lowcr screws, if uot 
carefully applied, tlic little bln>s frame\rorli separates from contact with the upper surface 
of the bar. But this \rill not account for the principal differences. The ruus of the 
~nicroscopes are very well determi~~etl, and the inner n~icroscopes -4, C', aerc intcrchnnged 
during the observntions. The inevitable in~pe~fections in focussing may have becu a source 
of more error than the observers could have expected. 

The total number of micrometer readiugs in these experiments is 2984. 



IV. 

DETERRIINATION OF THE 
ERRORS OF DIVISIONS OF 

0 F. 

This scale, of which the upper surface is represented in the accompanying diagram, 
is divided into 12 inches ; the thirteen lines are marked a b c d  e f g h k I m n p. The  
extreme inches ctb and P L ~  are divided each into tenths, and two of these tenths in each 
inch are again subdivided into hundredths. 

The tenths in aG are numbered from n to~rards b. T h e  space between the second 
and third lines is subdivided into hundredths, as is also the space between the sixth and 
seventh, as indicated by the dark lines. The  inch 1211 is similarly subdivided, but this 
part of tlic scale is not considercd in the present investigation. 

The lines of which the errors have been determined are 
2 3 4 6 7 8 b c d e f g  

together with the r 8 lines subdividing into hundredths the two tenths. 
The bar is snpported on the same cast-iron stand on which the standard yard at  other 

times lies. I11 Figure 5 ,  Plate VI., the foot f is seen supported on the stand bb'. I t  rests 
immediately on a piece of iron e e e an inch broad and about a quarter of an inch thick, 
the midtllc part on which the bar rests being lower than the extremities. T h e  extremities 
arc supl~ortccl on thc two rollers which are held by the brass uprights c  c'. The peculiar 
shnpc of the piece e t )  r. is owing to the circumstance that the divisions on the standard 
yard are half an inch belolo its surface, while those of the foot are on its surface, and the 
vertical play of the screws which raise or lower the rollers is not sufficient to meet the 
rcquircments of the two bars. 

The incthod of procedure is as follo~vs :--The microscopes being set up a t  six inches 
apart, the spaces ag, ~p are compared; this gives the error of the position of g. The 
n~icroscopes arc thcn set up at  five inches apart, and the spaces aJ 6g- compared. They 
arc tllen set up at four inches apart, and the spaces ae, 6J cg- compared ; and, finally, 
thc ~nicroacopes being at  three inches apart, the spaces ad, be, cf, dg are comparcd. 

?'he errors of the tenths of inches iri a6 were obtained as follows :-A small and 
bcautifully divided silver scale, containing three tenths of an inch, was mounted to  the 



left of the bar OF, and precisely in the same line with it, at the distance of about twelve 
inches from ab. The four lines on the silver scale marking thrcc tenths of an inch are 
numbered o I 2 3,  the tenths are subdivided into hundredths, \rhicli, however, \vc r11ake no 
use of here. The  silver scalc and OF are both mounted on the block oi' \rood u u' 
show11 in l'late VI, Figurc 5. This tigurc represents the modc of ~ucasureluent of' the 
s~llall space of inch on the Contact Apparatus IL, on the right o f j ;  under the ~ ~ u c r o -  
scope K ; but it will serve equally to explaiu the measurement of the tcuths of in'-hcs on 
a l ; fbr thc s111all silver scale, nlounted or1 a ,  brass stand, occupied the place of' h in 
l7igure 5. The only diference is t,hat the silver scale was on the left under H and the 
h o t  to the right under K.  The small silvcr scale is secured to its brass stand (which is 
purposely weighty) by n couple of small spriugs pressing upon thc extremities of its; upper 
surfice. I t  is also to be observed that OF can be li~oved sonie three quartcrs of an inch 
either to the right or left of its ceutral position by causing the piecc e e e to run upon the 
rollcrs which support its extremities. 

First, suppose the lincs o ii1 the silvcr scale and t.z on OF to be brought, by the 
longitudinal running of the carriages gg, g .T ,  into the centres of thc fields of view of the 
n~icroscopes, the former under H on the left, the latter under K on thc right, elid biscctcd 
by the cross-hairs of the micrometers, ncar the zcros. Thcu suppose the c:~rri:lgcs to be 
run just two tenths of an inch to the left, we shall have the lines z on thc silvcr scale 
and 2 on OF near the zcros of the microscopes; these lines being b;sected, it is cvidcnt 
that we know the difference of length of the spacc o to 2 on the silver scale and a to  z 
on OF. And in this manner we may compare any of the tenths on ab with the tenths 
on the silver scale, and so, by properly arranging the observations, obtain the relative 
lengths of the tenths of ab. 

The  lines subdividing ab with which \re are most concerned are z, 3, 6, 7, but we 
callnot determine these without at  least some of the others also. MTe rnny proceed in 
vc~rious ways ; for instancc, determine the values of each tenth as compared with oue telrtl~ 
on the silver scale ; or compare the successive double tenths [a.  z], [ I  .3], [2.4], . . . . [ a .  b ]  
with a space of two tenths on the silver scale, and thc single tenths [ w .  I], [g . b ]  with 
a space of one tenth on thq silver scalc; or \re may conlpare t;hc doublc tenths [ t r  .?.I, 
[2.4], [4-61, C6.8 , [8. b] with a two-tenths space on the silvcr scale, and the thrcc 
tenths [2 51, 13 b 1, [4.7], [5.8] with a space of three tcuths on the silvcr scale ; 
or compare the double tenths as in the preceding case, and thc four ceutre tenths 
[3 -41, [4.5], 15.61, [6 - 71 with a space of one tenth on the silver scalc ; or, among 
many other ava~lable combinations, the following:-compare the successive double teuths 
[a. 21, [2.41, [4.6], [6.8], [8-b] with a space of two tenths on the silver scale, and thc 
three tenths Ca.31, 13.61, [ 4 7 ] ,  [7. b] with a space of three tenths on the silvcr scale. 

If in each of these cascs we investigate the algebraical exprcssio~ls for the required 
errors of division, alid also the probable errors of such determinations, it will be f'ouud 
that the last named is the besc. I t  has therefore been adopted. 

With respect to the subdivisions of' [2 31, L6.71 into huudredths, each li~mcbcdth 
has been measured twenty times with each n~icroscope, by which n~eans their errors arc 
very accurately obtained. 

On each of the platinum disks which mark the inches, and on the platinu~n slips which 
bear the subdivisions of' the extreme inches, are traced two parallel lol~gitudiui~l lines. 
These fbrlu fragments of a pair of parallel straight lines runuing the length of thc bnr and 
defi~~ing the part of thc lines (transverse) of division which is to bc observed. I t  will 
bc conve~iicnt to give a lialne to that iuiaginnry line which lies on the surf:~cc of thc sc.:tlc*, 
parallcl to and midway betwecn the parallcl lines just refcrred to. Wc shall ci~ll it tLc l i ~ l e  
of n~ensrtt~eme~zts. So, on the silver scalc, thosc points of the transverse divisiou lincs which 
are actually bisected by the microscopes lie in the line of ulensuxemeuts of thllt scale. 



111 determiuing thc errors of t l ~ c  inch divisions, thc ac1.justtnents :ire the following :-- 
I .  The upper surthce of thc bar to bc trc~ly Iio~izontal. 2. 'l'he l i~ie of mcasure~neiits to 
be parallel to the rails or direction of ulotion of thc carriages. 3 .  ?'he micrometer micro- 
scopes to bc placed with their axcs vertical, and their foci iri the line of measurcrnents 
on the upper surface of the bar. The  distance of the zeros of the li~icroscopes is for 
convenience ~nadc to exceed the quantity under ~neasuremeiit by fiom 10 to 40 divisions; 
so that the points will lie in tlie follo\vi~~g order if, for instance, the nlicroscopes are three 
inches apart, and the points itd untler H a ~ l d  K respcctively 

.z a t l  s' . . . . 
z z' arc thc zcros of the ~nicroscopcs ; :und zu is thc qua~itity mcnsured by H,  and z'd 

t11:it nieasurctl I)y l i .  111 this position all ~ n e a s u ~ ~ c t i ~ e ~ i ~ s  :Ire positivc ; i f '  n bc thc reading 
of H :u~d /3 tli:~t of' K ,  It tlie valuc of onc tlivisiou of the 1nicro;ueter ill H, Ic thc valuc of' 
one division ot' thc inicronicter in I<, then Z being the :ictual dista~icc of' tlie points z z', 

The nietl~od of observing aud recording the observations is as follows :--Soppose, for 
instance, the six-inch spaces ag, ,q) are I~e i l~g  coniparetl. 'I'he lines u, 6 arc first brought 
into view in thc ~uicroscopes I1 K rcspcctively, and by thc ~iiovement of the slow niotion 
screws (transverse) of the c.lrriagcs the line of' ineasurernents is ~ilade to pass t h r o u ~ h  the 
cross-hairs of thc two nlicroscopcs; thc lines arc thcn bisected aud readings taken 111 the 
follo\ving orclcr,-I. onc of 1-1, 2. one of K, 3. one of 13, 4. one of K, 5. onc of H, 6. one 
of K. 'Thus \ \ c  hilvc three readings of n and three of g. ?'be bar is rnovcd six inches to 
the left, and g, p co~nc illto view i~nder the microscopes 14, K respectively. The  transverse 
adjustment 11cing ~nade, to causc the line of' measurc~i~cnts to pass through the cross-hairs 
of the two niicroscopes? tlie lilies g, p are observcd in the same manner as were a, g.; that 
is, three readings of e:lcl~ are taken, the microscopes bcing rcad nltcrnately. \Vc l~ave now 
one comparisou of og, gp. A t  each visit to the Bar IZoom three con~parisons of the two 
spaces arc made, involving thirty-six micrometer readings. The  spaces are brought under 
the microscopes in tlie order 

or the rcverse- 

The followii~g is a specimen page of the observation book, being the readings taken at  
one visit :- 

1)ate. 
Obsenfcr. 

Sl~ace. 
lleadings of 

Space. 

- .  

c19 

((9 

9' 

kl 

14.2 
I 4'0 
I 3.6 

J 4.9 
I 5.O 
14'8 

14.5 
I j.0 

14'4 

Dccc~i l l~ : r  12, I: 

Readings of 
-- -- 

I 

I - #  
- --- - --- -- 

I3.3 ' 18.6 
13.8 1 18.6 
3 18.8 

13.3 18.6 
13.3 18.8 
13.7 18.6 

14'3 1 16.0 
14.0 1 15.7 

16.2 

K 

19'2 
IY.3 
18.7 

I 8.4 
l7.4 
17.4 

'7'3 
16.8 
17'1 

2.30 r.ar. 

Qu:rl.tcl.ll~niier Stecl, 
1I.E. 

1/1' 

111' 



Here we have three distinct cotnpnrisons of og, gp, each comparison involving twelve 
micrometer readings. We tnay either treat the corllparisotis separately, or tnkc thc u ~ e a n  
of' all the rtadings of c ~ g -  arid ol' ~ 1 ) .  'l'hu9, if u be the u1ea11 of the niue rendiuge of a 
under l1, fi that of the ni~le  rcadings of g u~lclcr K, and if a' 15' sitnilarly pertain to gp, 

r 7 I hese equations u7e shall take t o  be the result of' this visit. T h e  scale being left 
continually undcr thc n~icroscopes mas visited t,l~ree tinies a (lily. T h e  ninety comparisons 
of the six-inch spaces occupied five days in ISovem1)cr 1863 and six daye in December. 
r 7 I h e  colnparison of the five-i~icli spaces 16 Lr, sitliilar it1 c v c y  respect t o  the above, 
occupied s e w n  days in P.lovembcr nud two in L)ecen~brr,-in all fifty-oue comparisons. I n  
thc comparison of the bur- inch spaces, which occupied three days iu November and six in 
Deceulber, a t  each visit t ~ v ~  comparisons of ' the three spaces were made in thc order 

involving thirty-six micrometer readings. Each visit or psge of the obscrvatiou book gives 
then this result : 

Z = [ a - e l  + ul~ + P k  
Z = [ b  . f ] + U'IL + fi'k 
% = [c . g ]  + U"/I + @"k 

wherc cnch of the quantities u a' . . . is the mean of six micro~neter readings. There are 
fifty co~nparisons in this series. 

T h c  cotnpnrisons of the t11r.c~-incl~ spaces occnpicd four days it] Novcmber nnd four 
days in Dccetnber. A t  cnch visit were obtained, fiotn forty-cigllt rcntlirtgs, two comparisons 
of the four spaces in the fbllowiog order 

nd, be, dg : (Ig, qf; br,  c~d 

giving t.he results- 
Z = [ a . d ]  + +/& + fik 
Z = [ b .  el + a'lr, + Pk 
Z = [ c - f ]  + a,h + P,k 
Z = [ [ l . g ]  + al'h + /Y'k 

where each of the quantities cc a' . . . is the niean of six micronieter readings. There are 
fifty comparisons in this series. 

The total nuniber of micrometer readings from which the errors of division of the 
lines b c d e f g have to be deduccd is 3792. 

I n  applying t o  these observations the method of least squares, we shall determine 
crrors of divisions which shall make, not the sunl of the squares of the errors of the 3792 
individual micrometer readings a luinimum, bu t  the sum of the squares of the en-ors of the  
dcteminations at  each visit n minimum. 

Tables I., lI., III . ,  IV. contain the results of the observations on the six-inch, five- 
inch, four-inch, aud thrce-inch spaces in the forni explained above : the binomials mnged in 
a horizoutal line in each table being the results of one visit. 



OBSERVATIONS FOR DETEBMININQ 

T I ~ L  hens OF INCH DIVISIONS ON THE FOOT OF. 

Pllicroscopes 6 inches apart. 

'~ ' .~uLL I. 

N.B.-The last detached line in each of these tables is the mean 
of the quantities in the column at the bottom of which it stands. 







And again, let x, x, x, x6 x, x, be the errors of the lines z 3 4 6 7 8 with reference 
to the lines a and b ; that is, 

[ ( I .  z ]  = ,:, [U  .b]  + .I.: = iJ6 I + xe + 'i:O zt + i2(, rg ( 3 )  
[ a . 3 ]  = ,.; [ ( I  A] + .yy = 1:) 1 + + T30 ~ 5 6  + cu .r0 
[ a .  43 = ;" [(I L] -k l . 4  = :,, 1 + J, + I?, x, + $0 .ro 
[ a  .63 = ,',, [a . b] + .T,, = ,';, I + JO + 1'0 3 1  + 64, rg 
[n. 71 = A, [a. b] + a, = ,',, I + .r, + 3" 3' + & zg 
[11.8] = ;, [ a .  L] + .I., = ,", I + .r, + ,",, 12 + ,I$ xI 

T l ~ c  vuluc of .rg rcsults i~~~i i~c~dia te ly  froni tlie ~ncu~ i s  of thc colum~~s in Table I. 
[(t.g] - [g . . ] ) ]  = [15.61 11 + 14.85 k ]  - [ 1 5 . 8 2  h + 1 6 . 8 ~  k ]  

z . r =  - 0 . 2 1  11 - 1.9: k (4) 
.1;, = - 0 . I 0  I1 - 0 . 99 X. 

I t  is convenient to renlelnbcr that h an'l  li :lrc oll~lost exactly equal to one another 
and to Te, of the niillionth of a jnrd. \Ve shall obtaiu t l~cir  esnct values furthcr on. 

In Table8 I., 11. each nulnerical quantity rcsi~lts from the mean of 9 rnicrou~eter readings; 
if tlle probable error of n singlc rcading be s, that of each binolnial in these Table8 ia 
4 E J 2. Similarly, in Tables III., IV. the robable crror of each binomial is j F 4 3. f The weight, therefore, of thc quantities in 'Ta )les I., 11. is greater than that of the quan- 
titics in T:~bles III.,  IV. in the proportion of 3 : z.  111 fact tbe 1 7  lilies in Table 11. 
result from 5 1  con~parisous, but the 25 lines iu Tables 111. or IV. from 50 comparisons. 

In Table IV. let the quantities i l l  thc n"' liuc be 

a,, b,, 7,, z,, 
The correspondiug distance of tlie zeros of tbc ~~licroscopcs 

In  Table III., similarly, 
Y 9 4 1  - z;,. 

I n  Table II., similarly, 
; ; ;  7; , 5 I - 2; 

Then the equations will be- 



The last equations, namely, those in a", have a greater weight than the others, as has 
3 been explained. They must, therefore, be multiplied by J 2, or, which will be sufficiently 

2 5  near, by the square root of - ; this will considerably simplify the solution. Solving by 
' 7  

the method of least squares- 

4 =I - xb - xC + 3, + xy + +I + PI  + Y 1  + 8 1 = 0  

4 za - xb - xC + 3, + x f +  ae + P, + ~ 2 + 8 2 = O  

4 z3 - xb - 5, + x e  + X I +  % + P 3  + Y J + ~ S = O  

3 ~ ' 1  - 6, - 2, + $6 + xf + all + B'l + y'l = 0 

3 z'a - xb - X ,  + xe + xp + a', + P', + Y', = o 
3 ~ ' 3  - xb - xc + $0 + xf + a', + fils + Y', = 0 

2 z1I1 - Xb + Xf + +"l + P"1 = 0 

2 " I t e  - xb + xf + all, + P", = 0 

2 "'I3 - xb + xf + a1'3 + fill3 = 0 

- ( z )  - (a ')  - +$ (z") + 3 nx, - nxB - nxy - ( P )  - ( P ' )  - g- ( P  ) = 0 

- ( 2 )  - ( z l )  + 2 nxc - nary - ( Y )  - ( y l )  = o 
2 nxd + ( a )  - (8) = o 

( 2 )  + ( 2 ' )  - n.zb + 2 nx2', + (a) + (4 = G 
( 2 )  + ( d )  + -F;- (2") - nxb - nxc 



Divide through each of theee last equation8 by n, which represents 25, and if s 
represent the mean of the quantitiee z, z, . .. . 2,; a  the mean of a, a? . . . . ss and so 
on, we get, 

4 2  - xb - xc + x 6 +  x3 + u + b + r + a = o  

3 2' - zb - zc + z . +  z, + a l + b ' + y '  = o  

22"- 2, + XJ +a1'+@' = o  

- Z - z' - zl' + 3 x* x -  x, - = o  

- 2 -  2' + 2  z* - x3 - 7 - f  = 0 

2 5, + a - S  = o 
z + 2' - -Tf, + 2 x ,  + P + a l  = 0 

z  + d + z" - r, - .z; + 3 + + y + 8 ' + a U  = o 

Write now A, B, C, D, E, F, G, H for the absolute tcrnis of these eight equntions, 
and we get, eliminating z  z' z", the following expressions for 2,. . . . . so : 

And the weights of the determinations are : 
25 .18  +, weight -- 

I I' 

If now we substitute for A B C . . . H their values in terms of a /3 . . ., we get 

O = 6 x b +  Q - 2 p +  O +  6 + 2 d - 2 p f +  o + 2 a 1 1 - 2 @ "  ( 8 )  
o = ~ x ~ + + c L -  @ . - 3 y + 2 6 +  a 1 + 2 @ ' - 3 y 1 + .  a " -  fit' 
o =  6 x d +  3 a  - 3 6  

o = 6 x e 2 . , 2 a + + 3 +  y - z 8 + + a 1 - 2 p ' -  y l +  a f t -  B1' 
0 = 6 r p -  a -  0 + 2 y -  6 +  0 + z f i ' - 2 y 1 + 2 a f 1 - 2 p ~ ~  

0 1 



Here the quantities sought are expressed in tenns of know11 quantities : and from the 
Tables we find 

n = 19.00 IL + 15-10 /G (9) 
(3 = 18-78 h + 16-17 k 
y =s I 8-55 It + 16.54 k 
o' = 19-67 IL + J 8-82 k 
a' = 23-60 h + 22.63 k. 
/3' = 23-00 h + 21.80 Ic 
y' = 24'23 IL + 26.50 k 
a" = 15-74 + 12'63 k 
P" = 16.39 h -+ r 5-84 k 

Whence, 

The silver scale and OF being mounted for comparison, it is essential that the line of 
measurenzents in the m e  shall forni one and the same straight line with the line of 
n~easz~~~aments  on the other: further, that this line, beiug truly horizontal and parallel to 
the line of rails, shall appear, as viewed in tlie microscopes, to intel.sect the cross-hairs both 
in H and K. 

While the left-hand line, that ~ i ~ a r k e d  o, on the silver scale is in the zero of the 
micrometer H ; by gradually moving l? on its rollers, the lincs a 2 4 6 8 on OF can be 
brought in succession into tlie zero of K. A t  each visit to the Bar l ioon~  cach double tenth 
on OF (five in number) was compared with [o'z]. 

First, o of the silver scale under H and (1 of OF under K are read, giving 

a, 1~ + B, 
then by the motion of the carriages two tenths of an inch to the left, 2 of the silver scale 
and 2 of OF are brought under H and K ; tliesc lines being read, we have 

Secondly, o of' the silver scale is brought under 1-1 and 2 of OF under K ; the lines 
being bisected and r e d ,  give 

a, IL + fi, k 

then by the motion of the carriages two tenths of an inch to tlie left, 2 of the silver scale 
and 4 of OF are brought under H and K ; these lines being read, wc get 



Thirdly, o of the silver scale and 4 of OF nre brought ii~lder the microscopes and 
read, and so on. The order ol'observing is, in short, this :- 

I i  - Ii - 
Silrer Scale. QF 

Left lilies . . . . . .  o . . . . .  a 
Right lines . . . . . .  z . . . . .  z 
Left . . . . . . . . .  o . . . . .  2 

I 
Right. . . . . . . . .  z . . . . .  4 
Left . . . . . . . . .  o . . . . .  

1 
Right. . . . . . . . .  2 . . . . .  
Left . . . . . . . . .  o . . . . .  

2) 
. . . . .  . . . . . . . .  llight. 2 

Left . . . . . . . . .  o . . . . .  
: 1 

Right. . . . . . . . .  z . . . . .  :> 
there being taken in each case three readings of each microscope for each line, ns explained 
before. The results are given in detail in Tables V. and VI. 

Let  S be the length of the silver scale [o. z], and S' = [a.z] on OF. 
A A' a a' 

In the diagraui let AA' = S, aa' = S'. Let  Aa = q : the distance of the microscopes 
= q + z ; then, when thc Icft-hand lines are under the microscopes, we get 

and when thc right lines are under the microscopes, we have 

q + S ' - S + a ' , h + p l , k = q + z  
S' - S + a', /L + f i l l  k - z = 0 

- s + (n', - u,)  h + (B'l - P I )  JG = 0 

Similarly, [O .z] - [Z .4] = (a', - a,)  IL + ( P ' ,  - By) k 
[o.z] - [4.6] = (at3 - us) h + (PI;, - by) k 

[o. 21 - L6.81 = (at4 - a4) 11 + ( P I 4  - P4) k 
[o.z] - [8 .b] = (a', - a,)  IL + (P', - P , )  k  

The  comparisons of [o 31 on the silver scale with [ n .  31 [3 61 [4.7] [ 7 . I ]  are similarly 
effected. 
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Let  thc lengths of the spaces on the silvcr scalc be 

and let a, a, cr, a, a, bc the observed excesscs of the spnce [0.2] of the silvcr scalc over 
r 6 . 8 1  [ 8 . b ]  of OF, :lnd PI P, fi, fi, thc cxccsses of' [0.3] silver scale over 
[7.b] of' Of; thcn wc Ilavc the follo\\.ing cquations :- 

z - :c, - u , = o  

z - x, + .I', - a,, = 0 

We have here 9 equations coutailli~~g eight illlkuo\~n quantities. Solving t l~em by the 
method of least squares- 

Write A B C D E F G H for thc absolute terms of these equations, and tlie values 
of z z' .T, .z; r, r, x7 r, will, by thc solutioll of the equations, be foul~d to be : 



Now, each of the absolute terms in the original equations is the mean of 25 different 
determinations ; consequeutly thc weights of r, x, I, x, x, x, are : 

2 5 - 4 0  r2 weight - 
27 

So that the 6  errors are determined with very nearly equnl precision. 

If we restore to A B C D E F G H their values in terms of a, or, a, a, a, 8, f l ,  0, B, 
we obtain values of x, x3 x., x, x, x, as follows : 

The values of a, a, . . . . P, oblained froin Tables V., VI. are : 

% =  0 6 4 h +  7 . 5 8 k  
a, = 1 . 7 9  Jb + 1 6 - 7 4  k  
a, = 2 .43  h + 5 - 6 5  k 
a, = 1.25 I )  + 13-20 k  
a, = 2 .26  JL + 12.38 k 
Pl = - 0 . 5 8  h + 10'33 k 
P2 = 2 .32  h + 3 . 1 5  k 
P s =  ~ . q r A +  5 '26Jc  
P4 = 3'94  JL + 7'5 1 k  

whencc we get finally- 
.r, = 1-35 Jb + 3.28 k 
xs = 1.85 JL - 2 . 1 6  k 
.Q = 1'55 ?b - 2 - 5 9  k  
x6 = 0 - 7 9  Jb + 2 - 8 7  k 
x, = 2-04 h - 0 . 1 7  k 
x8 = 0.90 JL + 1.02 k 



Each of the tenths [2.3] [ 6 . 7 ]  is subdivided into ten parts, and i t  remains to 
ascertain the errors of thcse hundredth-lines. 

I t  is i~npossible to atljust a inlcroscope to focus with the certainty of having no error 
in such adjustment. If a nlicroscope be iepeatedly brought to foel~s over a given surface, 
and if the dist.1nce of thc object glass from tlle surface werc measured each time, small 
diffcrences ~rould  be found, very small indeed, but get s~lflicient to influence the measure 
of a given sp:lce upon the surfilce under view. 'I'hc error :wising in a nie:~surcment froln 
this cause is proportional to the Icngtl~ measured: hencc it is not desirable to measure 
larger quantities than ccln bc helped. The  measurennent of the hundredths in each tenth 
was eficted in this manner : Tlic scale is first levelled and brought to focus with the 
greatest nicety ; the left-hand hundredth is brooght into the field and placed accurately in 
thc centre, so that the defining lines are equidistant from and on opposite sides of the zcro 
position of the wires. The  left line is bisected (with one micrometer reading), and then 
the cross is carried over to the right line, which is bisected, and the micrometer read. The 
scale (focus remaining unultered) is now run of an inch to the left, uutil the second 
hundredth occupies exactly the position just vacated by the first. T h e  cross will be found 
almost bisecting the right line ; the bisection is made, thc niicrometer read, and the cross 
brought over by thc revolution of the micrometer screw to the left line, which is bisected 
and rettd. Thc scale is spin moveti one hundredth of an inch to the left, ant1 the third 
hund~,eclth occupies the position just vacateti by the second ; it is then measured,-and so 
on. When the scale has been moved ten times one hundredth of an inch to the left, the 
last hundretlth will be in the centre of the field of view, and its rueasurement closes the 
operation. We have now from 20 nlicronieter readings the measures of the ten spaces, each 
measure aff'cctecl with the sattze ewer, arising froin the error of focus, inasmuch as the 
focus remi~incd ~inaltcrcd during the operation. If tliis be called one series, each series 
will be affected with a dif l~r .er~t  error as the focus is re-acljusted for each series. 

The hnndredths in each tenth have been measured twenty tillles each with each 
microscope in the manner explained above. The  mean results of these measures, with their 
probable errors, are given in the following Table, expressed in divisions of the respective 
rnicronlcters. The hu~ldredths are numbered from left to right. 

TABLE VII. 

Tenth [2.3] 

Nu~nber I H I  of dredtha A I ~ -  K  

N.U.-Tlni. ~~ro l~ab le  errors are determined from the differences of the 20 individual rneasures in each 
case H it11 tl~eil ue3u 

Tenth [6.7] 

Number H I K l  of dredlhs. H u u -  

1 
2 
3 
4 
6 
6 
7 
8 
9 

1 0  

346.54 + '0" 
350.69 2 '00 

346'47 f '09 

350'43 + '00 

347'53 + 'Of3 

349'44 + '08 
347.08 + '1s 
351.56 + '11 

349'54 f "0 

351.84 + '10 

356'9') + "0 
348.18 * '12 

346.6~ + '13 

348.30 f 'la 
348.77 k '16 

350'57 + '1% 
348.48 + '00 
347'78 k 'O8 
3+8.y0 + '11 

346.19f '08 

34.5'84 + '00 
349.22 f '10 

345'17 + '10 

349'3' + '08 
346.28 2 .lo 
348.12 f '10 
345'59 * '12 

350.50 f '12 

347'85 f '11 
350'38k.10 

355'49 + '11 

346.83 + '12 

345'13 + '1% 
346.84 + '10 

347.52 + '12 

348.95 + '12 
347'64 + '12 

345'90 + '08 

347.29 + "2 

344'95 k '0" 

1 
2 
3 
4 
5 
6 
'7 
8 
9 

10 



From these measures we may readily find the errors of thc nine subdividing lines in 
each tenth. If n, n, ... n,, be the successive measures of the tenths, the errors of division 
will be : 

I% (9n l -  ne- n,- 9 -  n,- n,- n,- n,- 1 -  n )  (17) 
i'n (8n1+ 8 n 2 -  zn,-  2n,- zn , -  zn,-  zn , -  zn,-  271, -  2n,,) 
$, (7 121 + 7 n, + 7 n, - 3 n, - 3 715 - 3 no - 3 n7 - 3 ?kg - 3 nu - 3 nlO) 
T'C (6 nl + 6 n, + 6 n, + 6 n, - 4 n, - 4 120 - 4 n7 - 4 n8 - 4 t ~ ,  - 4 n,,) 
I$ ( 5 %  + 5%+ Sn,+ 5nr+ 5n6 - 5 ? t o -  5 n7 - 5 % -  ~ n , -  sn,,) 
$0 (4n l -k  4nn-k 4n3+ 4nr+ 4n6+ 4 % -  6 n 7 -  672,- 6n,- 6n,,) 
$6 (3n1-k 3nz-k 3'7h-k 3 " 1 4 -  3 ' 7 2 6 4 -  3n0-k 3 n7-  7 % -  7 % -  7 % )  

( 2 n l +  2n2+ 2 n ~ +  zn,+zn,+ z n 6 +  zn,+ zn, -  8n,- 8n1,) 
,',(.I+ ?I,+ n , +  n,+ n,+ n6+ n,+ n,+ no-gn,,) 

If  we subutitute in these expressions the results sho~vu in the preceding Table, we 
shall obtain the errors of division correctly; but it woul(1 be incorrect to irifkr the probuble 
errors of these quantities in the usual way fiom the probable errors sho\en in the Tahle 
when introduced into the formnlle (16). The probable errors in the preceding Table V1. 
are affected, and necessarily, by the errors of focal adjustment in the ruicroscope; whereas if 
we apply the fbrmule ( 1 6 )  to each sevies of micrometer measures as described above, we 
shall elilninate the focal error from that series; or, in other words, the errors of division 
resulting fro111 ally single series of measures are not affected by the focal error of that series. 
This is evident, because the sum of' the coefficients of the quantities n is zero for each 
error of division ; consequently a constant error disappears. Therefore, we nlust compute 
the errors of division fioln each series, and then compare individual results with their 
means to obtain the real probable errors. The following ?'able coutaius the errors of 
division with probable errors of such determinations. 

TABLE VIII. 

Errors of Subdivisions of [z I Errom of Subdivisions of [ 6 .7 ]  I 
Line. / H I I( 1 H I K L i n e - I  

These results are expressed in terms of the divisions of the respective microscopes. 
They are not the absolute errors of division of the lines, but are only the errors us sub- 
dividing into tenths the spaces [ z .  31 [6.7]. 

There is one line in particular in each tenth which denlands especial attelltion ; namely, 
in [ z .  31 ,  tlie sixth line from 2 towards 3 ,  and fourth from 3 towards z : we shall designate 
this line by the letter T ; and in [6.7], the second line fi.0111 6 towards 7, and eighth from 7 

H 2 



towards 6 :  this linc we shall designate by the letter p. These two lines are those which 
come into play in the measurement of the Toise and Metre respectively ; we shall therefore 
give the actual results of the micrometer measurelllents ill the twenty series. They are 
shown in the following Table :- 

TABLE IX. 

Expressed in Micrornetcr Divisions of respective ~ l i c ~ ~ o a c o p e s .  

The first and second columns, and the third and fourth, give the values of n, + ... n, and 
n, + ... n,,. The  fifth and sixth columns, and the seventh and eighth, give n, + n, and 
n, + ... n,,. By ( 17') the errors of division of the lines T and p are 

T . . . . . ,4D- ( 7 1 ,  + . . . ?z6 )  - (n, + . . . n,,) (18) 
p . . . . .  )"a-(n,+n,) - y o (  n 3 +  . . .  nl0)  

App1yin.g these formulo to the quantities in the preceding Table, we get the following 
results for the errors of' division :- 

Tenth [2.3] Tenth 16.71 

H 

[%.TI 1 [re31 

K 

[2.~1 I b.31 

H 

[a.rl I [ P .  71 

2099.6 
2097.8 
2098.2 

2097.7 
2100.3 
2102.8 
2096.1 
2104.7 

2099.9 
2102.9 

2099.4 
2097'7 
2095.9 
2097.7 
2101.6 
2102.7 
2096.1 
2099.0 
2095.2 
2103.1 

K 

[6.~1 1 b.71 

2093'2 
2088.7 
2089.8 
2090'9 
2087.3 

2094.3 
2090.9 
2091.3 

2094.7 
2089.9 
2085.1 
2092'5 
2087.0 
zoy0.9 
2092.3 
2094.6 
2089.9 

2093'5 
2089.9 
2092.1 

698.4 
698.3 
696.9 
698.0 
698.0 

%7'3 
696.3 
697'7 
696.2 
696.0 

697'4 
698.1 

697'5 
697'9 
6963 
696.6 
696.6 

697'4 
695'4 
698.3 

1392.0 
1392.0 
1388.8 

1392.7 
' 1391.5 

1391.2 
1391'2 
1389'8 
1392.0 

1392'5 
1393.7 
1388.7 

1390.4 
1389.9 
1391.6 

1392'5 
1390.2 

1392'5 
1391.6 

1391.9 

-- 

694'8 
694'2 
694'5 
694'5 
694'8 
695.0 
6~3'9 
695'7 
694'0 
697'0 
695'4 
694'4 
694'7 
696.2 
695'1 
696.2 

694.4 
6~5'4 
696.3 
694'5 

1384.0 
1384.6 
1383'6 
1388.4 

1385.3 
1387.4 
1383.0 

1384.9 
1388'2 

1387'7 
1383.2 
1387.1 
1384'6 
1385'6 
1386.7 

1385.5 
1384.0 

1390.9 
1384'7 
1386.0 

2794'2 
2796.0 
2791.6 

2794'4 
qi')1'7 
2792.4 
2795.0 
2793'9 
2791'4 
2795'1 
2793'7 
2793'4 
2794'1 
2794'9 
2793.0 
2800.1 

2792'4 
2792.3 
2795'1 
27 93'0 

2780.1 
2782.0 

2784'3 
2783.2 

2779'6 
2784.0 
2784.1 
2782.8 
2781.0 

2785'3 
2786.5 
2781.7 
2780.9 
2788.7 
2780.7 
2787.6 
2782.9 
2781.9 
2787.0 
2781.2 



We shall consider the probable errors of these determinations after the vnlues of Ir and k 
are ascertained. 

I11 Table FX., by adding together the quantities [z . r] + [ r .  3 1  and [6 + [P .  71, 
we get the number of divisions of H or K which go to the spaces [ z .  3 1  [6.7]. Now, 
from (3) 

Error of r 

I K  

We must here anticipate our results so far as to remark that h-lc is less than one 250t" 
art of h or k. We may, therefore, in the above erpresbion put IL for k OT k for h,  SO t l ~ i ~ t  

f2. 31 = <- I - 4.91 1" or +u I - 4.91 k ;  and [6.7] = ++ ! - 1.78 h or ,',, I - I .;8 k.  
In order, therefore, to ascertain the true nuu~ber of hvlsions of H or K which are 
equivalent to n tenth of' an inch, we ulust illcrease every Iueasure of [ 2 . 3 ]  by + 4.9! 
divisions, and every measure of [6.7] by + I .78 divisions. 

+ 4'64 
3'Yz 
6.00 

3'46 
5.22 
6.40 

3'72 
8.00 

4'76 
5-66 

3'54 
5-86 
4'12 

5'14 
5.68 

.5'58 
4'3 2 
4.10 
3.12 

+ 6.10 

Error of p 

H I K  
+ 6.88 

4'7 2 

5'76 
3'32 
3'74 
5.28 
6.56 

5'58 
4'96 
3'34 
4'12 

4'74 
4'04 
5-00 

4-90 
6.54 
5'56 
2.86 

5'14 

+ 5'14 

- 0.12 

- 0.56 
- 0.80 I 
- 0.48 
+ 0.06 
- 0.64 
- 1 . ~ 6  
- 0.62 
- 1.32 
- 2 '22 

- 0.82 
- 0 ' 2 0  

- 0.82 
- 0.66 
- 1-56 

- 2.74 
- 1.20 

- 0'54 
- 2.70 
+ 0'04 

- 0.18 
- 1.04 
- 1-26 
- 1.04 
- 0.08 
- 0.80 
- 1.70 
- 0.00 

- 1'00 

+ 0'54 
- 0 . ~ 8  
- 0.82 
- 0.42 
- 0.78 
- 0.06 
- 0.56 
- 1.06 
- 0.06 
- 0.36 
- 0.64 



The taken from Table lX . ,  so modified, will stand thus :- 

TABLE 

The sum of the squares of tlie errors in the measures by H is 367'54, in that by K 
534'27. Consequently, the mean error in n single measurement of one tenth of an inch 
(in ten consecutive hundredths) by H is 

- .- 
J367.54 = * fj.0, 

40 - 1 

XI. 

H 

No. of Divivious 
to I; I. 

3496.5 
3494'7 
349 l.9 
3495'3 
3496'7 
3498.9 
3492'2 
3499'4 
3496'8 
3500'3 
3498.0 
349 1'3 
349 1.2 

3492.5 
3498.1 
3500.1 
3491.2 
3496'4 
34Y1'7 
3499'9 
3494'4 
3496.1 
3490'3 
3494'2 
34Y1'5 
3401'5 
3493.1 
3493'4 
34%'4 
3402'9 
3402'9 
3493'3 
3493'4 
3494'6 
349 1.1 
3 4 ~ ~ ~ 5  
3490'8 
3401'5 
349?'3 
3493" 

No. of Divisions 
to & 1. 

3482'1 
3478'2 
3478'3 
3484'2 
3477'5 
3486'6 
3478'8 
3481.1 
3487'8 
3482.5 
3473'" 
3484'5 
3476.5 
348 1'4 
3483'9 
348.5'0 
34jse8 
3489.3 
3479'5 
3483.0 
3476'7 
3478.0 
3480.6 
3479'5 
3476'2 
3480.8 
3479'8 
3480'3 
3476'8 
3484 '~  
3483'7 
347 7 '9 
3477'4 
3486'7 
3477'6 
3485'6 
3479" 
3479'' 
3485'1 
3477'5 

Error, or excesr 
ofind~viduol 

resolte above their 
mean 

+ 2'2 

+ 0.4 
- 2'4 
+ 1.0 

+ 2.4 + 4.6 - 2'1 
+ 5" + 2'5 
+ 6.0 
+ 3'7 
- 3'0 
- 3.1 
- 1.8 
+ 3.8 + 5.8 
- 3.1 
+ 2.1 
- 2.6 
+ 5'6 +. 0.1 + 1.8 
- 4.0 
- 0.1 

- 2.8 
- 2.8 
- 1'2 

- 0.9 
- 4'9 
- 1'4 
- 1.4 
- I -0 

- 0'9 
+ 0'3 
- 3.2 
-k 4'2 
- 3'5 
- 2.8 
- 2'0 
- 1'2 

K 

Error, or exceea 
of individual 

rcsulls above their 
mcno. 

+ 1'2 - 2.7 
- 2.6 
+ 3'3 - 3'4 
+ 5'7 - 2'1 

+ 0'2 

+ 6.9 
+ 1.6 
- 7'7 + 3'6 
- 4'4 + 0'5 + 3.0 + 4'1 
- 2'1 

+ 8.4 - 1.4 
+ 2.1 

- 4'2 
- 2.9 
- 0.3 
- 1.4 

- 4'7 
- 0.1 - I .I 

- 0.6 
- 4'1 
+ 3.2 + 2.8 
- 3.0 
- 3'5 
+ 5'8 
- 3'3 
+ 4'7 - 1.8 
- 1.8 
+ 4'2 
- 3'4 



And the mean error in the same operation by K is 

The corresponding probable errors are 
H K 
f 2'07 2'49 

Now, each of tlie errors in the above 'Table results from the sum of the errors of 
twenty single micronleter readings and the error due to a slight error in the focussing of 
the microscope. L e t  the probable crrors resulting fiom this lust cnuse be 

E , ,  for FI, and E~ for K, 
on a measurement of 1000 divisions : tli?11 i~poii tlie tenth of an inch tliey will bc 

By a special investigation, the p~.obatlt: error ?/ 'a  sirrgle ~rlicronreter retrding was found 
to be- . Observer, Captain Clarke, R.E. f 0.32 niicr. div. 

,, Quartermaster Steel, R.E. f 0.31 ,, 
the same result being obtained for either microscope. 

Now the sum of the squares of 20 such errors is 2-00 ; consequently the probable 
error in the nleasure of one tenth of an inch by H or K will be 

H . . . . . dz.00 + 3'494'.8" 
- 

K . .  . .  . ~z.o0+3'48r'~s' ,  
If now we compare this with the numerical quantities actually obtniiicd, it appears 

that 
2.00 + 3*4942 E',, = 428 
2-w + 3'481%'~ = 6.20 

:. E,, = r/z -- = 0.432 micr. div. 
3'494 

E= = '4% = f 0.589 rnicr. div. 
3'48 1 

Consequently, if a space of n thousand divisions be mensured by H or K, the probable 
error of such rneasurc will be 

If, for example, 250 divisions be measured, the probable error of the single measure- 
ment, expressed in divisions, is 

H . . . . . & 0'4.G 

K . . . . . Oa.k9 - 

If  there were no focal error these quantities would be sinlply 0'45. We gather, theu, 
this vcry irnportaiit result, that even in n~ensuring such an unusunlly lnrge spnce as 250  
microtneter divisions, the probable error of a sinfrlc deterniinatio~i is only il~crei~sed f'rom 
f 0.45 to f 0.46 or & 0.19 by the probable crror zi hcal ndjustnleiit of thc microscope. 



I t  appears f ron~ our last Table that the number of divisions to one tenth of an inch 
in the two rriicroscopes is 

2'07 
for H . . . . . 3494'3 f -- 

J40 

Consequently, the number of divisions to one inch is 
for H . . . . . 34943 f 9.3 

,, I< . . . . . 34809 f 3.9 

Therefore 11, Ir, being the values of one division in H and K respectively, and I an 
inch, 

h = 
I 

34943 f 3'3 
( 2 5 )  

I t  is convenient to have a unit of reference for small quantities, as micrometer 
measures, expansions, &c. Such quantities, when expressed in inches, are encumbered with 
an inconvenient number of decimals, and they cannot \\,ell be cxpressect in micrometer 
divisions, as no two microscopes have divisions equivalent in magnitude. If  we express 
the values of a division of H and K first obtained in inches, they becon~e 

The yard being the unit of length in this country, it seems reasonable to take as the 
unit of reference for small quantities the nrillionth part of the yard. Expressed in this 
unit, the quantities above become 

So that a division of either micrometer is about -& of the unit of reference. 
In future all small quantities will be expressed with reference to this unit, the 

millionth part ( .ooooo~)  of the yard, unless expressly stated otherwise. 

If  we write out in full the set of 60 equations frorn which xg is obtained in 
equation (4),  and of which thc quantities givcn in Table I. form the absolute terms, 
and if' we substitute the actual values of IL ant1 k in these equations, w7e get the sun] of 
the squares of the errors 5.26. Now in the 60 equations there are 30 quantities z, . . . . zso, 
and one quantity x, in all 31 unknown quantities: consequently the probable error of 
a single equation is 

-- 



and therefore for the value of we have 

T h e  equations (5 )  arc in ~ lumbcr  209 : those in 3'' arc to be illultiplied by 4's 
in forming the errors. I f  wc substitute in these cquations and ill (8),  ( g ) ,  and ( l o )  the 
values of IL and Ir, we get  the sum of t l ~ c  squares of' the zog errors = 16.33. Xow 
the nurnbcr of unknown quantities in these cquations is 72, consequently the probable 
error of a single equation is 

- - - -- - - . - 

Consequently by (7 )  thc probable errors of .z., .re :r, a, .r, are 

T h e  equations ( I  I )  are in reality 225 in number, each of those written down being the  
mean of 25 similar equations. On substituting the values of h and k in ( I  I ) ,  ( I S ) ,  and 
(16), we obtain for the sum of the squares of the 225 errors 71.08. 'I'he nunlber of 
unknown quantities is 8, consequently the probable error of an equation is 

f 0.674 2/ - 7 e  = o.sas 
225 - 8 (32) 

Therefore the probable errors of a, x, .r, xz., r, r, are-see (1 3), 

W e  now proceed to consider the errors of the lines T nnd p. T h e  quantilies in Table S. 
being multiplied by the values of IL and k become as in the nes t  Ttlble. 
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The sum of thc squares of the errors of XT is 32-635, consequently the probable 
error of' the detern~ination is 

The sum of the squares of thc errors for x, is rz.g40, consequently the probable error 
of the determination is 

LT7 1 ,  Errors. 

8 .  1 be arithmetical ineans of the quantities in the colun~ns headed x, and z, are + 3.93 
and - 0.64. These are not the absolute errors of division of the lines T and p, b ~ t  only 
w~th  reference to the lines z,  3 and 6,7. 

a;, 

- 0'1 0 
- 0.44 
- 0.64 
- 0.38 
+ 0.05 - 0.51 
- 1.56 
- 0'49 
- 1.05 
- 1.76 
- 0.65 
- 0.16 
- 0.65 
- 0.52 
- 1-24 - 2.18 
- O.95 
- 0'43 
- 2.15 
+ 0.03 
- 0.14 
- 0.83 
- 1.00 
- 0.83 
- 0.06 
- 0.64 
- 1.36 

0.00 - 
- 0.80 
+ 0'43 
- 0.78 
- 0.65 
- O.33 
- 0.62 - 0.05 
- 0.45 
- 0.84 
- 0.05 
- 0.29 
- 0.5 I 

+ 3'69 
3.12 
4'77 
2'75 
4'15 
5'O9 
2.96 
6.36 
3-70 
4'50 
2.8 I 
4.66 
3'27 
4'09 
4'52 
4'44 
3'43 
3-26 
2.48 
4-85 
5'49 
3'77 
4'60 
2'65 
2.98 
4'2 I 

5'23 
4'45 
3'96 
2'66 
3'23 
3'78 
3'22 
3'99 
3'9' 
5.22 
4'44 
2.28 
4'10 

+ 4'18 

Errors. 

+ 0'54 + 0.20 
+ 0.00 
+ 0.26 
+ 0.69 
+ 0.13 
- 0.92 
+ 0.15 
- 0.41 
- 1.12 
- 0.01 
+ 0.48 
- 0.01 
+ 0.12 
- 0.60 
- 1-54 - 0.31 
+ 0.21 
- 1.51 + 0.67 
+ 0.50 
- 0.19 
- 0.36 
- 0.19 
+ 0.58 
+ 0.00 
- 0.72 + 0.64 
- 0.16 
+ 1.07 
- 0.14 
- O'OI 
+ 0.31 
+ 0.02 
+ 0'59 + 0.19 
- 0.20 
+ 0'59 
+ 0.13 + 0'35 

- 0.25 
- 0.82 
+ 0.83 - 1.18 
+ 0.22 + 1-15 
- 0.98 + 2'42 
- 0.15 
+ 0.56 
- 1.12 
+ 0.72 
- 0.66 
+ 0.1.5 + 0.58 + 0.50 
- 0.50 
- 0.67 
- 1.45 + 0.91 
+ 1'55 - 0.17 
+ 0'66 
- 1.29 
- 0'95 + 0.28 + 1-30 + 0.52 + 0.02 
- 1-27 
- 0.65 
- 0.15 
- 0.71 
+ 0.05 
- 0'02 
+ 1.28 
+ 0.50 
- 1.65 
+ 0.17 + 0.25 



The definite results, then, a t  which we have arrived are: 

And from these it remains to determine the absolute errors of the lines and the probable 
errors of such determinations. In the first place, 

2 I 
[6.p] =-- T6 2 .ro + .rr + r, + 3 + 3. 

100 roo 300 

62 I 6 2 . ~ ~  6 2 : ~  
[ a .  p] = - + ,", .ra + + .r7 + - Ioo roo + G 

With respect to the  roba able errors of the determination of errors of division of the 
lines 2, 3, 4,6, 7, 8, it will be seen from (3 )  that each one depends on the probable errors 
of three other quantities independently determined; for instance, if E,, be the probable 
error of the determination of x,, the probable error of [a. 2 j is 

but in the case of [a. T] and [aap]  there is a difference, for the former involves 

but s, and x3 are not independently determined. From equations (12) it appears that the 
weight of the determination of a.z> + P.z$ is 

I S  



consequently the reciprocal of the weight of x, + s6 x, is 

and the corresponding probable error 

and [ a . p ]  involve3 
THir $8 + ?6 5, 

By equations (12) the weight of the determination of axz., + P.r, is 

consequently the reciprocal of the weight of ;6 .r, + -,zc r, is 

and the corresponding probable error 

so that the probable errors of the determinations of [ a . ~ ]  and [ a . p ]  are respectively 

Proceeding in this manner, we get the following final results : 

[ a . ~ ]  = + 3.71 f 'ofis 
2 6 

[ a . ~ ]  = - I + 5.30 f 'I03 
I00 

[ a .  31 = ' I - 0 . 2 0  f '064 
10 

4  [ a . q ]  = - I - 0.77 f '066 
1 0  

6  [ a .  63 = -- 1 + 3-00 f .OGH 
1 0  

62 
[fl .,u] = - I + 2-08 f -0uc; 

I 0 0  

7 [ u . 7 ]  = - I + 1.58 f '06s 
1 0  

8 
[ a . 8 ]  = - I + 1.65 f -070 

I 0  



The  absolute ternls of equations (3) ore the quantities given in Tables III., IV., and 
those in Table 11. multiplied by di or rather J Y ~ .  Now each quantity in Tables III.,  
IV., is of the form ; ( u ,  . . . . a,  b, . . . . b, represe~~ting single micrometer readings)- 

and the probable error of a single reading of H or K is f .3 I x .8 = f .25 ; consequently 
the probable error of any of the quantities in 111. or IV., so far as mere errors of reading 
or observation are concerned, is 

Each of the quantities in Table 11. is of the form 

and its probable error 

which when multiplied by 42 becomes the same as the probable error of the quantities in 
Tables 111.. 1V. - .  

But we have seen (30) that the probable error of t-t single equation is f -?:,:I, as 
determined by thc solution of the cquations. I t  appears, thcref'ore, that the probable error 
of our results is nenrly double what might be expected from errors of observation only. 
There are, therefore, other sources of error at work besides the mere defects of vision. 
What these may be it would be difficult to say, but oue of' them at ally rate is knonn ; 
personal error. 

If  any two observers bisect a given line under R nlicroscope and the operation be 
repeated, microscope and object remaining steady, it may he found that in the long run 
there is a perceptible and systematic ditference between their readings. This difference 
will in general be a very small quantity, but sometimes it is not so small as not to be 
detrimental to the results. If  the quantity were absolutely constant for all lines, the error 
would entirely disappear in every comparison, but it appears that the ditierence or personal 
error varies slightly with different lines. This, of course, \\ill directly affect results. The  
observations contained in 'l'ables I., II., III., IV., were madc nltogether by two observers, 
Captain Clarke, lt.E., and Quartermaster J. Steel, R.E., who dither systeruntically in the 
bisection of a line by fiom 1 .5  to nearly z divisions. The greatest discrepancy resultiug 
from personal error is to be found in tl~c, comparison of thc t\so six-inch port~ons of 'OF or in 
the determination of'the quantity .z;, The nbsolute terms of thc equations (60 in number) 



from xu results are the 60 quantities in Table I. The  probable error of each of these 
quantities due to errors of reading only is f d 2 = & 0'118, as we have seen above. 
B u t  by the errors exhibited after the solution of the equations we have found for the pro- 
bable error of an equation f 0.287, which is more than double the error resulting from 
readings only. I f  in this series the errors pertaining to the two observers be arranged 
separately, it is found that the arithmetical rneava of the errors of one observer is + 0.14 
from 32 observations, and that of the other is - 0.16 from 28 observations : showing nn 
eflect of personal error between the two of 0'30. This, however, is the largest difference 
that has been noticed. Personal error does not easily admit or being eliminated, unless 
there be a large number of observers engaged at  the same work. 

In equations ( I  I )  the absolule term is the difference of two quantities in Tables V., 
VI., it is, therefore, of the form 

a, + n, + a, - a', - a', - 
a's h + b l + b , + b , - - b ' l - r , - b ' , k  

3 3 
where n, bl . . . .  are single micrometer readings. T h e  probable error of this expres- 
sion is 

I2 
f '25 J- = f = f '281 

9 4 3  
But after the resolution of the equations we found (32) the probable error of a single 

equation f '3SG. Here, again, we see that the error is larger than mere errors of 
observation will account for. 

There is no other known source of error in this series of observations than errors of 
observation (readings or bisections) and personal error. Sudden changes of temperatu~e 
there are none : the presence of the observer may raise the temperature of the bar perhaps 
5 hundredths of a degree Fahrenheit during a visit, but this in such small lengths as are now 
under consideration will not be nearly sufficient to explain the residual errors. 

The  portions of this scale which are referred to in the determinations of the length 
of the Toise and Metre are, for the Toise, that which lies between the line designated 7 
and that designatedJ or [ref] ; and for the Metre, that which lies between the lines p and 
e, or [Ju.e] .  Now, from (2) and (38), 

3 3 8  [p." = - I - .rc - x,, - &.5, - ?.8"$ x* + So + 3 3 8 xu (43) 100 

each involving the determinations of six errors of divisions. 
With respect to the probable errors of [T . f ] and [p. el we see that they are each the 

combination of four partial probable errors ; viz., 

[7 Yl [ P .  el 
1 . . . . . .  +,.V,+&X, I . . . . . .  -& ss + ;L$ .r7 

2 . . . . . .  .r7 z...... .r,, 



The probable error of the first quantity in each of these groups we have already 
considered. Pro~n equations (6) we see that the weight of the determination of 
axb + is 

18 
I l-&2 -+-i- a-fi-+-FL-p 

26 
I f u = - - *  

100' 
P = I,  this becomes 

26 and consequently the probable error of the determinatiou of - - x, + x, is by (30) 
100 

Again, by equations (6) the \wight of the deterlninatiou of axb + +3.ro is 

I 8 
1 1 a 2 + 4 a f i +  1 7 p  

62 
Making a = --. 6 2 

100 ' P = I ,  we have for the weight of the determination of - lo; .r, + 1; 

Consequently the probable error is 

Hence the absolute probable crrors of [T . f 1, [ p .  e] are 
- - - - 

[ ~ l f ]  . . . . . . J(%$)' + ('098)~ + (.037): + (.029): 

b e e ] .  . . . . . 
And finally, 

where I = OF ; and the small quantities we expressed in milliotiths of n yard, 

In the following Section, equation ( j ) ,  it will be seen that the le~~gt l i  F of the foot 
[ a . p ]  expressed in terms of Standard Yard No. 55 is, 

F = + Y,, - 0.36 + o 0066 (t  - 62) 
where Y,, is the length of the Standard Yard No. 55 nt auy temperature t, OF being 
at  the same. Thence we find, 



with a probable error of f -04.3 (corresponding to t = 62, only) and 

with a probable error of f a 0 3 0  (corresponding to t = 62, only). 

Consequently, 
474 [~.f] = ----Y5:, - 3-24 + e0026 ( t  - 62) f '127 3600 

where the probable errors have reference to thc lengths at 62". 

The total number of micro mete^. readings rnnde for the determination of the errors 
of subdivisions of' OF is 8092. 



In order to determine the true length of OF it was co~npared with Copy No. 55 of the 
Standard Yard. 

The  yard and foot were inounted close together in one bos. The centres of the burs 
were opposite to one another, and their lengths parallel. I:our ~nicroscopes were adjusted 
from the centre stone pier, having ( I )  their axes vertic:~], ( 2 )  their foci in one horizontal 
straight line, (3 )  the distances from centre to centre one foot exactly. The  perfecting of 
all thcse adjustments taltes a considerable amount of' time and paticncc. l:irst, the Standard 
Yard being made truly level on its rollers, the oiiter microscopes, H 011 the left, and K 
on the right, are levelled and adjusted to focus over the terminal lines of' the yard. The  
yard is then removed, and a very fine silk thread is strctchcd tightly u ~ ~ d e r  tlic microscopes, 
being brought accurately to thc focus of H and K, and made to pass through the 
intersection of' the cross-hairs of those microscopes. 'rlie inner ~nicroscopes A and C are 
thcn by means of this silk tllrcad brought into linc, thc interscctio~~ of tllcir cross-hairs 
being made to bisect the tlircml : by this means very great accuracy rn:1jr be attained. 
'The distallce of A from H, C fro111 -4, and K fiorn C,-that is, the distance of the zeros or 
collimation centres,-is then made as nea1.1y as possible one foot, L?). bringing OF, carefi~lly 
lcvclled, first under H :~nd -4, the11 under A and C, tl1c11 under C kund K. T h u s  A and 
C are brought to their proper distance w i t h  respect to onc another and to H and K. The  
le~~ell ing of' A and CI is then attended to. These different adjust~ncnts do of necessity 
disturb one another, and have to be repeated cach several times ; but by patience they 
may be made very perfect. The  n~icroscopes finally are left in such position that only 
s~uall  positive readings are required to be nlade in  the observations of comparisou. 

The  xnicroscopes 14 and A (on tlie lcft) have their micro~neter heads to the left ; 
C and K (011 the right) have their micrometer lieads to the right. Thc  line of the 
microscopes is as uearly as practicable parallel to the linc of rails. The  vnlues of one 
division of thc microscopcs are- 

H A C K 
0'7949 1.177 0.869 0.7980 

The  Standard Yurd has two thei~mometers ill its wells, and the Foot (OF) one only. 
The  bars are visited three times generally during the day ; the method of observing 

being as follo~.s : (a)  The thermometers are first read ; ( b )  the yard is ad-justcd under 
H and I<, and these rnicroscopes read three times ; (c)  OF is adjusted uotler H and A, 
and thesc rnicroscopes read, three readings ; (d) OF is adjusted under A end C, nnd 
these rnicroscopes read, three readings ; (e)  OF is adjusted under C and K, and these 
microscopcs read, three readings; (f) SY is again adjusted under H nnd K,  nud these 
n~icroscopcs read, three reudings ; (g) the threc ther~nometers are again read, which closes 
the operation. 

'The '' adjustments " refcrred to in this place are eKected by the transverse ant1 
longitudinal motions of the two carriages, whereby the termiual lines of the bar are brought 
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into precisely their proper places in the fields of view of the microscopes. Vertical 
adjustment of the bars, if necessary (for focus), is effected by the levelling keys. The 
box in which the bars lie remains closed during the whole operation, the lines and 
thermometers being observed through the apertures in the cover. 

The whole of the readings specified above, taken in one visit, are made as rapidly as 
is consistent with perfect accuracy. 

As a specimen page of the observation book, showing the readings take11 in o ~ i e  visit, 
the following is subjoined :- 

I Bar  

I 
Microscope Rendings. 

Let now r, T', represent the mean of' the first (three) readings of H and K on Y,,, 
I., T', the mean of the second readings at  the close : r g', the mean reading of H and A, 
g, ele of A and C, p, r' of C and K ; so that the above Table stands thus :- 

Thermometers. 
- - - - . . -. -. -. 

TI ?.'I 

1' 8'1 

8 1  8'2 

Bs  f l  
T2 TI2 

Now in the diagram let SY be the yard a i ~ d  the three lines parallel to it the three 
positions taken up by OF. Lct H, A, C, K, represent the positions of t,he zeros of the 
microscopes. 

55-70 

55'75 

Then if Z be the distance froill H to K,  Y,, the length of the yard, F the length of 
the foot, 

Z = H i  + Y,, + i'K 
Z = Hn + aa' + 3 F + EP' + n'R 

55'62 
55'62 

55'67 
55'67 



Now if h,, 4, c,, k,, be the abeolute lengths of one division in the micrometers H,  A, C, K, 

Hi + i'K = & (rl + ra) h + 4 (dl + 7; )  k 
. Hn = rh 
aa' = ( 4 ,  - er1)  (L 

BB' = ( C s  - e s )  c 
n'K = r'k 

Consequently we have the equations- 

Z = Y, + -& ( r ,  + r,) h + + (r; + r's) k 
Z = 3 F  + ~h + ( 4 1  - 0;) a + (e 'e  - e 2 )  c + r'k 

'TI + r, - Y , + 3 F =  (-- r )  )b + ( 4 1  - e l )  n + ( p s  - 6 )  c + (?- - 7 ' )  
2 

In this shape the observations are brought together in the following Table, each line 
representing the result of one visit or one comparison. The number of co~nparisons is 
thlrtg, extending over twelve days. The total number of ~llicrometer readings goo. 

COAIPARISON of OF with the STANDARD Y ~ B D  No. 55. 

F - .5 yJS 

- 1.18 
- 0.19 
- 0 . m .  /.J 

- 0.97 
+ 0.38 
- 0'23 
+ 0.10 

- 0.25 
-0.61 
- 0.60 
- 0.13 
- 0.48 
- 0.81 
+ 0.15 
- 0.56 
- 0.47 
- 0.42 
- 0.20 
- 0-98 
- 0.03 

- 0.18 
- 0.36 
- 1.61 
+ 0.26 
- 0.47 + 0.08 
+ 0.11 

- 0.89 
- 1.27 
- 0.91 

Menu Micrometer findings. 

- 1.28 It + 0.50 a + 0.17 c - 1'13 h - 0.05 It - 0.17 a + 0.38 c - 0.35 k 
+ 0.18 A - 0.03 t z  - 0.02 c - 1.05 k - 0.02 Ir - 0.31 a - 0.23 c - 0.50 k 
+ 0.18 It - 0.18 a + 0.26 c + 0.27 k 
- 0 ' 2 7  A + 0.05 a + 0.18 c - 0.29 R + 0-62 h + 0.34 a - 0.08 c - 0.92 h - 0-27 h - 0.54 a - 0.01 c + 0.76 h 
+ 0.32It - 0.16a + 0.19 c - 1.06h - 0.07 11 + 0.12 e - 0.28 c - 0.56 h 
+ 0.25 h - 0.11 a + 0'50 c - 0.79 h 
$ 0'00 h - 0.12 (1 - 0'41 c + 0.02 h 
+ 0.78 h + 0.28 a - 0.77 c - 1.37 R - 0.25 Ir - 0.06 a - 0.01 c + 0.54 k 
- 0.02 h - 0.02 a + 0.09 c - 0.76 k 
+ 0.12 lr + 0.25 a - 0.52 c - 0.51 h - 0.01 h $ 0.07 a - 0.96 c + 0.42 k 
+ 0.55 It - 0.49 a - 0.61 c + 0'59 h - 0.74 A + 0.03 a - 0.21 c - 0.31 k 
+ 0.32 h - 0.41 a - 0'33 c + 0'61 k 

+ 0.27 h - 3.30 a + 1-59 c + 2.65 h 
- 0.27 h - 2'15 a - 2'43 c + 5'65 h - 1.40 h - 0.34 a + 0.50 c - 0.67 k - 0.58 h - 0.08 a + 0.29 c + 0.71 k 
+ 2'54 h - 3'24 a - 0.82 c + 2.55 h + 1'45 h - 0'13 a - 0.06 c - 1-09 k - 0.07 h - 0.83 a + 0.55 c + 0.83 h + 0.12 It - 0.51 a + 0.13 c - 0.62 h - 0.15 ir  - 006 a - 0.01 c - 1-15 1 - 0.16 h - 0.67 u - 1-31 c + 1.4 h 

Date. 

1863. 
November 4 

91 ,, 
,, 5 
9, 9,  

9, 9 

6 
99 9, 

9, 9, 

,, 7 
99 1, 

3, 

9, 

9 )  9 ,  

9 ,  9 9  

10 
9 ,  9 ,  

M ,, 
9, l1 
9 ,  9 ,  

9 9  99 

1864. 
February 8 

9 
9 9  ,, 
99 9, 

,, ., 
j, 2, 

9 ,  10 
,, 

Temperature 
-- 

56'38 
56.41 
55'51 
55.66 
56.00 
55.69 
55.84 
55-96 
55'47 
55-56 
55'66 
55-91 
55'04 
55'34 
54-76 
54.46 
54.44 
53'44 
53'47 
53-43 

38-84 
36.72 
36.72 
36'97 
37.18 
37.10 
36-13 
36.51 

9, 1 3 - 7 2  
Y 11 37-07 

I 



Each of the quantities in the column headed " Temperature" is the mean of six thermo- 
meter readings, corrected for the errors of the three thermometers enlploycd. 'The fourtll 
column gives the difference of length F - .j Y,, expressed in m'lliont/~s of a ynrd. 

In  order to obtain the diff'creocc of length a t  62" and at  any other temperature, let 
F - 4 Y,, be expressed by 

s + (t - 62) y ( 1 )  

where x is the ditierencc F - 4 Y,, at  6z0, and y the relative expansion of F over 4 Yj, 
for each degree Falirentleit. If we compare this expression with the thirty differences of 
length at  thirty different temperatures given in the Table, therc result thirty equations for 
the deterinination of x and y. Thesc equations, treated by the method of least squares, 
give 

30 x - 385'16 y + 13.47 = o 
- 385.61 .L- + 7192.15 y - 187.88 = o 

(2) 

If  we write A n i~d  B for the absolute terms of these equations, and eliminate x and y, 
we get 

3 + 0'107234 A + 0'005749 B = 0 (3) 
y + 0'005749 A + O'OOO#7 B = 0 

Substituting the numerical v a l ~ ~ e s  of A and B, 

Now for the probable errors we recur to the followi~~g theore111 :-If there be a series 
of equations 

a l x  + b,y + n, = 0 
a,$ + b,y + n , = o  
a,x + 6,y + n, = o 

a, x + biy  + ni = o 

from which x and y are to be obtained, then, by the inethod of least squares, 

Then the sum of the squares of the coefficients of the symbols n, n, . . . ni in the 
development of x + fy is, 

(b" - (ab) S + (ae) .f2 
(u" (6'' - (5) 

which is also the reciprocal of the weight of the determination of x + fy. 

Returning to the case under consideration, we see from (3), 

Reciprocul of weight of r . . . . . . 0'10723 
~3 9 D Y . . . . . . 0'000#7 
9, 9 p a. + fy . . . . . . 0-10;23 + -01150 f + '003447fe. 



By substituting the values of r and y in the 30 equations from which they are 
obtained, the errors are found, and the sum of their squares = 6.734; hence the probable 
errors of x and .y are, 

f o r r  . . . . . .  

f o r y . .  . . . . q4 JI%C 4.-45 = * ,.,, 
30 - 2 

Finally, for the length of the foot OF we have, 

The probable errors of this detel.rninntion for the temperature 62" +$" Fahrenheit 
being, 

The  mean increase of temperature during a visit to the bars in this series of com- 
pnrisons-that is, the mean value of the excess of the second readings of the thermometers 
above the @st readings-is 0°.06, being the effect of the presence of the o1)server. 



VI. 

DETERMINATION OF THE ABSOLUTE EXPANSIONS 

O F  T W O  B A R S  

We shall here record some carefully conducted experiments whereby the absolute 
expansions of two ten-feet iron bars 0 1, and 0 1, were obtained. 

The  observations were madc in November 1857, when the temperature of the external 
air varied from 40" to 50°. The  bar was observed about g A.M., at  the temperature of 
the Bar Room, having lain under the microscopes during the preceding night. The 
micrometer readings being take11 and registered, the bar was removed to another room in 
which the temperature was about loo0. Here the bar was allowed to remain until it 
acquired a steady temperature, as ascertained by the readings of the thermometers in the 
bar. I t  was the11 carefully enveloped in blankets, and with all practicable expedition 
taken to the Bar Room and adjusted under the nlicroscopes. Observations were then taken 
at  intervals of time, the microscopes being read simultal~eously by two observers, and the 
thermometers by a third. 

T h e  following Table contains the observations on 0 I,. The  value of one division 
of the West micrometer = 0.7738, and that of the East micrometer = 1.1473 (milliontlis 
a yard) :- 

The 6th nncl 10th columns show the  excess of the length of the  bar above the distance of the 
zeros of thc ~~~icroscopes, obtained from the ~nicrorscol~e readings in the preceding columns. 

Microscope Readings I 
Date. 1 p::E, 011 - 1 1 lVe& I East. I 

.- 

1857. d I 
44.4 

97'0 "4 073'4 

l\licroscope Readinge. 

Dale. psmture, 011 - 2 

a n  1 west. p i  East 1 

,, 20 

-63.4 
536'3 
476.6 
418.8 

-83'6 
1457.4 
1388.4 
1314'5 

18.57. 
Nov, 25 

,, 2G 

94'0 
9 1 . 0  

d 
I 

4.;.6 , 96 
74'0 914  
7 1 ' 0  862 
68.0 817 

44'0 402 
118.0 1925 
115 .0  I 1864 
112.0 , I804 

49'5 70  93 - 5 1 . 4  

1446 123 977'8 

'399 1 I47 
1362 ( 168 

d 
120 
149 
166 
186 

344 
28 
47 
71 

91.3'9 
861.3 



I f  we reduce each of these groups by the method of least squaree we obtain the 
following results for the different days :- 

Nov. 19th ; Expansion for I" = 2 r -096 
,, 20th ; 1, , = 21'725 
,, 25th;  l I ,, = 21'269 
,, 26th ; y 9 ,, = 20'713 

Reducing the whole by the method of least squares, and then summing the square& 
of the errors of the individual meaeures, we have, 

Expansion of 0 I, for I" Fahrenheit = 2 1.055 f -089 

The observatiolis on 0 1, are given in the next Table :- 

The 5th and IOtli colurnl~s show the excess of the le~igtll of the bar above tliu distance of tll: 
zeros of the microscopes, obtained fi,om the microscope readings in the two preceding c o l m ~ s .  

If from each group we obtain by the method of least squares the value of the expalisio~i 
of the bar for I", we get the followiug values :- 

Date. 

1857. 
NOV. 2 

9, 3 

,, 4 

,, 12 

November 2 . . . . . 21'595 
,, 3 . . . . . 22.206 
,, 4 . . . . . 21.116 
,, 12 . . . . .  21.539 

Dnte. 

1857. 
NOY. 13 

9, l4 

,, 16 

,, 18 

If we reduce the whole of these obse1:vations in one mass, we have thc following final 
result :- 

Ezpansion of  01, for I' Falrre~lheit = 2 I ,400 f .osu 

! 
Microscope Reedings. i perature, 

Fahrenheit. 

51'5 
82.0 
79'2 
73'5 

54'9 
80.2 
77'6 
73'8 

55'6 
84'3 
80.8 
768 

47.5 
85.9 
81.5 
77.0 

blicroscope Readiogn. 
' ~ c N -  

yeratwe. 
FaLwnlreit. 

4i'l 
95-2 
91.8 
88.5 

45'O 
97'0 
94.0 
91.0 

45*3 
93'0 
90'0 
87'0 

51.4 
102-o 
9 9'0 
960 

O l y - ~  
weat.  I E*,. j 

I 
d 

-TO9'O 
563.6 
487-4 
348.7 

- 51.3 
501.7 
454'3 
378.4 

- 43'5 
556'6 
490.6 
409.8 

-161.1 
654'2 
572'7 
488.1 

d 

232 
1150 
1011 

836 

552 
1234 
1152 
926 

631 
1 3 ~ 2  
1239 
1142 

207 
1274 
1176 
1083 

1620 
1489 
1471 

192 
1572 
1538 
'492 

212 

1492 
1461 

P++ 
1604 

d 

251 
284 
257 
260 

417 
395 
381 
295 

463 
447 
408 
413 

280 
289 
294 
305 :$: / 

350 
317 
356 

312 
269 

314 

30-1 
152\3'0 

349 
379 

346 

852.0 
788.5 
729.8 

-209'4 
907.8 

2 9 z 8 5 5 * 1  
794'3 

-184.7 
810.6 
754'1 
695.7 

, -208.2 



These determinations may be considcrcd toleral~ly satisfactory. I n  two respects they 
are, however, not unexceptionable : lst, the bar   hen observed at  the high temperatures 
was not in a state of quiescence and equilibrium, but in the state of cooling. Everything 
was done which the means then a t  disposal permitted, to retard the cooling, as wrapping in 
blankets, &c., nevertheless thc tcmpcrature of the bar was in a changing state, and it is 
nssumed tliat the therinometer, as read at  any instant, indicated the telllperature of the 
metal at  that instant ; 2d, the intcrvnl of time between the first observation in the morning 
at low natural tempernturc and the observations at  high temperature was from two to three 
hours. Was there any alteration in the distance of the microscopes in that time ? This 
point can be satisfactorily ansn.ered, as the Ordnance Standard 0, was in the Bar lioom all 
the time, and was uscd to test thc distance of the microscopes. I t  niny be asserted that 
there were no changes in the distance of the zeros of the lnicroscopes of sufficient 
magnitude to influence the results. 

The expansions obtaincd nbovc may bc otlicrwise thus stated :- 

Exparision for I oO Falirenlieit. 

-- -- -- - 
I 

01, I 

I 01, 

I 

210.55 f 'sn 1 214.00 f ..;o 

These expansions differ but little from the expansions of the Ordnance Standard 0, as 
shown in the " A c c o r ~ ~ r t  o j '  the &Ieaszit~e~r~cnt of  tlre Lo7rgl~ Foyle Base." T h e  absolute es-  
pansion of this bar, as dete~.nlined by the experiments of the late Captain Druinmond, R.E., 
in 1827? was 21.710 per I" Falirenheit : but the values resulting from four different series of 
cornpansons in 184.4, I 845, I 846, gave 20.33, 20.23, 20.65, 19.74, of which the rnean is 
20.26. The  expansion of 0, as inferred from the comparisons made between it and the 
coinpensation bars during the measurement of the Salisbury Plain Base gave 21-23. This 
diffcrs but one-hundredth part from the expansion of either 01, or 01, as determined in 
these cxperiments. 

From the probnblc errors exhibited in the above Table i t  would appear that if the 
length of 01, or 01, were observed at  52" or ;2", their lengths at  62" might be inferred 
wit11 a probable error of lew than one millionth of a yard. 



VII. 

DETERMINATION OF THE LENGTH OF 
THE ORDNANCE STAXDARD 

01 

..... - - - - .. 

T h e  determination of the length of  this Standard in terms of t l ~ e  yard Y,, is neceesary 
in order to  express the length of any of the sides ill the Triangulation of Great  Britain 
and Irelaud, as published in the "Bccou.nt of the Pritzcipal Triangiclation," in terms of the  
National Standard of length. T h e  detcr~uination involves the use of an intermediate 
bar, cnrryi~lg points on its surface, for the standard 0, has no subdivisions, the extreme 
dots l~eing a t  the mid-depth or neutral axis of the bar. 'I'he bar used iuter~nediately is 
desigllated QI, (Ordnance Intermediate, No. I . ) ,  and has been already described as having 
seven points on its upper surface distributed thus : 

and which we shall fbr convenience designate by the letters a a b c (1 e 5 .  T h e  extreme 
spaces [a. a], [e. E ]  are each one yard ; thc four central spaces are each onc foot. 

T h e  comparisons made were the following :- 

( I ) . . . . . .  [a. ,I] wit?~ Standard Yard Y, 
( 2 )  . . . . . .  [n.d] 9 9 9 9 

( 3 )  . . . . . .  [ b  . el 1 8  23  

( 4 ) .  . . . . .  [ e . ~ ]  1, 9 , 
( 5 )  . . . . . .  [u.b] ziqilh Ordnclnce Foot OF 
( 6 ) .  . . . . .  [ d . e ]  9 9 n 9 

( 7 )  . . . . . .  [u, E] u.i!h Ot.dri~o~ce Sfnndartl 0, 

( I )  T h e  left yard [a.a] was colnpnred with the standard j a r d  Y,, on hIay ~ g t h ,  zoth, 
z i s t ,  June  Sth, 25th, 27th ; in all twenty con~parisons ; each " co~npal-ison " being the 
rcsult of' one visit. 

( 2 )  T h e  left centre yard [cl.d] was compared with Y,, on Februnry zzd, z j d ,  
May z3d, 25t11, June  gth, 29th ; twenty-one comparisons. 

( 3 )  T h e  right centrc yard [b.e] was compared with Y,, ou February z j d ,  z4tI1, zgth, 
May 26th, z;tl~, z8tl1, June  roth, 17tl1, zgth, 30th; twenty-two comparisons. 

(4) T h e  right yard [ e .  E] was compared with Y,, on h I ~ y  30th, 31st, June   st, I Sth, 
joth, Ju ly  rst, zd ; in all twenty comparisons. 

( 5 )  T h e  left centrc foot [n 61 was colnpared with OF' ou Jullc z d  and 20th. July 4th ; 
ten comparisons. 



(6)  The right centre foot [ d .  el was compared with OF on Juue z  st, zzd, July 4th ; 
ten comparisons. 

With the exception of the comparisons of the two central yards in February, the 
remainder of the con~parisons in JIay, June, and July were l~lnde at  temperatures diff'ering 
but little from the standard ten~perature of 62". T l ~ c  comparisons in February were rnade 
a t  the temperature of about 38", and serve to establish the diEereuce ol' expansions ol' 
01, and Y,. 

(7) The ten-feet space [a. E ]  was co~npared with 0, on February I 8th, rgtb, zoth, 
May r6th, 17tl1, 18th, June 4th, 6th, 7th, z3d, 24th ; in d l  forty comparisons. The 
comparisons in May and June \rere made at ten~perntures close to 62", those in February 
at  the temperature of 40°. By this arrangement the difference of the rates of expansion 
of 0 1, aud 0, become \veil ascertained. 

T h e  total number of luicron~eter readings in these seven series of co~nparisolls is 
2708. 

From September I 863 until March 1864 the number of micrometer rendings taken at 
a single visit and considered as one conzparison of two bars A, B, was 36, disposed as 
follows :- 

The  experience gained in that time served to show that the number of readings SO 

taken was unnecessarily large, and that a smaller number of readings would be almost 
equally valuable, while there would be tlle advautage of less time occupied in a comparison, 
and less heat imparted to the bar by the lighted caudles and the person of the observer. 
Consequently in comparisons made on this b;lr after the commencenlent of May 1864 the 
number of readings of micrometers iu a single visit is as follows:- 

Bar. 

A 
B 
B 
A 
A 
B 

Here one comparison involves 16 nlicrometer readings. Thesc, together with the eight 
thermometer readings, occupy about ten minutes. 

No  alteration has been made in the number of visits during the course of one day. 
In  general four visits or comparisons are made at  hours as far apart as practicable. 

During the comparisons now under consideration, as in all others, the two bars being 
compared are placed side by side in the sanie box. The  bar 0, rests on rollers (as it has 

Microscopes. 

Bar. 

A 
B 
B 
A 

H 

3 readings. 
3 ? >  

3 JJ 

3 3, 

3 9 ,  

3 9 3  

Microscopes. 
- -  . .- -- 

----\ 

I 
0- readings. I z reedings. 
2 ,, ' 2 7 ,  

0- , I  2 ,, 
0- 2, 

-- - 

K 

3 readings. 
3 J ,  

3 j 9  

3 ,, 
3 9 9  

3 J P  



alwayb (lone) at one fourtll aud three fourths of ita length. 'I'wo ttlermoi~irters rue p l m l  
in each bar (excepting in the case of O F ,  which taken only one), and are read at  the 
commencement and close of each visit. The  box is kept closed during the whole operation, 
and it has been already ex lained that the therniometers are read through apertures in t h ~  
lid of the box, having sli!iiir covers; and the focal adjuutmeot of the [bars can illso be 
erected without rcmoving thc cover of' the box. T h s  last remark, howevcr, does not 
apply to the bar 0,. Its rollers, fixed in the bottolli of' the box and adjusted so that the 
bar shall be truly horizontal, are not provided \vith any elevating screw for adjusting to 
focus; but a t  the coiiimeuceinent of a serie~ of' conlparisons of O,, after it has k r ?  

ascertained that this bar is truly level, the microscopes are ad.)uhled to focus over its dots. 
I t  has been often remarked by the observers that a I)nr once in focus under thc 

microscopes \rill remain ~~erfectly in focus for auy length of' tinie,--a remarkable proof ot' 
the perfect steadiuess c~nd rigidity of the \vhole apparatus. ,41so, if a box containlug two 
bars whose upper surfhces nre perfectly level be removed from the carringes and be replaced 
some months after, (the carriages stanclir~g OII the same part of thc iron raile as before), it 
has been invariably found thnt these bars arc still perfectly levcl. 

The  extreniities of the measure of ten fcet 011 0, :ire i~~dic:lted, not 113. li~ics but b j  
dots. Considelin the number of' years this standarci has been in use the dots retain thew 
circular shape nelf yet not perfectly. They are also very lrrge, nnd the dianlctcr of citller 
measures one hundred divisions of the micrometers H or K ; so that to ohserve the ccntre 
with the nicety one would desire is dificult. A Inrge proportion of the probable error of 
our results will doubtless arise from this cause. 

Nor are the lines 011 0 1, very good ; they are about 30 divisions of the micrometer in 
breadth; but the edges nre straight and parallel, and this is of greater importance than 
the breadth. 

The follo\ving Tables contain the observations in detail, each line corresponding to 
one visit. 

LEFT YARD. 

Date. Difference of h n g t b  I 

1864. 

May 19 

:: ib 
9 ,, 

D, )I 

I ,  ,) 
8 ,  2 1 
, I  ,> 

June 8 
, B  8 ,  

I ,  3, 

, I  I t  

,, 25 
,, >. 
,, ., 

:: i7 
I, ,, 
)I ), 

I, , I  
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LEFT CENTRIC YARD. 

RIGHT CENTRE YARD. 

Date. I Temp. I 01, 1064. [a.dl-Yaj 

-44.27 
44'Iy 
44.38 
45.39 
44'3 2 

46-83 
46.47 
46.92 
47.17 
47.95 
45.53 
47-42 
47.02 

48-36 
45.73 
47.24 
46.80 

46.57 
44.78 
47.28 

-47'96 

47-79 11 + 40-46 k 
43'" h + 45'59 11 
45'77 I1 + 41.66 k 
50'85 11 + 39.89 A 
47-68 Ir + 42.01 h 

roi.8g It + 90.79 h 
107.95 It + 89.23 Ir 
102.93 Ir +1oo.38 h 
99.25 11 + 105'20 h 

110'03 h + 102'95 k 
95.98 11 + 117.60 k 

100.95 k + I I I ' ~ O  k 
102.60 h + 109.70 h 

52.83 11 + 54.73 h 
60'30 11 + 47.30 h 
6.5'53 11 + 42'23 k 
46.08 h + 60.08 It 

69.75 h + 57.90 11 
61.80 11 + 62.88 h 
63.05 + 6.3.53 h 
70.93 h + 56.28 Ir 

Ilifference of Length I in Micrometer Divi810nn. 

Feb. 22 
,I 1, 

:: 4; 
,, ,, 

May 23 
, , 
, , 
,, ,, 
,, 25 
,, ,, 
,, ,, 
,, ,, 

June Y 
, , 
,, ,, 
,, ,, 

,, 29 
,, ,, 
,, ,, 
, , 

Cb.eI-Ys, 

-10'24 
10.90 
10.38 
10.22 
10.54 
9'95 
7.66 

11.00 

9.30 
8.73 
8.98 

10.13 
8.93 
9.89 

11.50 
I 1.31 
10.34 
I 1.36 

12. j1  
8.96 

10.19 
- 9.87 

Date. 

22-47 11 + 10'20 h 
12'54 11 + 20.66 h 
14.79 11 + 16'91 h 
1y.10 Ir + 14.64 h 
I 1.8 J 11 + 22.20 1. 

70.50 h + 69.25 h 
72.38 Ir + 66.43 Ir 
70'15 It + 74'23 h 
70.23 11 + 75'00 h 
74.10 k + 78.65 h 
67'38 11 + 89.03 h 
68-80 11 + 84.40 h 
72.68 11 + 80.58 A 

26.28 h + 20.55 h 
32.20 h + 17.98 h 
32.60 A + 15.83 11 
23'30 A + 24-13 h 

35'28 11 + 33-88 Ii 
33.20 h + 35.25 h 
32.28 h + 34'93 11 
34.10 A + 32.87 h 

0 

38.61 
38.79 
38-83 
38-51 
38.48 

63.58 
63.67 
63.74 
63-74 
62.04 
62.10 
62.11 
62.15 

63'87 
63-97 
64.05 
64.16 

61-26 
61.28 
61.30 
61.55 

Difference of Length 
in hlicrol~~eter Divisions. 

25-32 11 + 30.26 h 
30'57 h + 24-93 11 
30.98 h + 24.75 h 
31-75 It + 25.25 h 
35.87 11 + 19.81 h 

37.35 1t + 21-46 h 
35.57 h + 22.80 k 
32.78 h + 26.15 Ir 
29'02 11 + 30.20 h 
35.93 11 $ 24-30 h 
28.60 It + 28.57 k 
32.15 11 + 27.40 h 
29.92 h + 29.12 h 

26.55 h + 34.18 A 
28-10 It + 29.32 h 
32-93 11 + 26-40 h 
22.78 h + 35'95 h 

34.47 11 + 24.02 Ir 
28.60 h + 27.63 h 
30.77 11 + 28.60 h 
36.83 h + 23.41 h 

Feb  23 
,, 24 
,, ,, 
,, ,, 
,, ,, 
,, 25  

May 226 
,) 
, 
,, ,, 
,, ,, 
,, 28 
,, ,, 
,, ,, 

June 10 
,, 17 
,, ,, 
,, , 
,, 29 
,, 30 
,, ,, 
, ,, 

11'67 
38.28 
38'20 
38.25 
38.27 
38.04 
61.84 
61.84 
60.89 
60.86 
60.85 
60.28 
60.31 
60.31 

64.22 
61'55 
61-50 
61.49 

61.79 
61.32 
61.36 
61.44 

23.20 11 + 23.19 11 ( 14.79 11 + 17-71 h 8.41 h + 446 k 
19.97 11 + 27.48 /r 
26'31 A + 22.36 k 
18.61 h + 29.79 h 
28-20 11 + ry'zo /t 
21'49 h + 27-41 k 

80.38 It + 88.20 h 
88-70 It + 80.40 R 
95.03 h + 76.95 h 
83.68 11 + 90.58 h 
87.08 h + 86.45 11 
84.85 11 + 91.38 h 
74.80 h + 102.58 h 
89.05 It + 87.55 1( 

33'33 11 + 30'85 h 
52.73 h + 52'85 11 
54'90 11 + 52.08 11 
69.98 h + 37'55 h 
8 1'05 h + 88.35 h 
79.60 11 + 90-85 k 
81-53 11 + 88.45 h 
76.83 Ir + 91-78 k 

14'53 h + 19.24 h 1 5-44 11 + 8.24 h 
23.91 It + 11.74 k 2.40 h + 10.62 h 
20.68 11 + 14.91 11 / -2.07 h + 14.88 k 
18.83 h + 15-33 11 
16.77 11 + 19.65 h 

79.38 It + 79'60 h 
80.40 h + 74.88 h 
89-00 h + 71.30 h 
73'95 h + 89.33 /t 
76.23 L + 86.00 h 
78.73 11 + 84.78 h 
73.55 11 + 92'6.3 
89.63 11 + 74.58 h 

233'80 11 + 25.93 h 
45.38 11 + 46'00 Ii 
52'.53 h + 41.48 h 
53'53 + 39'70 h 
83.411 11 + 70'50 h 
77'43 11 + 81.78 h 
75'13 11 + 82.05 h 
76.05 h + 82.18 k 

9.37 h + 3.87 h 
4.72 I1 + 7'77 k 

1.00 Ii + 8.60 h 
8.30 11 + 5.52 h 
6.03 h + 5.65 h 
9.73 h + 1.25 k 

10.85 11 + 0.45 h 
6.12 It + 6.60 h 
1.25 h + 9.95 h 

-0.58 h + 12.97 h 

9.53 11 + 4.92 R 
7.35 11 + 6-85 h 
2.37 11 t 10.60 lr 

16.45 It - 2.15 L 

-2'43 11 + 17'85 h 
2'17 h + 9.07 h 
6'40 11 + 6.40 h 
2.78 It + 9.60 R 
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The  second colilmn in these Tables gives the nlcarl of the eight therruonieter readings 
a t  each visit, corrected for the crrors of thc thermometers. The  third and fourth columns 
give the mean micrometer readings on the t\vo bars ; h and li represent the values of a 
division of the micrometer inicroscopes M and K respectively. It should also be remembered, 
in order perfectly to understand the rcsult, that (as is invariably the practice) the micro- 
meter heads are outwards, and the dircction of positive measurement is towards the centre 
of the bar; the distance apart of the zeros of micrometers being in general greater than 
the length of either bar, in order that positive readings may be obtained. A departure 
from this rule will be observed in the comparisons of 0, and 01, on June 6th ; this is the 
result of the change of temperaturc ~vhich took place between the 4th and 6th, whereby 

C 

01 - 0 1 1 I Teup. / 01 Difference of t r n g t l ~  
1 1 in uicronmter DivYion.. 

Feb. 18 
,, ,, 
,, , 

6 
, , 
,, , 
,, , 
,, 20 
,, , 

May 16 

4:.70 

40.67 
40'74 
40'92 
40.95 
10.95 
40.91 
40.83 
40.33 
40'30 

62.40 

- 20.21 
16-02 
15.94 
18.24 
19.94 
16.16 
16.17 
16.18 
16.82 
17.65 

18.45 

31.33 it + 34-09 k 
33-40 IL + 34.26 k 
24'21 1' + 43'49 
28.53 11 + 34'53 
28.86 it + 30.37 1' 
27.99 h + 2.9'1 1 k 
28.37 It + 30.88 h 
,31.49h f 25")yh 
2.8'50 11 + 36-97 k 

,, ,, 62-50 102.61 h + 96.09 h 88.24 it + 84.53 h 14-37 h + 11.56 h 20.65 

45.46 h + 45.34 h 
35.73 h + 52.02 h 
34.52 h + 53'20 h 
42-39 h + 43.58 k 
35.58 it + 48.66 h 
30'99 it + 46-37 h 
32.62 A + 46.81 h 
3.3'75h + 44.02k 
33.36 h 4. 53'2.1 k 
31'97 h + 52.63 A 

99.48 11 + 99.78 h 

~4.13 11 + 11.25 h 
2.33 + 17'76 h 

, 10.31 11 + 9.71 h 
13-86 11 + 9.05 h 
6.72 /L + 18.29 A 
3.00 ir + 17'26 h 
i.35 h + 1.5.93 h 
2'26i1 + 18.03h 
4'86 h + 16.24 h 

,, 18 
,, , 
,, ,, 
,, ,, 

June 4 
,, ,, 
,, ,, 
,, ,, 
,, 6 
,, ,, 
,, ,, 
,, ,, 
,, 7 
,, , 
,, ,, 
,, 23 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, 24 
,, ,, 

25.18 /L + 37-27 h ' 6-79 h t 15-36 h 
I 

90.41 71 + 85.69 h i 9.07 h + 14'09 h 

63.04 
63.13 
63.18 
63'26 

58.35 
58.42 
58.50 
58-73 
60.25 
60.42 
60.59 
60.84 
61.74 
61.93 
62-06 

62-37 
62.38 
62.39 
62.50 
62.56 
62.22 
62-21 

103'73 h + 94'70 h 
91.03 It + 100'05 h 
8y-lo 11 -t 105.23 h 
95'85 11 + 99.05 k 

4'40 h + 32.70 h 
14.65 11 + 15.60 R 
20.23 71 + 14.40 h 
15-18 It + 14-45 h 

- 1.43 11 + 1-65 h 
- 6-15 h - 1'25 h 
- 5.98 h - 1'23 h 
- 2.38 IL - 6'73 k 
- 1.5'03 11 - 1 1.0.3 k 

78.08 k + 92.15 k 
77'95 h + 89.83 h 

52.03 /r + 61-73 k 
51.73 11 + 5 8 . 4 ~  h 
44.08 11 + 69-33 h 
47'35 h + 64-60 h 
53'98 h + 57'45 h 
59'75 W + 57.70 k 
58.00 h + 56.78 h 

78'48 h + 92.55 h 
78.63 h + 00.80 k 
85.93 11 + 85'58 k 
84.20 h + 85'95 h 

1.23 11 + 7.75 h 
6.08 it + 0.43 h 
2.80 /L $ 4'60 h 
1.80 h + 3'33 h 

- 9.95 h - 13.50 h 
- 13-35 h -- 14.0~3 h 
-16.23 11 - 13.00 h 
- 14-53 h - 1.5'00 h 
-13'70 11 - 35-35 h 

64'85 h + 83.65 h 
69.50 It + 77-75 h 

43-70 11 + 49'55 h 
38.35 k + 53.98 h 
j3.z8 h + 49-18 h 
45'95 h $ 45.68 h 
47.05 h + w 4 3  k 
48.55 11 + 48-25 h 
54.05 h + 40.63 h 

24.25 h + 2-15 h 
12.40 /I + 9'25 h 
3'17 h + 19.65 h 

11'65 71 + 13'10 k 

3.17 h + 24.95 h 
8.57 lc + 15.17 h 

17.43 h + 9.80 k 
13-38 h + 11.12 k 
8-52 h + 15'1.5 k 
7'20 h + 12.78 h 

10'25 h + 11.77 h 
12'15 I1 + 8.27 h 

-2'33 h + 24.22 h 
13'23 W + 8.50 h 
8.45 Ii + 12-08 h 

8.33 h + 12.18 h 
13.38 I1 + 4.42 h 
0.80 11 + ~0.15 h 
1.40 11 + +I892 h 
6.93 h +- 13'02 11 

11.20 h + 9'45 h 
3.95 ?L $ 16.15 h 

20.99 
I 7.24 
18.20 
19.71 

22.43 
18.92 
21-68 
19'51 
I 8.86 
15'92 
17'54 
16.26 
1 7'48 
17'30 
16.36 

16.34 
14.16 
16.72 
16.21 
15.90 
16.44 

- 16-03 



the length of the b m  was made to exceed the distnnce of the zeros of the microscopes. 
The values of h and k expreseed iu millionths of' the yard are, 

The last column contains the resulting difference of letlgth expressed in rnillicinthf ?/' 
a yard. 

In  determining from the four series of co~upnrisons ou [u  . a ]  nud i ts  puts  the length 
of that space in terms of Y,, und the relative expansion of the two metals, we must form 
equations of coudition, and solve the111 by the ~r~ethod of least squarea. Let u be the 
excees of the expansion of one yard of 01, above a yard of Y, for one degree Fahrenheit, 
and let 

[ a - b ]  = $Y,, + i. + 5: u ( 1  - 62) ( 1 )  
[ a . d ] =  Y , + y +  u ( t - 6 2 )  
[ ~ . e ]  = $ Y a s  + Z  + + u ( t  - 62) 

Also let F = $ Y ,  + A + p ( t - 6 2 )  

Then [a.b] = F + s  - x + ( + u  - p )  (1-62) 
[ a - d ]  = YM + Y  + u  (1-62) 
[ b . c ]  = Y, + a - x + U  ( 1 - 6 2 )  
[dae] = F  + z - y - A + ( + u - p ) ( t - 6 2 )  

The values we obtained for A a ~ ~ d  p were- 
A = -0.36 , - p = 0.0066 

There will be 63 equations, as follows :- 

2 - 1.equ + 12.57 = 0 
r - 1.4311 + 13.62 = o 
X - 1.43 U + 13 .25  = 0 

X - 1-43 U + 1 3 . 5 0  = 0 
x - o . o 9 u +  1 2 . 9 1 = 0  
r - 0 . 0 7 ~  + 1 2 . 5 0  = o  
r - 0 . 0 6 ~  + 1 3 . 0 1  = 0 
x - o . o 3 u +  1 3 . 2 2 = 0  

r - 0 . 3 3  u + 1 2 . 5 0  = o  
x - 0 . 3 1  u  + 13.36 = o 
Y - 23.39U + 44.27 = O  
y - 2 3 . 2 1  11 + 44.1 = 0 

y  - 23.17U + 44.3! = 0 

Y - Z3-49U + 45.39 = 0 
y - 2 3 . 5 2 U  + # . 2 = 0  B y + 1 . 5 8 ~  + 46. 3 = o  
y  + 1 . 6 7 , ~  + 46.47 = o  
y + 1.74U + 46.92 = o 
Y  + 1.74u + 47.17 = 0 
Y + 0.04 u  + 47.95 = 0 
y + 0 .1ou  + 45.53 = 0 
y + 0 . 1 1  PC + 47.42 = 0 



Forming the four final equations according to the method of least squares, we find- 

If we write A B C D for the absolutc tclmls of these four equations, and then 
eliminate x y z u, there results - 



The actual valueu of x y z u and the reciprocals of the weights of the dctermindonn 
are consequently 

x = - 13.044 Recil~rwal of weiglr f = .o6589 I 08 
.Y = - 46.534 P I  .046 I 9088 
z = - 23.+2 I )  -081836gr 
PL = - 0.0416 8,  .ooorl712 

If  now wc substitute in the equations of coliclition these values of x y z and 11 IVC get 
thc errors of the individual comparisons, \vllicli we shall put together in the following Table 
iu the order of dates. 

The only point that calls for reiuark in the system of errors here shown is the difference 
of sign of the errors in February on the two centre yards, as though the rate of expansion 
that suited the one did not suit the other. As the two yards overlap and have two feet of 
length in comnion, it is diffici~lt to conceive any cause for this discrepancy. 

I ~ I I I ~ Y  SI;UIE+. S ~ c o s o  Geulra. TUIU S ~ n l r r .  Bornrn SB.IJU. 
- -- - -- - - - - - - . - - - . - - - -- -- . .- . - - , I 

Date. I Error. Date. 1;ra-or. Llate. I Error. l)n(z. / Error. 
I ~L 

LE~-r -l;o(j.~. : [ ( ( - b ] .  

- 0.5.; 

- 0.03 
+ 0-18 

LEFT CENTRE YAUD : [i~d]. 

Feb. 22 
) I  ,, 

:: h 
, I  I ,  

' - 1-29 
- 1.37 
- I.IY 
-0.16 
- ""3 

May 23 1 + 0.23 - 0.13 
1: :: 1 + 0.32 
,, ,, 1 + 0.57 

- 1'00 

HIGUT CENTBE YARD : [b .e] .  

June 29 
t o  ,, . ,, 
, ,, 

+ 0.07 
-1'72 

+ 0.78 
+1'45 

J u e  9 ' 

In , I  

,, ,, 
,, ,, 

+ 1.77 
- 0.88 
+ 0.62 
+oe18 

Yeb. 23 
, 24 
,, ,, 
,, ,, 

:: 

May 26 
,, 
, 27 
,, ,, 
,, ,, 
, 28 
, ,  ,, 
,, ,, 

$ 0.81 
+ 1.49 
t 0.97 + 0.81 
+ 1.13 
+ 0.55 

June 10 + 1.01 
,, 17 1 + 0.93 

RIGHT FOOT : [ ! l . ~ ] .  

- 2-73 + 0.61 
- 1.05 
- 1-62 
- 1-37 
- 0.20 
- 1.40 
- 0.G 

June 29 ' + 1.92 

,, ,, 
,, ,, 

,, 30 
,, ,, 
,, ,, 

- 0.04 
+ 0.98 

I 
I 

June 21 
,, ,, 
I, ,, 

:: & 
)I )) 

,, , ,  
,, ,, 

- 1.41 
-0.18 
- 0'51 

+ 0.04 
+ 0.82 
+0'0.3 
+ 0.06 
- 0.73 
- 0.84 
- 1.27 
+ 0.46 

i 



The sum of the squares of the sixty-three errors is 57.7166. Therefore the probable 
error of a single comparison is- 

Making use of the weights we have obtained for z and u, we get for thc 
Aobable error of z = f 0-667 4.08 184 = f o ' l o ~  (5) 

> , of rl = f 0.667 d-000217 = f o.oose 

For the space [a el we have then the length- 
[cz.e] = $ y,, - 23'4.4 - 0'0555 ( t  - 62) (6) 

when the coefficient of ( t  - 62) is + U. 
But we have yet to consider the probable error to which this result is subject in 

consideration of the probable error of the foot OF with which the spaces [ a .  b] and [ d .  e ]  
were compared. 

In the first place it is to be iioted that these con~parisons were nlade very close to the 
normal temperature of 62", consequently any slight uncertainty in the difference of expan- 
sion of OF and Y,, (which has been well determined) will not affect our results. But if 
in our equations of condition we had taken as the length of F at 62", 4 Y,, - 0.36 + n, 
and if we had retained this syn~bol to the end of the calculation, we should have obta~ned, 
as is easily verified- 

:L' = - '3'044 + n 
Y = - 46'534 
z = -  23'442 + n 
u = -  0.04 I 6 

On substituting these values in our equations of condition we should obtain the same 
system of errors as we have already exhibited, and hence to take fully into account the 
uncertainty in the value of F in our resulting value of z we must add to the square of the 
probable error of z the square of the probable error of the nssnmed length of OF at 62". 
This last probable error is (see page 77) f 0.108. Therefore the probable error of [a . e ]  
at 62' is- 

- -- - - .- - - 
4' (.I~I)' + (.108)~ = f 0.219, 

and consequently at the temperature of 62" 
[ a . e ]  = $ Y,, - 23'4.4 f 0'210. 

We have defined u to be the excess of the expansion of one yard of 01, above that of 
Y,, for one degree Fahrenheit. The value of u being negative we have this result,-that 
the expansion of the yard Y,, e.z.cre(ls the expansion of three feet of 01, by 0.0416 
f '0098 for I" Fahrenheit. 

Now by direct experiments the follolving result has been found for 01, (see page 79) : 

E.cpnnsion for I"  Frchrenheit = 2 1.055 f 'oso ; 

therefore the expansion of three feet of this bar is 
6.3 I 65 f -0267. 

If from this we inferred the expansion of Y,, we shonld find- 
Expansion oj' Y,, = 6.358 f '0284. (8) 



We have seen that the excess of the expansion of one p r d  of 01, above that of Y, 
for one degree Fahrenheit is 

- 0.041 6. 
I f  by means of this we reduce.the comparisons of the right and left yards of 01, to 

the temperature of 6z0, we get the followiug values : - 

Taking the means of the first and third colu~nns, me get 

[a a] = Y,, + 54'75 at 62" Fuhrenheit. (9) 
[e . E ]  = YO, - 10'23 ,, a ,  

The sum of the squares of the errors in the left yard is 14218, hence the probable 
error of a single comparison is 

14-218 - f .674\/,, - f -583, (10) 

and the probable error of the mean of the twenty comparisons 

The sum of the squares of the errors of comparisons in the right yard is 20.475, hence 
the probable error of a single comparison is 

.- 

LEET YAIID AT 6%'. 

and the probable error of the mean of the twenty comparisons 

R r c u ~  YAUD AT 62'. 

Value. 

Yas + 54.80 
53'4"- 
53'36 
55'13 
54'88 
54.38 
53'97 
55'55 
54.88 
5.5'86 
54'45 
56.2 I 
54'09 
55'22 
55'53 
55'39 
54'6 1 

52'Yz 
54'9'4 

Yas -t 55.38 

Value. 

Yas- 9-98 
g.83 
9'97 

11.56 
8.64 
9'36 
9'68 
9'27 

10.13 
8.39 
9.48 
9.18 

11.54 
1°'34 " '4.5 
11-00 

11.08 
10.42 
I I .63 

Y60-11'f5 

Errors. 

+0'05 
- "33 
- 1.39 + 0.38 + 0.13 
-0'37 
-0.78 
+ 0.80 
+0.13 
+ 1.1 I 
-0.30 
+ 1.46 
- 0.66 
+ O.47 
+0.78 + 0.64 
-0.14 
- 1.83 
+ 0'24 
+oa63 

Errom. 

+ 0'35 
+ 0.41 
+ 0.26 
- ''3.3 
+ x.59 
+0%7 
+ 0'55 
+o.y6 
+oaro 
+ 1.84 
+ 0'75 + 1.05 
-1.31 
-0.1 I 

- 1.22 

-0.77 
-0.85 
-0.ly 
- I ..+o 
- 1.52 



I t  remains now to bring together the results at which we have arrived, in order to 
ascertain the whole length [ a .  €1 of 01, in terms of Y,, at 62". 

We have found 
[ a . a ]  = Y,, + 54'75 f 0'130 

[a .e]  = $Y,, - 23'44 f 0'219 

[e .  E ]  = Y,:, - 10.23 f 0'156 

and adding these together, we have fillally 

For the difference of length of 61, and 0, at 62" Fahrenheit and the difference of 
their expansions we have ten comparisons at 40" and thirty compal*isons near 62". Let y 
be the excess of expansion of 0, above 01, for one degree of Fahrenheit, and let :c be 
the excess of the length of 0, above 91, at 62" ; the11 in general 

0, = 01, + r + y ( t  - 62). 

The equations resulting from the forty comparisons are as follows :- 



From these we obtnin 
40 X - 220.51 y + 725'50 = 0 

- 220.51 r + 4593'01.1/ - 3848.76 = o 

Putt ing A I3 for tlie absolute terms of these equations, 

o = x + '0339982 A + '~016322 R 
o = y + '0016322 A + -0002961 I3 

T h e  actual values of a. and y are- 

,T = - 18.384 
?/ = - 0,0446, 

and consequently tlie length of 0, is expressed in terms of 01, by the formula- 

0, = 01, - 18.384 - 0.0446 ( t  - 62). (18) 

I f  we substitute the above values of .2. and j/ in the equations we obtain the follo\r~ing 
system of errors :- 

Therc are here two large errors of equal magnitude and opposite, ~ i z . ,  + 4.21 ou 
June 4th and - 4.24 Juite 23d. There is ttothing in tlie observations to throw any doubt 
whatever on these detertninations. I f  we compare them with adjaceut ones they assutile 
the appearance of accidental errors. 

Flus+ SERIES. SECO~-II SEUIEB. T H I ~ D  Stli~rs. Fucurl~ Srures. 

Date. I Error. Ua~r.  1 h o r  

Upon the whole the errors have not entirely tlie appearancc of' accideutal errors. On 
some days there is a prepotiderance of positive errors, and on othcrs a preponderance of 
ncgative errors. This  is not any effect of personal error, us two different observers and 
sometimes three have made the comparisons on each day. I t  is to be remen~t~ered that one 
observer only is employed in a single comparison. 

Another possible cause which presents itself is that  one bar might be a t  a sliglitly 
different temperature from the other;  but  this is not borne out by tin enanlitlation of' the 
readings of the thermometer in the t\vo bars. Take,  for instance, the observations ou 
May I 7th and JLII~C 2 jd. I t  will be remc~ubcrcd that each bar carries two tliet ~ i i o ~ ~ i e t e r s  : 
those in 6, were marked Siinnls, No. r and No. 2, those in 01, werc Cnscllu, 3461 nud 
3462. T h e  error of the rnenn of I :uid z about 62" is + 0O.07, : ~ n d  thc crror of t l ~ c  nlcclti 
of 3461 and 3462 a t  thc snlne te~nperature is + o".~g. 

Feb. 18 
8 ,  > *  

,I j) 

:: ;S 

9 )  I >  

:: &I 
J, r, 

+ 2.78 
- 1'41 
- 1'50 
+ o . * o  
+ 2.50 
- 1.28 
- 1'27 
- 1.26 
- 0.60 
+ 0 ' 2 3  

May I6 j + 0'0.5 

81 ,, I + 2'24 
,, + 2'82 
, i 1 

,, ,, 1 + 3.04 
,, ,, 1 + 1 . . 3 7  
3 B  ,, I + "60 
,, 
,, i'8 
2 ,  I ,  

)) J> 

,, ,, 

I 
June 4 f 4.21 

+ 1'46 
+ 2.56 - '"9 
- 0.24 
+ 1'27 

June 23 
9 ,  !! 

,, ,t  

,, , ,  
,, ,, 
., 24 
,, ,, 

1 ,  ,, 
J , 
,, , ,  

,, ti 

- 1.06 
- 4.34 
- 1.68 
- 2 . 2 0  
- 2 . j 1  

- 1.95 
- 2.36 

+ 0.70 
+ 3'4.5 
+ 1 ' 1 7  
+ o'gj  

,, ) I  I - 2.39 
,, , - 0.78 
,, , 1 - 2.07 
,, 
7, 

,, ,, - 2'0.3 

I 
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The temperatures of the bars on the days in question are :- 

Temperature May 17. Ternpembre June 23. 

Ilour. 

0 

9 A.M. 62.80 
1% ,, 62.80 
2 p . b ~  62.87 62.81 

62.87 .5 n >  62.95 
9 1 3  63'03 62.99 

Mean 62-89 62.83 62.60 62.54 
Con. -.19 - '07 - '07 

62.70 62.76 62-41 

From this it would appear that on each of these days the temperature of 0, exceeded 
by 0°.06 that of 01,. We should therefore expect to find no difference in the deter- 
minations on these days, so far as calL be ascei.tai~led by the indication of the thermometers . . .  
in the bars. 

In col~sidering the magnitude of some of the errors shown in this Table, it must be 
borne in mind that the diameters of the dots on 0, are each one hundred divisions. With 
this iu view the errors are small. 

The sun] of the squares of the forty errors is 162-19 ; hence the probable error of a 
siugle comparison is 

and the probable error of x is 

= f 1.391 4 '03400 = f 0'256, 
and the probable error of y is 

-. 

= f 1'391 -000296 = f 0.0239. 
Finally, at 6z0, we have for the length of 0, 

We can now express the length of 0, at 62" in terms of Y,, for we have found 

consequently, adding these equations, we get for the length of the Ordnance Survey 
Standard :- 

0, = (3'33333608 f '00000039) Y,, (23) 



and the logarithm by which all distances which have been expressed in terms of the Ordnance 
Standard 0, will have to be multiplied is 

This result agrees very satisfactorily with that obtained with the oltl apparatus some 
years since from the Australian Standard Bars, which will be founii in a subsequent 
section. 

The probable error of the above determination of the length of O,, expressed as a 
fraction of the whole length 10 feet, is 

I 

From the comparisons of 0, and 01, jnst detailed, we have seen that the expansion 
of 0, is less than the expansiou of 01, by 

0.0446 f 0'0239. 

But the absolute expansion of 01, we have found by direct experiment to be t 1.055 
f '089 ; therefore the inferred expansion of 0, 

= 21'010 f 0'092, 

which is equivalent to .oo0006303 on unity for one degree Fahrenheit. 

The  rate of expansion deduced from comparisons with the Compensation Bars during 
the measurement of the base line on Salisbury Plain was ~ooooo637 on unity. This 
agreement is tolerably satisfactory. 

There is a considerable difference between the average magnitude of errors of com- 
parison of a foot, a yard, and ten feet, as exhibited in the results of the observation we 
have just been discussing. If, disregarding the signs of the errors, we simply take the 
arithmetic mean in the seven different operations, we get the following average errors :- 

Left foot . . . . . . . . . . . .  0.36 
Right foot . . . . . . . . . . .  0'54 
Left yard . . . . . . . . . . .  0.68 
Left centre yard . . . . . . .  0.85 
Right centre yard.  . . . . .  1-01 
Right yard . . . . . . . . . .  0.87 
Ten feet . . . . . . . . . . . .  "75 

Hence the average errors of n comparison on a foot, a yard, and ten feet ore 0.45 ; 
0.85 ; 1'75 ; or as 

1-00 : 1.89 : 3.89. 

These are not in the proportion of the corresponding lengths, but are not far 
from being in proportion to the square roots of the lengths. If, tbr instance, the errors 
were 0'53, o-gz, 1.68, they would be strictly as the square roots of the lengths, and these 
are not far, any of them, from the actual quantities. 



VIII.  

DETER8MINATION OF THE LENGTI-I OF THN 

ORDNANCE TOISE. 

There are, on the upper surface of this bar, as has already been described, four 
points a fi y B 

of which a aud P arc one yard apart, /3 and y also one yard apart, and y and 6 4.74 inches 
apart; so that the whole length, or [ a  41 = 76.74 iuchcs approximately. Each of the 
spaccs [u. (51 and [ B .  y] has heel1 directly compared with the copy No. 55 of' the Standard 
Yard, and the space [y .6'] with the space [ f .  T] on the bar OF. 

The  comparisons cf the yard [fi.y] of the Ordnance Toise with Standard Yard No. 55 
extend over twclvc days. Eight days in October at it11 average te~ilperature of about 5g0, 
:ud four days in January 1864 at  s tclnptrature 4r0. Thc comparisolis of the yard [a.B] 
extend over tcll days in Octobcr 1863 at  a tcrnperature averaging 60°, and four days in 
Jauuary I 864 a t  a temperature z~veraging 38". In all, thirty comparisons of each yard ; if 
hcre by " con~parison " wc mean the result of a single visit. 

The  observations were generally made three times iu the day, at  hours as far apart as 
practicable. 'rhe bars were observed iu the following order Y,,, OT ; QT, V,, : Y,,, OP ; 
(three readings of each microscope being taken ;) or OT,  Yj5 ; V,,, OT : O T ,  Y,> ; the bars 
Eg? under the ~ilicroscopes bcing thus ;~lternately one and the other. Each visit supplies, 
tliereibrc, three independent comparisons, in all thirty-six micrometer readings. 

Each bar has two thermometers, \vhich are read the first thing :lnd the last in each 
visit. In  this series the mean illcrease of temperature as shown by the colnparison of the 
thermonicter readings at  the commencement and close of each visit is oO.oz, being the 
effect of the warmth of the observer's body and o f t h e  candles. 

'rhc following copy of a page of the observation book shows the cxact method of 
recording the observations :- 



T h e  mean of the ninc readings of H and K on Y, are 

15.59 . . . . 17.26 

The  mean of the nine readings of H and I< on OT are 

7.37 . . . . 10.28 

consequently if h and k be the d u e s  of one division in H and l i  respectivcly 

( 1 5 ' 5 9  h + 17'26Ir) - (7 ' 371~  + 10.28 k) = 8.22 h + 6.98 k 

will be the difference of lengtli rcsulting from this visit, and is virtually the mean of three 
comparisons. 

T h e  microscope H (invariably in all comparisons on the left) has its micrornet,er head 
to the left; I< (invariably in all comparisons on the right) has its micrometer hend to the 
right. The  positive direction of me:lsurement in either nlicroscopc (increasing readings) is 
towards the centre of the bar. 



which to deduce s' nnd y', nnd as mnny for s, and y,. These last equations, viz., in .r, y, 
being treated according to the method of least squares, resolve themselves into the 
following : 

30 .x, - 273.60 y, - 194.40 = o 
- 273.60 5, + 4739.51 y, + 2820-58 = o 

( 1 )  

which give 

The  comparisons of the right yard afford tlie following : 

where I' is the excess of the length of the right yard abovc Y,, at  6z0, and y' the rate 
of relative expansion. T h e  values resulting from tllesc equatious are 

From this it tvould appear as though o!le half of thc bar QT had a slightly different 
rate of expansion from the otlicr half. But this may well be attributed to errors in the 
operation, as the difference is small. If we assume, as is indeccl necessary, that the rate of 
expansion is the same for the right yard as for the left, then tlic sisty comparisons rnust be 
combined i11 one series of equations contailling three unknown quantities x, x' and y. 

The  resulting equations are as follows:- 

Ii'\vc write A U C for the absolutc terms of these equations we have Ly elinli~lation 

IVhilc tlie numerical values are found to be 

If from equations (6) we write out the expression for the reciprocal of the weight 
of ax, + PI' + xl/ and then make n = I ,  P = I ,  we get the reciprocal of the weight of 

+ L + X Y  
.12666 + ,00663 y + .000183 y2 (8) 

Now the length of the two yards talcen together is at  the temperature 62" +,f 
Falirenhei t 

r, + x' + 2fy 



in exccss of z Y,, at the same temperature ; and the weight of the deterlnination at that 
temperature is the reciprocal of 

12666 + ,01326 f + -000732 P (9) 
The follo\\~iug Tablc contains in contrast the observed differences of length, and the 

differeuces computed from the formula .r, + ( t  - 62) y , x' + (t - 62) y. 

CO~~~PARISON 01.. YARDB OF ORDNANCE TOISE WIT11 THE STANDARD YABD NO. 5 5 .  

The sum of the squares of the differences or errors is 3 3 . 7 5 ,  co~isequently the probable 
error of a single comparison is 

The probable error of x, + .z.' is consequently 
-- - -  

f -518d.12666 = f o'lnb 

- Y, 

Observcd. 

2.90 
4.07 
3.19 
2.74 
3.26 
2.79 
4.3' 
3.33 
4.52 
3.22 

3''9 
3.31 
3'23 
2 . y ~  
4.61 
3'44 
3.26 
4.73 
4.65 
4 4 3  

11.72 

11.95 
12.18 
12.79 
12.62 
I 2.03 
12.09 
11.86 
12.10 
12.56 

[.,PI - Y, 

Obscmeb Computed. 1 - 
Cumputed. Error. i- 

+ 0.03 
- 0.77 
+ 1.12 
+ 0.42 
+ o . y 7  
- 0.,58 
- I .02 
+ 0.45 
- o.S.3 
+ 0.02 

+ i . o g  
+ 1.41 
- 0.29 
+ 1.14 
- 0.56 
+ 0'54 
- 1.25 
- 0.51 
+ 0.39 
+ 0.97 

+ 1.65 
+ 0.43 
- I.79 
- 0.84 - 0.86 
- 0.01 
+ 0.00 
- 0.59 
- 0.28 
- 0.33 

6.66 
6.41 
8..32 
7.68 
8.63 
5.60 
5.67 
7.13 
54'5 
6.70 

7.22 
7.92 
6.24 
7.7O 
(j.79 
7.79 
5.97 
6.88 
7.75 
8.34 

18.88 
1 7 '40 
15.09 
15.95 
1.5'79 
16.48 
16.38 
15.68 
15.89 
15.78 

2.52 
3'4' 
3.33 
3.32 
3.61 
3'54 
3.47 
3 '40 
3.30 
3.25 

3.95 
3.95 
3'95 
4.24 
4.23 
4.2.3 
4.5 1 

4.50 
4.48 
4.77 

12.09 
12.05 
12.10 
12.r11 

11'Y5 11.82 
11.72 
11.63 
11.58 
11 4 7  

6.63 
7 18 
7.20 
7.26 
7.66 
6.18 
6.69 
6.68 
6.68 
6.68 

6.13 
6.51 
6,.53 
6.56 
7.35 
7.25 
7.22 
7.39 
7.36 
7.37 

17.23 
16.97 
16.88 
16.79 
16.65 
16.49 
16.38 
16.27 
16.17 
16.1 I 

+ 0.38 
+ 0.66 
- 0.14 
- 0.58 
- 0.35 
- O.75 
+ 0.84 
- 0.0: 

+ 1 .22  
- 0.03 

- 0.76 
- 0.64 
- 0.72 
- 1.32 + 0.38 
- 0.79 
- 1.25 
+ 0.23 + 0.17 
+ 0 . 0 6  

- 0.37 
0.10 - 

+ 0.08 
+ 0.78 + 0.67 
+ 0 . 2 1  
+ 0.37 + 0.23 
+ 0.52 
+ I . o ~  



The following Tables contain the result of the comparisons of the yarde [a.  f i ]  nnd 
[ P .  y] of the Ordnaucc Toise with Y,, : each line is the result of one visit. 

CO~~PARISON OF YARD [a . f i ]  OF ORDNANCE TOISE WITH THE STANDARD YARD. 

Tllc tcml~cratures in t l ~ c s c  tnblcs aro corrected for c l ~ o r s  of  tllcrmometcrs. 

Date. I Temp. ( OT Difference of Length 
in bIicrornrter Divisions. 

- 14.17 h + 22.45 h 
- 70.65 h + 78.41 k 
- 68.428  + 78.58k 
- 21.ooA + 30.54h 
-105.50 h + 115.91 h 
- 4 o . o o h  + 46.868 
- 36.52 1t + 43.48 h 
- 3 6 . 4 y h  + 45.29h  
- 49.83 h + 56.961  
- 29.22h  + 37.51 h 

- 12.52W + 21.51 h 
+ 1.94A + 7 . 9 9 h  - z . 2 3 h  + ~ o . o q k  
+ 0.41 h + 9.24h  
+ 0.07 h + 8.43 R 
- -7.51 h + 1 3 . 2 6 h  
- 2.56h  + 10.02 h 
- 8.53h  + 1 7 . 1 z h  
+ 2 . 6 y h  + 7.04h  
- 10.38h  + 20.7yh 

+ 12-91 71 + 10.808 
+ 1 1 . 9 6 h  + y.Hyh 
+ 9.91 h i- g.o+h 
+ 12.73 h + 7.3oh 
+ 13.48 h + 6.35 k 
+ 7 . 1 8 h  + 13.5ok 
+ 17.36h + 3.2.7k 
+ 8 . y 6 1 ~  + 10.7.31 
+ 5.49 A + 14.451' 
+ 3.04h  + 22.8oh 

1863. 

Oct. 5 
, 6 
, ,, 
,, ,, 
,, 7 
,, 8 
,, 9 
, ,, 
,, ,, 
,, 10 

,, 23 
,, 24 
,, ,, 
,, ,, 
,, 26 
, ,, 
,, ,, 
,, 27 
,, ,, 
,, ,, 

1864. 

Jan. 12 
,, ,, 
,, ,, 
,, 1.7 

ra'a1-Y6J 

+ 6.66 
6.41 
8.32 
7.68 
8.63 
5.60 
5.67 
7.13 
5.85 
6.70 

7.22 
7.92 
6.24 
7.70 
6.79 
7.79 
5.97 
6.88 
7.75 
8.34 

18.88 
17.40 
15.09 
15.95 
15.7') 
16.48 
16.38 
15-68 
15.89 
15.78 

+ 22.7911 - 5.96111 
+ 0.31 lr + 22.yyk 
- 1.1011 + 27.66h 
- 10.g6h + 36.63 h 
- 18.78 h + 50.43 1' 
- 57.48 11 + 63.72 k 
- 99.40 11 + 117.24 h 
-113.07 h + 1 3 3 . 1 6 h  
-.120.79/1 + 138.3yh 
-121.3611 +140.14h  

- z8 .5yh  + 37.80h  
- 14.ogR + 23.28h 
- 6 . 5 4 h  + 15.06h 
+ 13.33h - 3.2ok  
+ 3.7811 + 10.07 k 
- 8.4011 + z1 .5oh  
+ o . 2 2 h  + 9.73 h 
+ 2.6011 + 9.01  h 
+ 1 . 6 8 h  + I O . Z O ~  

+ 4.og/l  + 8.46h 

+ 23.86A + 31.29 k 
+ 3 1 . 1 8 h  + 20.89h 
+ 33.29h + 17.878 
+ 3 3 . 0 4 1 ~  + 15.68 h 

0 

60.98 
59.73 
59.68 
59.56 
58.66 
62.01 
60.84 
60.87 
60.87 
60.87 

62.11 
61.26 
61.20 
61.14 
,551.36 
59.57 
59.64 
59.26 
59.3" 
59.31 

36.99 
37.57 
37.79 
37.98 

+ 08.78h  + 17.31 k 
+ 23.7111 + 21.81 k 
+ 27.68 IL + 1 6 . z g k  
+ 2 1 . 8 8 1 ~  + 20.541 
+ 1z.1z1t + 30.07 1( 
+ 10.58 h + 29.471~ 

+ 36.9611 - 28.41 h 
+ 70.y6k  - 55.42h  
+ 67.3211 - 50.92h 
+ ~ o . o q h  + 6.09h  
+ 86.72 h - 65.48h  
- ~7.4811 + 16.86 k 
- 62.88 h + 73.76h  
- 76.5813 + 87.87h 
- 70.9611 + 81.4.3h 
- 9 2 . 1 4 h  +10>63h 

- 16.07h  + 1 6 . z g h  
- 1 6 . 0 3 h  + 1 5 . z y h  
- 4.31 11 + 5.02 h 
+ 1 z . g 2 h  - rz .qqh  + 3.71 h + 1.64h 
- 4 . R y h  + 8.24k  
+ 2.78 h - o . z y h  
+ 11.1g11 - 8.11  k 

I . O I ~  + 7 . 1 6 h  
+ 14.471. - 1 i . 3 3 k  

+ 10.95 A + zo .qgh  
+ 19.2211 + 1 1 . 0 0 1 ~  
+ 23.38A + 8.8.3 h 
-1. 20.51 h + 8.38 k 
+ 15.30 h + 10.96h  
+ 16.5411 + 8.31  h 
+ 10.32 h + 13.06k 
+ H . ~ L ~ L  + y - 8 ~  k 

, ,, 39.39 I + 6 .65  11 + 15.62 k 
,, 15 3').,52 + 13.62 h + 6.6711' 

I 



Let x' x, be the excesses of lengths of the yards [a. @I, [@ Y] above Y,, at 6z0,  y ' . ~ ,  
the differences of expansion, so that 

3' +N, 3, +&, 
are the excesses of l e l ~ ~ t h s  of the yards above Y, at the ten~pernture of 62" +,f 
Fahrenheit. The quantity f being given at each comparison, we have thirty equations from 

N 2 

y,, 
Difference of I*ngil~ 

in Meronleter Ilirisiono. [8'71 - Y& 
- 

1863. 

Oct.10 
,, 12 
,, ,, 
,, ,, 
,, 13 
,, ,, 
,, ,, 

- - .. . - . - - . 

+ 3 . 3 9 h  + 0 .27k  
+ 36.5911 - 31.35k 
+ 38.3311 - 34 .19k  
+ 3 H . 8 y l ~  - 35.31 k 
+ 2 3 . 6 3 h  - ry .46k  
+ 23.61 k - 20.03h 
+ 30.49 11 - 24.97 h 

,, 14 
,, ,, 
,, ,, 

,, 28 
,, ,, 
,, ,, 
,, 29 
,, ,, 
,, ,, 
,, 30 
,, ,, 
,, 2, 

,, 31 

1864. 

Jan. 15 
,, ,, 
,, I6 
, ,, 
,, ,, 
,, 1R 
,, ,, 
,, ,, 
,, 19 
, ,, 

0 

61.85 
59.82 
60.01 
60.04 
59 .38  
59.54 
59.68 

- - 

+ 2-90 
4.07 
3.19 
2.74 
3.26 
2.79 
4 . 3 1  

59.85 
60.07 
60.20 

58.61 
58.60 
58.61 
5 7 . 9 4  
57.96 
57.96 
57 .34  
57.36 
57.40 
56.76 

40.18 
40.26 
40.1.5 
40.36 
40.50 
40.80 
41.01 
41 .23  
41.34 
41.59 

-- 

+ 7 . 8 7 h  + 11.49k + 5 0 . 4 4 h  - 18.61 k 
+ 43.5311 - 12 .54k  + 99.62 h - 69.03 k 
+117 .66 /1  - 83.31 k 
+ 108.oylr - 74.3711 
+ 107.34h - 75 . f91 '  

+ 11.2611 + 1 1 . 7 6 h  
+ 8 7 . 0 3 h  - 4 9 . 9 6 h  
+ 81.86l1 - 46.73 h 
+ 138.51 11 -104.34k 
+ 1 4 1 . 2 y k  -102.77 h 
+ 1 3 1 . 7 0 h  - 94 .4oh  
+ 137.H3h -1oo.76A-,  

+ 1 w 0 9 7 h  - 90 .628  
+ ~8 .3011  - 6 y . 6 6 k  
+ z y - r ~ h -  o . 4 y h  

- 13.5411 + 17.53k 
- 7.4211 + 11 .21h  + 2 2 . 3 1 8  - 1 8 . 0 ~  k 
+ 1 5 . 6 6 h  - 7.39 h + 6.3811 + o . y 6 A  
+ l o . 3 2 h  - z . 1 7 h  
+ 1 5 . 3 0 h  - 3 . 5 7 8  + 2 . 5 3 h  + 7.4Hh 
+ 7 . 5 6 h  + 3 . 5 8 h  
- 1 . 2 4 1 ~  + 1 4 . 8 z h  

+ 6.3411 + 16.79h 
+ 1 4 . 2 8 h  + 7 . y 1 h  
+ 6 . 8 2 A  + 1 6 , 5 7 k  
+ 9 . 2 3 h  + 12.1.5k 
+ 17.6611 + 3 .02k  
+ 1 5 , 0 3 8  + 4 . 8 7 k  + 12.07/1 + 6 4 6 k  
+ 1 1 . 6 1 h  + 5 . y 3 k  
+ 7.3711 + 10.28k 
+ 7 - 1 4 h  + 8.5311 

+ 1 5 8 . f i h  -124 .10h l  
+ 1 ~ y . 8 7  h -115.37 L 
+ 6 0 . 7 4 h - z 7 . 9 6 h  

$ 10.171i - 2.09 k 
+ 10.34h - 2.34.k 
+ 42.70h - 34 .36h  
+ 18.51 h - 6 . 5 6 h  
+ 36.6411 - 23.41 8 
+ 35 .78h  - 23.22 h 
+ j o . 4 o h  - 14.52l1 
+ 11.6711 + 4.31 11' 
+ 3 3 . 3 3 h  - ' 6 .27  h 
+ z1.261i - 1.54k 

+ 1 5 . 2 6 h  $. z z . 5 y k  
+ 23.23 h + 13.98k 
+ 14 .57h  + 2 4 . 1 1 h  
+ 1 6 . z o h  + 2 1 . 2 4 1 ~  
+ 26 .24h  + 10.2yk 
+ 20.y61r + 14.04lr 
+ 12. lolc  + 21.gyl l  
+ 1 5 . ~ 7 1 ~  + 16.468 
+ 1 5 . 5 y h  + 17.26h 
+ 10.9411 + 20 .49k  

+ 37 .Xoh  - j 3 . 4 8 h  
+ 51 .57  11 - 45.71 k 
+ 3 1 . 6 . 3 1 t - 2 7 . 4 7 8  

+ 23.7111 - 1 y . 6 z k  
+ 17.761' - 1 3 . 5 5 h  
+ 20.39 h - 16.27 h 
+ 2.8511 + 0.83 k 
+ 3 0 . 2 6 k  - 24 .37k  
+ 25 .46h  - 21 .ogk  
+ 1 5 . 1 o h  - l o . y g / i  
+ 9 . 1 4 h  - 3.17 h 
+ 25.7711 - l y . X g h  
+ 22.5011 - 1 6 . 3 6 h  

+ 8 . y 2 k  + 5 . 8 o k  
+ 8 . 9 ~ h  + 6 . 0 7 k  
+ 7.7511 + 7.54h 
t 6.9711 + y .oyk  
+ 8 . 5 8 h  + 7 . 2 7 8  
+ 5 . 9 3 h  + y.17R 
+ 0.0311 + 1 5 . 1 3 k  
+ 4 . 3 6 h  + 10.53k 
+ 8.2211 + 6 .98h  
+ 3,8011 + 11 .g6k  

3.33 
4.52 
3.22 

3.19 
3.31 
3.23 
2.92 
4 .61  
3 . 4 4  
3 26 
4 . 7 3  
4 .65  
4 .83 

11.72 
11 .95  
12.18 
12.79 
1 2 . 6  
12.03 
12.09 
11.86 
12.10 
12.56 



which to deduce r' nnd y', and as many for .z, and y,. Tlicse last equations, viz., in X, 9, 
being treated according to the method of least squares, resolve themselves into the 
following : 

30.2'~- 273'60y,- 194.40 = o 
- 273.60 x, + 4739-51 y, + 2820.58 = o 

( 1 )  

which give 

T h e  comparisons of the right yard afford the following : 

where s' is the excess of the length of the right yard above V,, at 6z0, and y' tlie ratc 
of relative expansion. T h e  values resulting from thesc equatious are 

Froni this it nrould appear as tliough o!ic half of thc bar 0-6 had n slightly diffcrcot 
rate of expansion fro111 the othcr half. But this 11i:~y wcll be nttriOutet1 to errors in tlic 
operation, ns the difference is small. If we assume, as is indeed necessary, that tlie rate of 
expansion is the satile for the right yard as for thc left, then the sixty cornparisons  nus st be 
combined in one series of equations containing three unknown quantities x, r' and y. 

The  resulting equations are as follows:- 

11' \ ~ c  \ ~ r i t c  A 13 C for the a1)solutc tcr~ns  of thesc equat io~~s  we have 1)y elimination 

M'hilc the nunlerical values are found to be 

If from equations (6) we write out the expression for the reciprocal of the weight 
of ax, + B.6 + yy and then make a = I ,  /3 = I ,  wc get the reciprocal of the weight of 
x +rc'+w 

el2666 + -00663 y + *ooo183 y2 (8) 

Now the length of the two yards talien togethcr is nt the temperature 62" +./ 
Fahrenheit 

x, + X' + 22SY 



in excess of 2 Y,, at  the snmc temperature; and the weight of the deterlnination at  that 
tempernture is the reciprocal of 

.12666 + 'or326 f + ~000732 fL (9) 
Tlle follo\ving Table contains in contrast the observed differences of length, and the 

diflerences computed from the formuln, r, + ( t  - 62) y , x' + ( t  - 62) y. 

The sum of the squares of the differences or errors is 3375, consequently the pro'bablc 
error of a single comparison is 

- 
f e 6 7 4 \ / ~ ~ 5  = -+ -518 

60- 3 ( 10) 

The probable error of z; + .z.' is consequenlly 

[P.rl - Y,, 

0l~rervt.d.  

2.90 
4.07 
3'19 
2.74 
3.26 
2.79 
4.3' 
3.33 
4.52 
3.22 

3'19 
3'31 
3'23 
2.92 
4.61 
3.44 
3.26 
4.73 
4.65 
4.83 

11.12 

11.95 
12.18 
12.79 
12.62 
I 2.03 
12.09 
11.86 
12.10 

12.56 

[..PI - Y, 

Cumputed. I l<rror. 
-- 

2.5- 0 0 . , 3 X  
3.41 + 0.66 
3.33 - 0.14 
3.32 - 0. j8  
3.61 - 0.35 
3.54 - 0.75 
3.47 + 0.84 
3.40 - 0.07 
3'3O + 1 . 2 2  
3'25 - 0.03 

3.95 - 0.76 
3.95 - 0.64 
3.95 - 0.72 
4.24 - 1 .3r 
4.23 + 0.38 
4 . ? j  - 0.7') 

- 4'5' 1.25 
4.50 + 0.23 
4.48 + 0.17 
4.77 + 0.06 

12.09 - 0.37 
12.05 0.10 - 
12.10 + 0.08 
12.01 + 0.78 
" .Y5 + 0.67 
11.82 + 0 . 2 1  

11.72 + 0.37 
11.63 + 0.23 
11.58 + 0.52 
11.47 + 1.01) 

Obsrrved 

. - 

6.66 
6.41 
8.32 
7.68 
8.63 
5.60 
5.67 
7.13 
545 
6.70 

I h.22 

7.02 
6.24 
7.70 
6. i9  
7.79 
5.07 
6.88 
7.75 
8.34 

18.88 
17.4'3 
15.00 
15.95 
'5.79 
16.48 
16.38 
15.68 
15.89 
15.78 

Computed. Error. 

6.6.3 j + 0.0) 

7.18 
7.20 
7.26 
7.66 
6.18 
6.69 
6.68 
6.68 
6.68 

6.13 
6.51 
6.53 
6.56 
7.35 
7.25 
7.22 

7.39 
7.36 
7.37 

17.23 
16.97 
14.88 
16.79 
16.65 
16.49 
16.38 
16.27 
16.17 
16.11 

- 0.77 
+ 1 . 1 2  

+ 0.42 
+ 0.97 
- 0.,58 
- 1.02 

+ 0.4.5 
- 0.8.3 
.t 0 . 0 2  

+ 1.09 
+ 1.41 
- 0.29 
+ 1 . 1 4  
- 0.56 
+ 0'54 
- 1.25 
- 0.5 I 

+ 0.39 
+ 0.97 

+ 1.65 
+ 0.43 
- 1.79 
- 0.84 
- 0.86 
- 0.01 

+ 0.00 

- 0.59 
- 0.28 
- O.33 



The probable error of y is 

f .518s/-000183 = f o-ooto ( 12 )  

Finally, the lengths of the two yards of OT in terms of Y,, at the temperature t are 

The small space of 4.74 inches on the ri ht of the Ordnance Toise was compared on 
three successive days with the space [ r  J1 of &F, whose value we have already determined 
in terms of standard yard No. 55. The individual comparisons, three in each visit, recorded 
in exactly the same form as at page 97, are shown in the following Table : 

17.81 -V'j 

+3.85 
3.78 
2.26 
3.45 
3.39 
3.27 
2.50 
3.65 
3455 
3.34 
3.38 
4.21 
2.53 
3.31 
2.83 
4.14 
4.08 
3.19 
3.72 
3.38 
3.41 
4.09 
2.80 
3.37 
2.76 
3.41 
3.50 
2.38 
3.34 
3.10 

Date. I Temp. / L7. I ]  
Difference of Length / V: TI I in Micrometer o i v i n n s .  

1863. 
Oct. 15 

,, 1: ,, 
,, ,, 
,, ,, 
j )  

,, 
,, ,, 
,, ,, 
, ,, 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
9 ,  j) 

,, ,, 
,, ,, 
,, ,, 
, ,, 
9, 9 9  

,, ,, 
,, 17 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
~9 ,, 
,, , 
,, , 
,, ,, 

- 49.73 h + 54.361% - 1 z . 4 h  + 17.13h 
- 18.1011 + 20.87h 
- 29.43 h + 33.63 k 
- 7 .96h  + 1>17 k 
+ 0.5311 + 3.57 h 
- 39.4611 + 42.&h 
+ 15.37 h - 10.7qh 
- 45.yoh + 50.30k 
+ 30.03 h - 25.73 h 
-k 40.8oh - 36.40k 
+ 30.8oA - 25.40k 
+ 51.27h - 47.yok 
+ 46.3311 - 42.ooh 
+ 40.04h - 45.3ok 
+ 39.37 /L - 34.04k  + 31.6oh - 26.37h 
+ 21.57h - 17.50k 
+ 41.3311 - 36.50h 
+ 15.73h - 11.43h 
+ 3.5011 + 0.801' 
-b 108 .131~  -1oz .6oh 
+ ~ 9 . ~ 0 h  - 55.77h + 70.8oh - 66.3ck 
+ 58.44h - 54.766 
+ 34.3311 - zy.y3k 
+ 39.96h - 35.43h + 55.87 11 - 52.67 k 
+ 63.33h - 58.goh 
+ 56.43h - 52.33h 

- 21.33 h + 28.53 h 
- 20.8711 + 28.23k 
- 25.87k + 32.37k 
- 25.40 h + 31.13 h 
- 3.53h + 10.27k 
- 4.00 h + 10.47 h 
- 35.23 h + 42.37 h 
- 35.13 11 + 42.73 h 
- 96.2711 +103.70k 
- 97.ooh +103.27 h 
- 87.33h + Y L . ~ O ~  

- 86.0711 + 92.77 k 
- 66.2311 + 72.53h 
- 65.6011 + 72.67h 
- 62.83 h + 69.50h 
- 72.63 h + 80.23 h 
- 80.50h + 87.73h 
- 80.1011 + 87.67 k 
- 64.4011 + 70.97 h 
- 64.2oh + 71.20k 
- 76.80h + 83.20h 
- 50.5711 + 57.0711 
- 98.70h + 1 0 3 . ~ 3  h 
- 98.1oh + 103.83k 
- 1 1 5 , 0 3 1 ~  +118.67h 
- I  14.701' -I 11y .4ok  
-109.57/1 + 114.50h 
- 109.50 11 + I  14.40 h 
-102~601t + 107.50k 
-102.90 h + I O ~ . O O ~  

62.48 
62.48 
62.48 
62.76 
62.76 
62.76 
62.26 
62.26 
62.26 
62.33 
62.33 
62.33 
62.41 
62.41 
62.41 
62.53 
62.53 
62.53 
62.71 
62.71 
62.71 

1 62.54 
62.54 
62.54 
62.59 
62.59 
62.59 
62.72 
62.72 
62.72 

+ 28.4011 - 25.83 k 
- 8.43h + 11.1ok 
- 7.7711 + 11.5oh 
+ 4 .03h  - 2.50h 
+ 4.4311 - r .gok  
- 4.5311 + 6.90 k 
+ 4.23 h - 0.07 
- 50.50h + 53.47 k 
- 50.37 h + 53.40k 
-127 .031~  +12y .ooh  
-1 z8 .1gh  + 128.90h 
-116.8711 +118.17 h 
-117.5oh +120.431' 
- 1 1 1 . 9 3 h  + 114.67k 
-111.87 h + 114.8011 
-11z .ooh + 114.27 R 
- I I ~ . I G ~  +114 .1ok  
-101.6711 +105.17h 
-105.73 h +107.47 h 
- 79.93h + 82.63h 
- 80.30h + 82.40h 
-158.7011 + i 5 ~ . 6 7  h 
-158.zolr + 15y.70k 
-168.9oh + 170.13 k 
- 173.4711 +173.43h 
-149.03 h + 14y.33k 
-119.53 + '49.93 h 
- 165.37 11 + 167.07 h 
-165.93 h + 1 6 6 . ~ 0 k  
-159.33 h + 159.33 k 



From this we find for the space on OT the value 

at  the temperature 62O.53. The sum of the squares of the errors is 7.875, cousequently 
the probable error of a single colnparison is 

and the probable error of the mean of 30 determinations 

But we require the difference of length at  62". We have seen by equatioua (7) and 
(8), page 771 that 

F = + Y , - 0 . 3 6 + 0 . 0 0 6 6 ( t - 6 ~ )  

with the probable error 

f { .o11715 + .oo1256 ( t -  62) + -0000488 (t  - 6 ~ ) ~ ) !  

Therefore 

474 474 - F= --Y,,-o.14+ -0026 ( t -  62) 
1200 3600 

with a probable error 

f { .001828 + .ooo196 ( t  - 62) + ~ ~ o o o j 6  ( t  - 62)")f 

Also by equation 46, page 71, we have 

474 
[T. f ]  = - F - 3. I 0  f 0.119 

1200 

Hence 

474 [7 . f ]  = - Yb5 - 3.24 + .0026 ( t  - 62) 
3 600 

with a probable error at  the temperature t of 

f { .015989 + .ooo196 ( t  - 62) + ~ooooo76 ( t  - 62)')i 

Now let the small space on OT at 6t0 be equal to Y, + u, then at  the 3600 
temperature t its length will be 

where y is the excess of the expansion of a yard of OT above the explnsioll of Y,, for 
I' Fahrenheit. 

Now this space exceeds [T. f ]  by 



and the observed value (for t = 62". 53) we have just found to be 3 34 f 0.064 ; 
consequently 

Herey  = - s4.418 f so070 and 

474 G Y  = - -0582 f .0009 

Consequently we have 

x =  + 0 . 1 3  

The probable error of u is composed of three independeut parts ; namely, first, 
that of the quantity 3.34 ; second, that of [T. f J or - 3.24 + .ooz6 ( t  - Gz), when 
t = 62.53 ; and, third, that of the fraction of?/. This last, howevcr, bcconlcs ~nsensible. 
Thus the total probable error of u 

The tbree spaces of which the Ordnance Toise is colnposed arc then as follows : 

[a .P]  =] Y55 + 6.18 

[P-rl = Y65 + 2.45 

the sunl of which is 

As in the case of the bar OF we l ~ a r e  used the letter F as an algebraic symbol for thc 
length of the bar, so now we shall use To to represent thc length of' the Ordnance Toise. 
We have then, 

both bars"' being at the tcmperatuse of 62' Fahrenheit. 
The total number of micrometer readings from \vhich this result is obtained is 2520. 

- . - -- - - - .- -- 
* Fu~.llrcl. observatiol~s on the lellgtl~ of To will bo f011nd at  page 139. 



IX. 

DETERMINATION OP TEE LENGTH OF THE 

ORDNANCE METRE. 

This bar, which is exactly the same in section as the Orduance Toise, carries on its 
upper surface three disks a, b, c of platinum, so defining bg lines the Icngth of the < ~ I I I . ~  and 
metre, or at least very approxirnatcly those lengths. The  determination ot'the length of the 
bar therefore divides itself into two parts ; first, the determination of the true Icngth of the 
yard space [ a .  61 ; and, secondly, the determination of the length of the small space [ b  .c ]  
of 3 . 3 8  inches. - - 

The yard on the Ordnance Metre, which is designated OM, was cornpnred witli PI, 
on thc fbllowit~g days, RIarch 8, g, 10, 11, 12, 14; Ju ly  5, 6, 7, 25, 26, 27, 28 ; in all 
forty comparisons or visits. Of thesc, fifteen iverc at a tcmperoture alcraglng ahout 46", 
and thc t.crnaindcr a t  an average telnpcrature of about 64'. l'lius 1)otll tlic Icngtll a t  62' 
and thc relativc cspai~sion nre \\ell dctcrtniucd. In thcsc comparisons tllc yard !',/;, lay in  
the same box with OM, the bars occupying alterl~ntely the inner and outer position. Tlie 
focal adjustn~cnt was renewed at nearly every comparison. l'he following 'I'nl)lc contains 
the result of each visit. The  te~nperatures are corrected for errors of thernlomctcrs. 

CO~.~PARISONS OF ORDNANCE METRE AND STANDARD YARD NO. 55. 

Dnte. 

1864. 
March 8 
,, 9 
,, ,, 
,, , 
,, 10 
,, ,, 
,, ,, 
,, 11 
,, ,, 
,, ,, 
,, 12 
,, ,, 

1: i b  
,, ,, 

Temp. 

o 

47.91 
47.59 
47.65 
47.55 
46.85 
46.78 
44.62 
46.00 
46.02 
45.98 
45.71 
45.87 
45.82 
45.39 
45-55 

Yn 

21.001~ f 21.48 k 
26.92 h + 18.48 k 
24.68 h + 20.12 k 
22.40 h + 22.78 A 
27.68 I1 + 21.74 k 
30.20 h + 20.15 It 
28.58 It + 21.53 11 
31.90 11 + 23.35 h 
32.85 /c + 21.36 k 
27.82 11 + 2 j . y ~  h 
25.72 11 + 30.42 k 
26.05 IL + 28.93 h 
23.78 It + 30.98 k 
23.43 1' + 33.80 h 
23.48 h + 30.93 h 

OM 

23.75 h + 12.68 k 
19.66 11 + 20.00 h 
17.8011 + 20.48 h 
25.00 11 + 14.30 h 
23.18 h + no.oz k 
27.78 h + 16.15 h 
18.15 + 25.52 k 
24.52 h + 23.72 k 
32.05 11 + 14.98 h 
21.10 + 25.75 h 
18.48 h + 30.05 h 
24.05 11 + 24.85 h 
ny.50 11 + 18.57 h 
22.18/1 + 27.83 k 
21.63 h + 26-36 h 

D~ffcrence 
in bllcromcter 1)~risians. 

- 2.75 Ir + 8.80 h 
+ 7.26 h - 1.52 k 
+ 6.88 lr - 0.36 k 
- 2.60 k + 8.48 k 
+ 4.50 /A + 1.72  k 
+ 2.41 h + 4.00 h 
+10.43 11 - 3.99 h 
+ 7.38 Ir - 0.37 11 
+ o 80 It + 6.38 h 
+ 6.72li + 0.17 h 
+ 7.24 It + 0.37 k 
+ 2.00 11 + 4.08 h 
- 5.72 h + 12.41 h 
+ 1-25 11 + 5.97 k 
+ 1.85 A + 4.57 h 

ru'b]-Yu 

+ .+.s4 
+ 4.56 
+ 5.18 
+ 4.70 
+ 4.Y5 
+ 5.12 
+ 5., 
+ 5.57 
+ 5.7.3 
+ 5 . + ~  
+ 6.05 
+ 4.85 
+ 5.36 
+ 5.76 
+ 5.12 





The length, therefore, of the yard on OM at thc kmperaturc t is 

The reciprocals of the weights of ' t l~e determiuations of x and y are, fro111 equation (z), 

Substituting the values of x and y in the equations of condition, we obtain the errorr 
of the different comparisons, as shown in the followiug Table. 

Tan~s OF ERROHB OF COMPARISONS OF THE YARD ON OM WITH Y,,. 

Date. I Error. 

March 12 + 0.56 
,, 1, - 0.58 
1, 2, - 0.09 
,, 14 + 0.13 
, D ,  - 0 . 4  

July 5 - 1-23 
,, 6 - 0.74 

,, -0.13 
, I  ,, - 0.14 
,, ,, - 0.27 

July 7 - 0.35 
,, t r  + 0.00 
,I 11 - 0.31 
,, r t  - 0.51 
,, 25 -0.19 
8 ,  8 ,  - 0.46 
, I  1, - 1.31 
,, ,, - 0.21 
,, 26 i- 0.97 
1 ,, + 0.84 

July 2G + 0,;s 
,, 27 + 1 . 1 2  

,I 1. + 0'3.3 
,, ,, - 0.01 
3 ,  ,, - 1'53 
I, , I  + o'oy 
,, 2s + 0.83 
1. ,v + 0.Y4 
,, ,, + 0.80 
,, ,, - 0.02 

Hence we find the probable error of a single comparison to be 

The probable error, therefore, of x is 

f 0.412 J . 0 3 2 1 2  = f 0.074 

And the probable error of y 

From equations ( z j ,  if required, i s  easily obtained thc  eight of' thc dctcrmiuntion of 
the length of [ a .  b]  at  any given temperature. 

The smnll spnce [ h a  1.1 of 3 .  38 inches was conparcd \lit11 t l ~ c  corrcspontlil~g spc~c~c 
on OF, [u. el ,  on August 4tl1, 5th, tiud 6th. 

0 2 



The individual or single comparisons, generally three in number nt each visit, and 
recorded as at  page 97, are shown in the following Table. 

Conn>~nrso~s OF 3.38 INCH SPACE ON ORDNANCE METRE AND ORDNANCE FOOT. 

From this we find for [ b .  c ]  the value 

at  the mcan t~rnper~~ture  65'. 32. The sum of the squarcs of the errors, or differences of 
tlie individual rcsults from the mean, is 7.001 I, consequently the probable error of a single 
compxrison is 

Duto. 

18G4. 
A u ~ .  4 

,, 
, 5 
II ,, 
I , , 

, 
,, 

,I ,, 
,, 

I t  ,, 
), ,, 

,, 
n , 

3 ,  

G 
t , 
), ,, 
I) , 

, 
I >  ,, 

and the probnble error of the mean of 20  comparisons 

[b.cl 

96.33 11 + 89-50 R 
92-13 A + 93.43 k 
92.33 11 + 93.53 k 
96.20 h + 89.7.3 k 
yr . g j  A 4- 93.17 k 
90.57 Ir + 94.43 k 
88.53 11 + 97.20 k 
90.63 h + 95.47 h 
93.40 h + 92.77 
92.93 11 + 92.87 h 
94.00 h + 90.70 h 
95.33 h + 89.53 k 
94.03 11 + 91.80 h 
94.47 h + 91.40 h 
93.03 I t  + 93.10 h 
93.7.3 11 + 93.77 11 
91.67 11 + 9z.y; I( 

93.13 1) + 92.87 h 
91.77 11 + 93.80 R 
92.10 h + 93.17 h 

Temp. 

65q40 
65.41 
64.70 
64.70 
64.70 
6 5 . ~ 0  
65.00 
65.00 
65-20 
65.20 
65.20 
65.45 
65.4.5 
65.45 
65.66 
65.66 
6j.66 
65.8.5 
65.85 
65.85 

\Ve have next to reduce this to thc tenlperaturc of 62". By equations (7) and (8), 
page 77, it appears that 

F = JY, , -0 .36 +o.0066 (t-62) 

with thc probable error 
f{.o11715 + .oo1256 ( t  - 62) + -0oooq88 ( I  - 6 ~ ) ~ } t  ( 12) 

[P. el 

8.77 h + 10.80 A 
8.77 11 + 10.40 k 
9.37 11 + 9.33 h 

10.03 A + 9.30 h 
H .47 h + 7.50 
9.23 A + 8.73 k 
9.20 h + 8.90 h 

11.73 11 + 6.50 h 
9.93 11 + 9.17 h 

10.63 h + 7.30 k 
8.37 I1 + 10.63 h 

10.33 11 + 7.97 
10.67 11 + 7.53 h 
11.07 fl + 7.87 h 
10.77 11 + 7.40 1' 

/L + 8.57 k 
ro.03 h -t 8.33 L 
8.00 A + 9 . y ~  A 
7.53 11 + 10.23 k 
9.63 h + 7.80 h 

Differe~~ce 
in nlicrometer 1)lvisions. 

87.56 A + 78-70 h 
83.36 11 + 83.03 h 
82.96 h + 84-20 k 
86.17 h + 80.43 k 
80.50 11 + 85.67 k 
81.34 h + 85.70 R 
79.33 11 f 88.30 h 
78.90 11 + 88.97 h 
83.47 h + 83.60 h 
82.30 h + 85.57 h 
85.63 h + 80.07 k 
85.00 f l  + 81.56 k 
83.36 A + 84.27 h 
83.40 h + 83.53 h 
82.26 h + 85.70 h 
80.83 /i + 85.20 h 
81.64 l i  + 84.6+ fr 
85.13 11 + 82.94 h 
84.24 h + 83.57 h 
82.47 I1 + 85.37 W 

[P'c]-[~'c] 

132.40 
132.52 
133.14 
132.68 
132.35 
133.05 
133.52 
133.72 
133.06 
133.71 
131.96 
132.65 
133.51 
132.95 
133.78 
132.24 
132.44 
133.86 
133.65 
133.68 



with the probable error of 

f { .ooogzg + -oooroo (t - 62) + .ooooojg (1 - 62)')i (13) 
Also by equation (47), page 71, we have 

338 
[ p  . e]  = - F -1.24 f 0 . 0 8  

1200 

Hence 

with a probnble error of 

f { . 0 1 0 5 3 3  + .030100 ( t  - 62) + .OOOC039 (1 - 62)')i (15)  
Let  now the sn~all space on OM at 62' I)e 

then at  the temperature t its length will be 

- 
where y is the cxccss of the expansion, for I" Fahrenheit, of one yard of OM above 
that of V,, 

Now taking the difference of equations (14) and ( 17) this space eevcccds [ F .  el hy 

and the observed value of this quantity for t = 65". 32 we have just found to be 

- 133.04 f 0.091 

Consequently 

u =  - 133.04- 1.34+ a0019 ( l -  62) - -33Lf 3600 (t-62) (19) 

Here we must put t - 62 = 3 . 3 2  and y = - 0.41og which gives 

The probable crror of the expression for u nre sce to be made up of threc independent 
corn onents : first, the probable error of t l ~ e  quantity I 3 3 .o4 ; ~ccoud, thc probnble error 
of t Fi e quantity - 1.34 + . o o ~ g  (t - 62) ; third, tlie probable error of a frnctiou of y, 
namely, 

Now we have the probable error of y by equation (8) equal to f O . O O ~ G .  So that 
the probable error of the above fraction o f y  bcconies iusignificant. 

We have thercfore for u the probable error 



The length of OM is co~~lposed of the two parts whose lengths we have jusl deter- 
mined, namely, thc yard whose value at 62' is, by (4), 

Y,, +.T =Y,,- 1 - 2 0  

and the small spncc whose lengtli ot 62O is, 1)y (zo), 

The sum of which is 

I n  order to obtain the probable error of this result it is necessary to remember that u 
involves y, which is determined from the same observations as x. The quantity u + x is 
made up as follows : 

{- 1 3 3 . 0 4 ) + { - ~ . 3 4 +  .oor9 X 3.32)+{"- .  3 1 1 7 ~ )  

The prooable error of the directly observed quantity within the first bracket is, by 
equation ( I  I ) ,  f . O ~ I  ; that within the second bracket is, by equation ( I  5), f -104; that 
within the third bracket is, by equations (6) and (2),  

f 0.412 {.032117 + +0031oo ( . 3 r )  + ' 0 0 0 ~ ~ 8  ( . 3 ~ ) 2 ) ? =  & .Ot5 

which, however, does not differ sensibly from the probable error of s alone. Hence for the 
probable error of u + c we have 

We have then finally, from equations (21) (22), for the length of the Ordnance 
Metre at  62' Fahrenheit 

0 M = (1.09375344 f .ooooool~)  Y5, 



'X. 

ON TIIE R1OI)E OF SUPI'ORZ' OF THE 
TOISES, Nos. 10, 11. 

W e  have described each of these as a flat bar of steel I .  go inches in breadth, and 
0.39 inch thick. T h c  extremities arc turned into cylinders having one and the salue axis, 
namely, thc line passing through the ccntres of all transverse scctionv of the bar. T h e  
length of each cylinder is 0 . 6  of an inch, and its diameter coincides \\.tth the thickuess of 
the bar. Ornittlng from further consideration these cylinders, the lengtll of' the bar with 
section as given above is 75.5 inches. 

T h e  bar is supported in its case on fbur points or rather conves metallic surfaces a t  
equal distances of 2 1 . 5  inches a art. These surfaces are of course supposcd to have o. 
common tangent plane: if one o ? the surfaces was above or below the common tangent 
planc of the other three, the bar would be improperly supported. I t  appears, as fhr ns can 
be ilsccrtained, that  in all con~parisons it  has beeu supported on four rollers having contact 
with the bar a t  the same points as when it  lies in its case. I t  is very necessary tllut these 
rollers should bc in onc and the salne horizontal plane, and as there may be sonle uncer- 
tainty in attaining to this perfect adjustnient, the follo\\~ing investigation wns u~idertaken 
t o  ascertain the effcct of any want of perfcctuess in thc alignment. \Ve shall also ascertain 
whether it  be allowablc to  support thc bar a t  the satne points as it 11as been always 
supported, but  upon lever rollers instead of up011 rigid supports. In  tliis case the four 
pressures would be equal, but  the surfaces of the rollers not in one plane. 

W e  shall have the more confidence in the results of tlic investigatiou inaslnuch as \re 
have found in the preceding section that the observed phenomena of flexure are in all 
but perfect accordance with computed results fiom theory. 

L e t  us suppose the bar to  be resting, with unequal pressures, upon four supporting 
points or rollers, of which the two outcr arc in a Ilorizontnl straight liuc, but  the two 
inner not in that  line. I t  will be easily seen that by this we do not limit ,the generality 
of the results. I n  the figure let P Q P' Q' be the four poiuts of support, the distances 
apart Q'Y=P'P=PQ=b; the whole 

Q' I? r Q 
length of the bar =a. Also let 

Pressure a t  P = P 
,, Q = Q  
,, P ' = P '  

,, Q=Q'  



Then if w be the weight of the bar 

P + Q + l " + Q ' = w  

We assume further that thc bar rcsts synlmctricnlly upon the rollers, that is, that 
the centre of' the bar is midway betwcen thc rollers 1' P'. Taking lnoments about the 
centre of the bar we get thc equ a t' IOU 

P + 3 Q = F " + 3 Q f  ( 2 )  

These two equations give 

Now let 

W 
then, I' = - ( I  - z x  + A') 

2 

T h e  points Q Q' being in a horizontal line, let the vertical ordinates of P P' be 6 6', 
that is their distances aboce-the horizontal line. Taking & Q' for the axis of x 

the co-ordinates of Q are x = .$ b , y = o 
1 9  P  ,, x = & b  , y=6  
1, P' ,, 2.2.-;t, y=6' 
9 9  Q' , ,  . 2 . = - - < b ,  ? / = O  

centrc of bar x = o y = 6 ,  

Also let the inclination of the bar to the horizontal line 

(1 l/ or, - at centre of bar = s 
d . ~  

,, the point P  = p 
9 , ,, Q = q  (7) 

Consider now the forces tending to bend the bar a t  ally point between the centre 
and P. Let the distancc of this point from the centre bc .z. : the sum of the moments 
of the up~vard reactions of the supports is 

And the sum of thc moments of the parallel forces constituting the weight of that 
portion of the bar which is to the right of the point me are considering is 



The sum of the nlolrlents of the elaetic forces 1)rought into action at the section of' 
the bnr in queation is by equation (4), page 22, 

wuk" 
12up 

Consequently 

Now by (4) and (5)  
w 

P + ~ Q = , ( I + ~ + x ' )  

Consequently by substitut,ion (8) becomes 

ak" 
or if as before 6;; = ; 

Integrating this eqnatiou 

Making s = o 

b 
Again, in this equation make .z. = ; , and we have 

Integrating n sccond tir:~e equation ( I  I )  

When .r = o, y = 8o consequeiitlg 

b 
This is the equation of the curve of the neutral axis froni P' to P. If we make .z = - 

2 
and therefore !j = 8 



A ain ; take a point between P and Q whose abscissa is r: the sum of the luolnents 
of the krces tending to turn the right-hand part of the bar about this point is 

Q (46 - .r) - !! (' - $)' 
2a 2 

consequently for the equation of the curve 

a za 8 ~ F Y = h O b - ~ - - + r - -  ; dT8 4 a 
Integrating this * 

n I dy= C, +(:bh - - ) r  + ( I  x2 as 
p d.r 4 - " )  2 - 3u 

b  making x = - 
2 

subtracting equation ( 1 2 )  from this we get 

and therefore 

Here let s again = $b, and me get 

Integrating once more equation ( r 6) 

which is the equatio~~ of the curve of the neutral axis fiom I? to Q :  but we have to 
determine the constant C,. 

b  If in this last equation x = - then y = o', and we get aftel. some reduction 
2 

subtracting from this equation (14) the result is 

and substituting this in (18) we have 

b3 Sx bbY I - A  .r4 
? z ' ? - - ( I - z h + A f ) +  - + ( I - 2 h + h ) l + ( ! b h - ; ) E 2 +  ---I" - 
1.c f L  48 r- 8 4 6 Iza ( 1 9 )  



Now when .r = <b, !/ = o ,  consequently after a little reduction 

We arrive finally at  the points to the right of' Q. Here the equation of monlente is 

making s = ; b 

Subtract froni this equation (17 )  and we get 

and substituting this value of C, 

Integrating this equation 

Make x = -zb and we have since here y=o 

From this subtract equation (20) and we get 

Substituting this value of C, we get finally for the equation of the neutrnl axis to the 
right of Q, 

We now for the sake of clearness bring together the equations of the three parts of 
the bar as follows : 

PQ: YE$- bs s+ be I - h  
P P 48 

( I - ~ ~ + ~ ' ) ) + L + - ( I - Z A + ~ ' ) . V + ( ! I ~ - ( ~  . ra+- - .  , r Y - -  
1* 8 4 8 )  6 

"* (B) 
I 2a 

SX b Q-:  Y=%-E ( 1 + 2 5 A + h ' ) + - +  ( I + ~ A + A ' ) . ? : - - - + - - -  
P P 48 P 

"' (C) 8 6 12a 

We hnvc now to find the eight quantities 8o s p q p' q' A A' in terms of 6 8'. For this 
purpose we shall make use of equatiolls ( I  z), ( 1 7 ) ,  ( 141, (zo), and those corresponding 

P 2 



to them for the left-haud part of the bar. In order to obtain thcsc it is necessary in eocll 
of the above to alter 7, into A', A' into A, and s illto s. Thus we have the followirlg :- 

psi' -- - - + g ( 2 + 3 A + h ' ) - -  (tb b3 
P I* 8  - 2G' (24)  

1)' - - s L" - - n b  b9 
P 

-f  g ( 2 + 3 h ' + h ) -  T--- 
P 2 4 u  (25)  

y s bs -. - - - + 8 ( ~ 0 + 7 h + h ' ) - - 8 - - - ~  3nb  gLJ 
P P (26)  

s b "  

P (27) 

6 6 s b  b" - - a + -  - n b" l4 
I.L P 2 1* +$(3+4h+2h')-?;--K6a (28) 

fi' -=%--  s b  b3 ab" 6' -- 
P P 2 P  f $ ( 3 +  4 " + " ) - F  1 2 , 1 6 a  ( ~ 9 )  

3 1 s  b3 g a b 2  2 7 b 4  
o=%+- +- ( ~ 5 + 3 8 ~ + 8 ~ ' ) - - - - - - -  

I* 2 P  4 8  32 6 4 a  (30) 

01 3b.s b3 o = ~ -  - + - (  g a C 2  2 7 6 '  
1'- 2 P  4 8  

35 + 38 A' + 8  A )  - -- - - 
32 6 4 a  (3 1) 

From the last four equations, performing the operations (28)-9 (30)-4 (31) nlld 
(29)-; (30)-$ (31) we get- 

2 b3 - - nbP b' 
- 6 ( - 4 -  3A-2A')+-+12TQ 

P 4 (32) 

ij. b3 --- tc b" b4 
- 6 ( - 4 - 3 h 1 - 2 ~ ) + - + - ; H a  

IL 4 (33) 
and from these- 

a b 22 - 32 
A = rCC, + $";- ,", + $ -- 

a P b:' (34) 
a A ' =  3 - 

b 201 - 3 8  
n i b + $ " ; - & + %  --- 

P bY (35) 

Again, fkom 4 (30) + a (31), with (34) + (35) 

6 b9 n 2 + 2' ) + $.;. - 
11 I* (36) 

The difference of (30) and (31) gives 

S - "  
8 - 2  

- z 7 (371 
We can now easily obtain y p' q q' in tcrms of 6 3', but as they are not required for our 

purpose, we shall write down now the equations of the curves into which the right-hand part 
of the bar is bent in terms of i 2. The  equations (A) (B) (C) by substituting the values of 
A ~ ' 2 ,  s become as follows : 



Ist, the equntioi~ of thc part P P' :- 

(A') 

2d, the equation of P Q : 
b4 8 + 22 

.I/=-." c;Y a +L& - + {:! ( 1 8  - 3 2 - 5 ;) + 49!k!!!?} X 

P t' 2 0 p b  
a 

a 
120 

3d, the equation of the part of bar beyond Q : 

P 

48 - 0". a x4 
I 2a (C') 

The last eqnatio~ls written down exprcss coluplctely the form of the bnr, and the 
equations (34) (35) give us the pressures upon the supports when ri 6' are given. For the 
four pressures we have fkom equations (4), (5) ,  (341, (35) : 

We shall now in thesc f o r m u l ~  substitute the values of a, b, and p, our unit of l e~ ig t l~  
being one inch. \\re shall take for the weight of a cubic foot of cast steel qgo lbs., and the 
modulus of elasticity 30,000,000. If h, k be the breadth and depth of the bar, its weight 

This applied as a direct force of colnpressiol~ to thc bar would comprcss it the nlnouilt 



Consequently 
I ak2 ks ( I  2 0 0 ) ~  - - - -  - 

6 " -  98a 

p= .000028151 

Substituting these values in (A') (B') (C'), we have the following :- 
S 

1 o o y = - . o 1 g z + 5 7 ~ 5 6 + 5 7 ~ 5 ~ + ( 5 8 . 1 4 0 6 - 5 8 . 1 4 0 ~ ) -  10 

I m ? / = -  3735+37.56+75.01.+(.9827+ 113951-  106.982) (G) 
+ ( -  8598 - ~ 8 . ~ 1  2 + 38.942) (E)' + ( .zgj4  + 6 . 0 ~ ~ ;  - 4.025 IS.) (:;)I 

&' - =  . 1 9 7 9 +  4.2898- 6.434% 
W 

The sum of these last equations being as it should be 

P 1" Q Q' 
- + - + - - + - = I  
W W W W  

In the expressions for the reaction of' the supports first given, the symbols 3 3' re- 
present the height of the inner supports above the line joining the outer s~~pports expressed 



in inches. But it will be more convenient to express these cl~~antitiee in hundredths of 
inclres, that ie, mnking d6 of an inch the unit. '1 he equations will then stand thus : 

P 
- = ,3021 + . 17156 6 - .150l t  6' 
W (46) 

P' - - - .3021 - ,15012 ij + .17156h' 
(47) 

1Kow in order that the bar ]nay be resting ou all four rollers it is necessary that 
none of the quantities P 1" Q Q' should be negative. If for certain values given to 6 and 
6', one or more of the reactions turned out to be negative, it  would show that the bar 
required to be drawn or pressed down to bring it into contact with all the rollers. The  
values of 6 b" are then restricted within c e r t a i ~ ~  limits which must be ascertained. We shnll 
proceed in the following manner : 

- . - -- - - -. -. -- - 
Multiply and divide the equations (46) (47) by J ( .  17156)" ( .  I 501 2)', and olultiply 

m d  divide (48) (49) by J(.o6434)" (.0428g)~, writing them thue : 

If r cos /3 + y sin /3 - u be the equation of a strnight line, a the perpendicular 
from the origin of co-ordinates on that line, always a positive quantity, /3 increasing fro111 
0 to 360' ; the perpendicular from a point whose co-ordinates are 

.1: = a, :/ = 2, 

upon the line, is, if the point be on the sunte side of the line \\it11 the origin, 
a - 3 cos P - il sin p 

Now the within the brackets i11 (SO), (51), (52); (53), are of this form, t l ~ c  
values of a and P being :- 

a, = I .  3252 p, = 138' 49' (50 

UB=I .3252  fi2=311'  11' ( 5 1  ) 
a,= 2.5593 P Y =  326' 19' (52') 

= 2.5593 = 123' 41' (53 ) 

which determine four straight lilies, and these straight lines fix the lin~its within which i I;' 
must be confined in order that the bar may take a bearing on each of thc ~.ollers. 



In the adjoinilig figure let X' S bo the axis of . I . ,  Y I" that  of .y interscctiop in n. right 
nt the origin 0. Construct the linc 11 k such t l ~ a t  the perpendicular let fall upon it 

from tlie origin = I .  325, ~naliing an angle of 1 3 8 ~  49' with 0 S.  Draw k 1 a t  the 

sanle distance from the origin, but the perpendicular malzing an angle of 3 I I" I I' with 0 X. 
I t  will be seen that  the point k in which these two lines intersect lies on the line bisectirlg 
tlie angle X' 0 Y'. Again, construct the  line I nz, having its perpendicular = 2.559,  and 
malting an angle of 326" 19' with 0 X ;  finally a t  the  same perpendicular distance from 
the origin, thc line 7ja IL, the perpendicular malting an angle of I 23" 4 [' with 0 X. T h e  
four lines Ii It-, k I ,  1 nz, 7n 11, it  will be sccn form a quadriluteral which is synitnetrically 
bisected by the line bisecting thc angle X 0 Y. 

Now take any point within thc quadrilateral 11 /( Z ~ L ,  and let thc  co-ortlinatcs of that, 
poiut be .7 = 2, y = ;', and let  the perpencliculars on the  four lines be pp'  q r/', thell 



We see now that  8 a' are so limitell that the oint they represent m u ~ t  frill within the 
rectangle IL k I 1 1 1 ;  for if' u7c take H poilit wit P lout t11v r ~ c t : i ~ ~ g I c ,  one or more of tbc 
perpendiculars will be negative, n ~ i d  thcrcfbrc thc pressures ~ ~ c . g ~ t i \ . c .  \\'c proceed to 
the fbllo\r.i~~g tlcductions : ( I )  A s  long as 4 nncl 2' are of the s.l~lie sign tlicy uiay I)c coni- 
paratively large quantities, I\ lietlier t l ~ c  sign bc + or -, I ~ u t  Inrgcr i t '  botli are negative. 
If tliey arc equal and a t  tlie posit ice ~iiasiui~ul i ,  (52) or (53) gives 

that is, .ogzz inch. If both bc equal and a t  the ncgatirc m:lsimun~, (50) or (51)'gives 

which is nearly a seaentlr qf an i~zclr. 

Jn tlie forrner case tlicre is no pressnrc on tlic supports Q (J' ,  ill tllc 1:ittcr therc is no 
pressurc on 1' P'. 

(2 )  If tlie quantitics 6 a' are of oppositc signs, t h c ~ i  their rangc is luuch niorc limited, 
they must be such that  the poiuts t l ~ e y  rcprcsc~it lLll within e i t l~cr  of the spaces X' OY' or 
Y OX. If one be + .J, ancl the other - ,A, of' an inch, tbcre will be 910 contwt  with 
one or other of l', P'. 

(3) Suppose that  all the supports being first in x horizontal line (thnt is, 2 = o, a' = o) 
tlic support P is ~ctisetl until the prcviure on 1" l~econics zero, tliat is, until tlie bar is about 
to  ccase having contact ~vitli 1" ; tlicn 0 . r  represents tlie q ~ ~ n ~ ~ t i t y  by whicli 1' may be 
raised. Similarly s~lpposing all tlic supports to IIC a t  first in a straiglit line, 0.1,' will 
r rpresc~it  thc a ~ n o u ~ i t  (- h') by which 1' xnay be lurceretl witliout co~uiug anay  ii.om tlic 
bar. T h e  values in hundredths of an inch arc 

Oy, 0.y' have the same meaning with reference to  the support 1". 

(4) Suppose the bar t o  be resting only on Q'aud P, having bare contact with P 'and Q.  
T h e  values of 6 6' will be those ~vhich correspond to tlie point I ,  both positive, namely, 

and the presswe on Q' and P : equations (38), (39), (40), (41). 

(5) If the supports be truly in line, then wc see by equations (42), (43), (M), (45) 
that  

very nearly. 

(6) I f  the pressures on the four rollers be equal, we ~ i ~ u s t  kirvc 



hundredths of an inch. In this case by equation ( A , )  we can show, making x = o, that 

8 = - 2.81 

If therefore the Prussian bar werc supported at the same four points of its length at 
which it has always been supported, but oil lever rollers instead of rigid supports adjusted 
into a straight line, the centre of the bar would be deflected ,028 inch below those parts 
which were in contact with the outer rollers. 

From what we have now seen we conclude that if the errors of adjustment 6 6' of the 
two centre rollers be confined to small quantities such as ,-!, of an inch, there will not fail 
to be contact on all four rollers. If  we knew only for certain that neither 8 nor F exceed 
,',,, then \re cannot say positively that therc will be contact on all the rollers, but the 
chances are in favour of it. 

5 

We shall next ascertain how much the horizontal projection of the bent bar differs 
fiom its unbent length. Let  the equation of the curve be 

We require to find the difference of the length of this curve fiom x = h to x = k, and 
its projection on the axis of .r between the same limits. The character of the curve being 

d .y such that - is a very small quantity, we have d .z. 

The differencc in question thercfore is 

differentiating (54) andsq~~ar ing  

(;;)% = A? + 2 Al A 2 x  + (A2 + 2 A, A,) :r2 + 2 (A,  A,, + A2 A:,) 

+ (2 A, A, + A;" .vi + z  A, A,k .z.V +A;; xo 

Wherefore 
(r = B, (I; - k )  + B, ( k  - h2) + B, (kl - h" + BB, (k' - 1 4  + B5 (Ic3 - h5) 

+ B, (16" /LO) + B, (k7 - Iti) (56) 

the values of B, B, . . . . being 
B, = -;- A12 ; B, = + A, A,  

B , = { - ( A ; + z A , A , ) ;  B , = : ( A , A , + A , A , ) ;  B ,=- : , i (A ,"+2A,A, )  
B, = i- A, A, B, = ,', A,: 

F~OIII thc cquations (A,), (B,), (C,), page 118, IVC may, without any further difficulty 
than sollie littlc labour, obtain the values of B, B, . . . . . B, for each of the curves. In the 



equation of P P' to obtain a we shall integrate fro111 - 4 b to  + !, b.  In the equation of 
the part 1' Q we shall integrate from h to  i: 6.. For the part 1,cjond Q we sl~rlll intcgrnte 
from L t o  4 a. 1:or the part I"&' thc rcsult ol~tnined for P Q will hold good on 2, i' bcing 
interchanged ; and for the part to  thc left of Q' tlie result obtailicd for the part to  the 
right of Q will hold good on i; 2' being intcrchangcrl. 

T h e  results obtained for the five different parts are as follows : 

. . . Q'; + ~ooooooo26 + .ooooo992 i; - .oo003971 6' + .ooo951866 6e - .oo761493 4 2 + .01522985 C1 

Adding together these five quantities we get the quantity a for the whole bar 
follows : 

a = . O O O O O O ~ ~  - .OOOO# (6 + 6') + ,0742 6% - .0805 6 2 + .0;42 re 
This  is the difference between the actual length of the bar and the horizontal 

projection of the  same : 8 2' being expressed in inches. I f  6 2' be expresscd in hundredths 
of an inch ; 

T o  apply this in some particular cases 

( I )  L e t  6 = o, 6' = I .oo, 
a = .0000074 inch 

T h e  probable error of a single observation (reading) with the micrometers in use is 
just f 0~000007 inch. 

(2) L e t  6 = 8'= 2.0 then 

a =.  0000258 inch 

a =. ooocz93 inch 

( 3 )  If  the two ccntre rollcrs be lowercd until the prcss~"rcson :ill four arc equal, we 
have seen that  in this case 6 = 8'= - 2..43, and corresponding shortcnirig is 

a = .oo00426 inch 

is equivalent to one and a half micrometer divisions. 

W e  conclude from these rcsults that if the rollers P P' can be acl.justed into line with 
an error not exceeding say the one hundred and filiieth part of' an inch, there nerd l)e no 
fear eitlicr of n false 11c:uing or of an alteration of a11p:ucnt lc~lpth.  If' th r  b:~r \\ere 
supported a t  the eame points of contact as a t  present, but upon lcvcr rollers, its 1cllgtll 
would differ very sensibly from the truth. 

(2 2 



\Ve havc secn that  in the positions in which the supports of the Prussian Toise arc 
actually placed, tlie pressulcs upon thc centre support:. are half' as great again as the 
pressures on the outer supports. I t  ~n:ly be interesting to inquire a1 ~ r l i a t  intervals the 
supports should l ~ ~ i v e  beell placed so as to sustain equal pressures. 

For  this PLirpose in the ecluations (38), (39), (40), (41), u~alrc o" = 2' = o:  t l ic~l  since 
P = 1'' = Q = Q' 11.c lilust 11a\.e 

Solviug this quadratic equation we ge t  

\\!hich, n being = 75.5,  gives 

b = rg .33 i11chc.s. 

By this arrangcuieut tllc o v e r l ~ n n g i ~ ~ g  c ~ t l c n ~ i t i c s  of the bar vvould have bc,cll eilch 
8 . 7 5  iiicllcs iustead 01; as they arc, 5 . 5  inchcs. 



XI. 

T h e  comparisons of the Prussian Toise No. 10 with the Ordnancc Toisc are dividcd 
into six series, as follows :- 

Series I .  Comparisons on Septcmber roth, I ~ t h ,  1 2 t h ~  14 th ;  ten conlparisons. 
2. 9 I ,, 18tl1, rgth, z i s t ,  zzd, z j d  ; ten comparisons. 
3. I 1 ,, zgth, 30 th~  Octobcr  st, z d  ; ten comparisons. 
4. , , October zoth, z r st, zzd, z3d ; ten comparisons. 
5 .  , 9 January 5th, 6th, ,7th, 8th, 9 th  ; fil'teen comparisons. 
6. 7 7 RIay I zth, I 3 th, 14th ; ten comparisons. 

In  all 65 coinparisons, that is, sixty-fivc visits to  the bars, the readings a t  one visit being 
taken and entered precisely i ! ~  the manuer explained in the con~parisons of QT and Y,. 
T h e  total number of' micrometer readings is 65 x 36 = 2340. If 11.c consider that a t  cach 
visit three comparisons arc mntlc, this n.oultl ~u:~l,c thc total n ~ ~ ~ n b c r  of co~np;~risons, 195. 

T h c  bars werc visitctl gcnerally t11rcc times during t l ~ c  day, a t  l~our ,  as 1i1r apart as  
pmcticablc. A t  the closc of' each vidt t l ~ e  c.~rtit~rc*ls were re-~nodc, t l ~ : ~ t  is, the snlall contact 
pieces werc drawn nn1ay fro111 t h r  cnds of the l'russian 'roise and brought up  ngaill to  
contact; thus for cvcry visit t l ~ c r c  was a frcsl~ contact n ~ a d c  : the o1,jcct being the 
elimination of any co~lstnnt crror from this source. Also a t  the close of each visit the bar 
left under the microscopes (alternately one and the other) was re-adjusted to  focus. 
T h e  space t o  bc measured by each ~nicroscope in this operation being n l~out  260 divisions 
-a large quantity, i t  was very necessary to  guard against any constant error that might 
arise from fbcussing, although, indeed, it  would appear from what has been shown a t  page 63 
that  very little error is to  be fearcd in incasuring such a quantity as 260 divisions. Fro111 
these precautions it  must bc pretty rlcsr that thc crrors arising froni errors of contact nud 
errors of focussing are fully brought out  in onr individual conlparisons, and in grcat measure 
eliminated in the final result. 

With respect to  temperature, the first four selics nud the last series are nt temperatures 
ranging between 58O.33 and 63O.69; and thc fifth series nt low ten~perature betwcen 30°.79 
and 34O.61. Hy this disposition we have ascertained the differelice of l c ~ ~ g t h  very nearly a t  
the normal temperature, and h a w  ascertitincd vcry accoratcly thc difference of the expan- 
sions o r  the bars. 

I u  gencral, the readings of the thermometers a t  tllc close of n visit are l~ighcr  than the  
readings a t  the conl~ncncernent. T h e  reason is obvio~is,-thc lighting of the candles and 
the  wnrnlth of the person of thc observer conspiring to rnisc the tempcrature. But  the actual 
amount is very small : from 911 examination of all the readings it  appears that the ctce,.t,ge 
increase is oO.oz. 



After each series of ten co~uparisons tlie l'russi:~n 'l'oise was dis~nounted and placed in its 
case while other con1parisons were made on other bars. 'l'lius cach serics of' ten is entirely 
independent, of the other. Apparcrrtly, tlicre can be 110 error comnlon to any two, as rtll 
adjust~nents are con~ple tc l j  t l~rown out  :rnd rcnewecl. A n  important point for consideration 
is thc prolrcr s711)l)ot.l of the  toise. As has bccn explainetl, i t  rcsts on four rollers, which 
arc supposed to be in n strnight line, that  is, t h e ~ r  uppcr surfaces to  liave a cornmoll 
tangent plane. I n  order to  attain t o  this, the  upper surfaces werc brought into line by 
means of a long Icvel, ~nounted on a piecc of very carefully planed ~nahogany about 
z feet long : tlie value of one division in this lcvcl is 4". Tlie level is first laid on the 
left roller aud tlie left ccntre roller, and, after a ininutc or t ~ o ,  is read. I t  is t l ie~l  placed 
on the two centre rollers and read. Finally, on the right centrc roller and the right roller, 
and read. Fmn these readings it is easy to  see which of' the centrc rollers is too high 
or too low with rcspect to  the extreme rollers (which are fixed and do not admit of 
vertical motion). T h e  centre rollers being accordingly elevated or depressed, the Icvel 
readings in tlic three positious are again taken. If, as is vcry probable, one or both of 
the  centre rollers require further adjustment, they are altered and the  level read again. 
T h i s  process is continued until the  readings of the level in its three positions are very 
nearly the same, that  is, within one or two divisions. T h e  distance of a contiguous 
pair of rollers is 2 1 . 5  inches, consequently one division of thc  level will indicate a 
vertical dis lacement of z I . 5  tan 4" = .00042 i ~ ~ c l i .  I n  the first series of comparisons P the  residua readings of the  level werc not recorded. O n  removing the toise a t  the 
close of the second series the rollers were tcsted, and i t  was found tha t  the three rollers 
on the  right were sensibly in line, the left roller indicated 5 divisions of the level in error 
which is nbout ,A, of an inch. A t  tlic commencement of the third series, after the level- 
ling of the rollers, the  residual readings of the  level in the three positions were 

15 .0 ,  16 .0 ,  1 7 . 5  
which indicate very minutc vertical displacements of rollers: 

At the  commencement of the fourth series, after t h e  levelling of the rollers the residual 
readings were 

15.5,  1 6 5 ,  1 6 5  

A t  the commencement of the fifth 

A t  the  cornniencement of the sixth 

From this it  would appear that therc is not much to fear fro111 any curvature of the toise. 
A t  any rate the error is not the  same for any two series. 

With respect t o  the form of the  rollers, the intention was that  one should be a perfect 
cylinder wit11 its axis truly horizontal, and the other three barrel-shaped. T h u s  the contacts 
of the l'russiar~ Toisc ivonld be along its ~vhole breadth on the cylinder roller, bu t  merely 
in a point on thcs 1)arrcl-s11;1pcd rollcrs, : ~ n d  that  point a t  tlie centre of the breadth. ?'he 
cylindcr roller to  bc onc ot tlic centre ones. JJut it  was not discovered a t  first that  all the 
rollcrs were truly cjlincicrs. 'l'his was relnedieci after thc first scries. A s  i t  would be 
difficdt or in~possiblc to  :djust  thcsc rollers so that  tllcir four axes should be truly parallel, 
so we must expect tlrat thc toise resting on thern would be supported on its outer edges, 
and so subjectcll t o  a slight degree of torsion. 'l'liis ci~.cumstance may, pcrhaps, render 
the first series of ten cornparisoris less uncnceptionable than the ren~oil~dcr. 

T h e  colltact was made a t  either end of' the l'russian Toise, as ncar as practicable t o  the  
ccntrc of t l ~ c  small circulirr polishctl disk fbrrning the end qf t 1 1 ~  toise. ?'llere is near, but  
not ot, the centre of' cacli of these disks a small speck, visible with n n~agnifying glass, pro- 
bably of' rust. In  making the contacts care was talren t o  avoid these spots, still keeping as 
near as possible to  the centre. 



The following Table contains the results of these comparisons ; each line shows the mean 
result of one visit. TI, denotes the length of the .Prussian Toise, To that of the Ordnance 
Toise, a the space on the contact apparatus. 

RESULTS OF COMPARISON ov P R U S S I ~ ~ N  TOISE ORDNANCE TOISE. 

l'russinn Toise. Ordneuce Toisr.. 

- - 
I 

1863 : 
&pt. 10 1 630.69 

3, 9 ,  63'67 
,, 11 62.85 
,, 9 ,  1 63.02 
,, 12 1 62.08 

nmennce  1 T, - T. 
in 3lierometer Dirkiond. + , 
-- .- 

-1y-ja74h+ - 6 7  h 
-1y2.11 11- 0.91 h 
-192.73 h +  9.71 k 
- 62.98 11-121.11 k 
- 48.89 h-123.73 k 

,, 18 
,, 19 
,, ,, 
,, 21 
3, 1, 

22 ,, 7, 

9 

,, ,, 
,, 
,, 23 
,, 29 
,, 9,  

,, 
,, 30 
,, ,, 
, 9 ,  

Oct. 1 
,, 9 ,  

,, 9 ,  

,, 2 
,, 20 
,, $ 9  

,, 
,, 31 
. 9 ,  

,, ,, 
,, 22 
,, ,, 
,, 23 
,, ,, 
1864 : 

Jan. 5 
,, ,, 
,, 6 
,, ,, 
,, , 
,, 7 
,, ,s 

,, ,, 

- - -- 

i I 
+1yy.yo/i+1in.y61 i + j y 5 - Q / t + ~ ~ y . 2 y  h qoy.70 

,, 9, 

9. 9. 

,, 14 
,, 9, 

,, 3, 

61.73 
61'60 
62.26 
61.59 
61.67 
6 1 . ~ 6  
60.94 
61.01 
61.01 
60.30 
59-18 
59'14 
5y.07 
58.42 
58.49 
9 5 3  
58'33 
58.44 
58.54 
58-50 
63.16 
63-31 
63.37 
62.39 
62.39 
62.49 
62.03 
62.12 
61-61 
61.63 

34'48 
34.61 
32'76 
32.79 
32'93 
31.29 
31.09 
31'41 

410.62 
4 0 y . z ~  
4094.1 
410.80 

+ 190.47 It+. 132.53 h l + j 8 ~ . j 8  /I+ 133.M k 
+ 1y4.yrh+136.*k '+$37.6511-1- 126.73 k 

62.11 
62-31 
61.22 
61.33 
61-37 

-298.28 h+155.38 h I+  1 ~ ~ 4 ~ ~  11+1~6 .~y / i  +4y7.751r+ 21.11 h. 

+ 164.38 /L+ 165.*h 
+ 174.43 h t 168.58 k 

53'27 h-12o.gI k I' 40.41 11-127.77 1 
- 50'27 Ir-103'()3 h 
- 57.79 h- 98.44 I 
- 67.92 h- 81.26 R 

-264.33 It+ 124.56 h !+ 190.53 k+ 186.898 
- 81.51 11- 65-30 h + 172.16 h+200.o2/t 
- 8 1 . 0 ~  b-  58.39 h + 1 8 ~ . 7 ~ / 1 + 1 9 ~ . 6 ~ k  

+227.3611+~84.55 h 
+ ??g..<z h+  292.31 h 

+ i 7 y , l y  / i + 1 6 2 . ~ j k  

+4j4.86 k +  62.33 k 
+253.67 /1+265.32 h 
+?66 .8(h+~j1 .08  k 

+ ~ 3 ~ . 4 6 1 1 + 2 8 2 . 6 ~ k  1 410.34 
+.Zl6.03 /1+ 13024k !+Lj6-+4h+,j8,01 h / 409.74 
+2q-C.63 /1+ '35.14 k ' +  1 7 4 . 9 ~  11 t 239.07 h , 409.31 
+ 0 y . 6 9  /L+ rq8.87 k I + 2 h 7 . + ~  l r t  24i.31 h 
+1gg.12 hf160.17 k l+267 .~-C1~+~4i i4 ,3  k 

- 70.16 11- 71-17 h + 1y1.13 h +  185 .0~  h + 2 6 r . ~ y  li+256.26 h 412.21 i - 92.91 h -  51.81 11 + 175.78 h + 1 9 7 . ~ 3 k  /+268.69 ~ + 2 + y . 2 ~ 1  I . + ~ z - l y  
411.09 
412.21 
412.96 
412.44 
410.87 
41 1.48 
412.25 
411.25 
410.65 
410.1. 
410.05 
+1,2.10 
410.91 
410.92 
412.21 
412.77 
4 ~ 1 . ~ 0  
410.47 
412.56 
412.71 
411.45 
411.31 
412.56 
411.31 

404.06 
403.51 
404..>3 
402.82 
403.83 
400.79 
403.84 
403.00 

- 84.60 11- 47'54 k /+lH5.7"2+ 198.32 k , + ' 7 7 0 ~ ~ ~ ~ / i + ~ ~ . 8 6  h 
- 90.69 h- 42.52 k + 183.96 /1+200.4:3 h 1+z7+.65 I1+24~.~ .5  h 
- 74.40 h- 59-18 k l+ry?.4j  / r + l y ~  51 /1 !+266.83 h + 2 5 1 . 6 ~  h , 
- 69.69 Ir- 58.08 k + l y i . y o h + ~ y 7 . ~ ~ k  1 + 2 f i ~ . 5 ~ 1 1 + 2 ~ 5 , 1 6 k  ' 

-136'14 11- 56.63 k i +  y .+ .3~/1+~28 .67  k +2.30.+6 h+285.30 h 
-154.98 11- 36.71 h :+ 115.57 /1+ ~ o y . ~ . z  k '+270.5j  1c+z46.r3 h 
-168.82 L- 20.20 h I +  80.68 / i t  247.86 k I +  249950 1~+268~06 k 

+283.80 h+232.64 h 
+287.73 h + ~ 2 7 . 9 7  k 
i i 8 1 . 1 7  h + q ; Q  h 

, + q 7 . y o / i + 2 1 7 . 0 ~  h 

+268.101+247.86k 
+296.36 11+ 219.71 k 
+ ~ I o . S O  / ~ + ~ 0 6 . 5 6  /t 

-144.61 11- 39.22 h +13().1y /~+193.42k 
-104'32 11- 78.81 h + 183.41 /L+ 1 4 ~ . 1 6  k 
- 82-40 A- 99.63 h+ar.12 h 
-139.00 11- 39.20 h + 158.90 h +  177.89 h 
-157.ooh- 23.43k + 1 3 1 ~ ~ l 1 + 2 0 5 ~ 8 8 k ! + 2 8 8 ~ 2 1 / 1 + 2 2 9 ~ ~ 1 k  
-117.42 11- 62.88 k +150.68 h t  I X + . ~ B  k 
-103.96 A- 76.93 h 
-154.18 11-1oo.54 k 

+ 192.40 h t  143.78 k 
+ 56.62 li+?o6.02 k 

-127.14 h-130.61 11 
'-131.4dt-1~5'1y h 
-137.21 h-103.56 h 
- r z y ' o ~  h-112.11 /t 
-128.02 k-113.62 h 
--131.21 h-105.78 h 
-118.31 A-120'43 h 
-129.52 h -  105.48 h 
-123'29 I L - I I O * ~ ~  h 

-133.12 h-113.28 h 

+ 129.29 h+131.19/1 Ii+261.80h 
$ "7.?7/1+133.28 h l+25~ .6y l~+258 .+7  k 1 

+119.37 A + I ~ ~ . ~ I  h 1+'5fj.58 /1+~58.f7 k 
+12g.Xy h+1+6.gyk 
+1n7.o+h+1+y.47 k 
+132.78 A +  146.84h 
+141.78 /1+ 135.89 k 
+ 134.04 11.t 148.97 k 
+ 136.48 h +  146.02 h 

+1z6.X8 1i+ 134.06 R 
-141.28 Ii-lojr.4y h ~ + 1 ~ 5 . ~ 6 1 i + 1 3 2 . 1 y h  
-113.34 k-120'15 R ,+  149-32 11+ 125.12k 
-117.11 h-115.60 h /+129.81 k+143.21 h 
-IJ 9.56 / L - N ~ . ~ I  It + 1 3 6 . ~ 8  h +  133.09 h 
- I I ~ , ' ) o  h-107.28 k + I  17,46h+ 165.69 
- 110.89 11-109.48 k + 1 3 8 . y 4 l i + ~ q ~ 7 1  R 
-116.02 11--110 20 h l+136.6611+ ~ ~ ~ . o ~  h 

-1-258.yo/i+25~.1oh 
+ 2 5 5 ~ 0 6 h + 2 6 ~ ~ 0 ~  h 
+263.gy A+252.62 k 

'+260.09 hi-256.32 h 
+ 263.56 !i+ ~ 5 4 . ~ 5  11 
+259.77 8+256.65 h 

+ ~ 6 o . o o l r + ~ ~ 7 . 3 4 h  
+266.741i+r3y.68 h 
+26?.66 /1+24.5.27 A 
+2+6.92 h+L58.81 h 
+ 256.541r+ 250.50 1 
+230.3611+27~.~7 k 
+249,83 A+2j7.1y h 
+ 2 5 ~ ~ 6 8 1 i + z ~ ~ . ~ ~  h 
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RESULTS OF COJIPARISON kc.-coitti~iuetl.  

Tempcraturc corrcctetl Sur errors of tl~crmomoters. 

Each line of this Table gives us a result of the form, 
TI, + u  - To = a 

where a varies with the temperature. Let  y bc the excess of the cxpa~lsion (for 1" 
Fahrenheit) of' the Prussian bar above the Ordnance, aud put 

TI, + u  - TO= 400 + .2. +f?/ 
where f is the excess of the temperature of the b:ws at  the time of observation above 
6t0, then every comparison gives all equation of the form 

;Z .+fy- ( l=O (1) 

Treating the 65 equations t l~us  formcd by thc method of lcast squares we get for 
the determination of + alld y the equations 

65 r - 4 6 2 . 0 7 ~  - 625.50 = o (z)  
- 462.073 + 1 3 3 3 3 . 5 4 ~  + 1756.59 = 0 

If  we write A and B for the absolute terms of these equations, wc get 
.%+ .020~+135A+ . o o o j o ~ 4 B = o  ( 3 )  
y + .0007074 A + .OOOOgg5 B = 0 

Restoriog the values of A and R we fiod 
x = I I .  526 (4) 
y = 0.2677 

and for the reciprocals of the weights of .z, y, and z + f 
x .  .. . . . .02041 (5) 
y . . . . . ~00010 

x + f y . .  . . . .02041+ .oo141f+ ~ O O O 1 O f P  



T h e  sum of the squares of these errors is 8 2 . 5 8 9 .  I-Jencc the probable error of a 
single comparison is 

Substituting in the sixty-five equations thc above values of 1. and y KC get  thcir 
errors, or the errors of the cornparisons, as sliowu in the following Tablc :- 

Now, if we count the ~ ~ u r n b e r  of ersors which are greater, nnd the nunibcr that arc 
less than the coriiputed probable error ~ v c  find 32 errors less than , 7 7 2  ancl 33 errors 
greater than .772 ; and SO fitr all is in accordance with the suppositioii of' pe~.fectly 
accidental errors. B u t  on exalnination i t  will bc scen that thc crrors in the first scrics arc 
all of one sign as though aflected by some constant error. 'l'lic only cause that suggests 
itself' is that  tlie bar was supported on rollcrs which wcrc truc cylinders. On thc otlier 
hand, the makers, Messrs. Troughton and Simms, were w r y  carcf'ul to  adjust these 
rollers into pamllelism, and it  is, therefore, scarcely safe to  concludc that this is the 
cause. In  the second serics there is a preponderance of positivc crrors suggesting a 
possible constant error here also. I f  by the value o f y  tahich has bcrii obtained wc correct 
all tlic coluparisolis t o  6z0, the d i f i ren t  series givc by these melins tlie f'ollo\ving results :- 

Date. 

1863 : 
September 11  

3 )  ,, 
9 ,  ,, 
9, 9, 

12 
~9 t t  

9 )  ,, 
,, 14 
3, 

,, ,, 

September 18 
,, 19 
,, ,, 
,, 21 
YI I, 

:: ;; 
?I ,, 
,- I ,  

,, 23 

Error. Dstc. 1 I<nor .  1)nic. 1  nor 
- -- - 

1863: r-- 
- 2.28 Scptaulber 28 1 + 0.09  
- 1.36 9 ,  ,, , + c.72 

- "-47 ,3 7, 1 + 1 ..SO 
- 2'39 
- 0.75  
- 1 . 2 2  ~9 $ 9  ( + 0 . j l  
- I .88 October 1 0.5O V P  9 , + 0.70  
- 2.01 ,, 1 ; 1 . 5 2  ,) ,, + 0.69 - 1.36 )) j p  ,, / - 0.01 
- 1.63 )I ,, ,, I + 2 . 1 0  

+ 1.07 Octaber J1:1y 12 - 0.33 
- 0 . 0 ~  3, >) ,, ; - 0.86 + 1.78 
+ 1 . 0 5  
+ 0 . 7 7  
+ 0.97 
- 0 . 1 7  
+ 0.95  + 1.70  
+ 1.36 

I# ,, 1 + 0.00 

,, 21 
11 3, 

11 ,, 
,, 22 
9 1  

,, ii 
,, ,, 

18G4 : 
January 5 

9 ,  , 
> Y  ti 
,J 9 

I 3  ,, 

,, ,, ' - I .OO 

,, 13 ! + 0.26  
13 ,, i + 0 . 3 0  
# I  - 0.46 
I )  :: 1 - 0.46  
,, 14 + 0.36 

- 1.16 
+ @ 9 3  + 1.05 - 0.09 
- 0.25  
+ 1.13 
- 0 . 1 2  

- 0.10 
- 0.89 
+ 0.83 
- 0 . 8 9  + 0.08 

,, , 
I )  ,, 

I 

+ 1 . 7 5  + 1.83 



Taking the mean of the determinations in the first and second series, we obtain as the 
value of T,, + cr - To at 62O, 41 1.14, which does not differ materially from the results in 
the other series. The errors, therefore, in the second series nearly balance those in the 
first, and for this reason we shall not reject the first series, although there is a strong 
temptation to do so. 

Taking f 0.772 as the probable error of single comparison or equation, the probable 
error of z 

= f 0.772 d.02041 = f o-110 (7 )  
and the probable error of y 

= f 0.772 \ / .ooo~o = f osooi7 (8) 
So that our final results are- 

T,, - To = 41 1.53 + O' I I  - cr ( 9 )  
a t  the temperature of 62" Fahrenheit. And the excess of the expansion of T,, above that 
of To for I" of temperature 

= 0.2677 f 0.0077 (10) 

If the first series mere rejected, we should have obtained T,, - To = 41 1.98 f '095 - 0- 
at  62" ; and the difference of expansion = 0.2842 f ,0061. 

In  the description of the contact apparatus it has been shown, that if, when the 
parallel or longitudinal and transverse lines wcre drawn, the centres of thc semicylinders 
were not in a line parallel to the direction of nlotion of the needles, but wcre moveable 
in two distinct parallel lines as represented in figure 2, page 12 ; then thc distance of 
the transverse lincs from one another will bc increased whcn the semicylinders are brought 
exactly opposite to one another by the amount 

where 2, and 2' are the distances apart of' the tlnansverse lines, first, when (by the motion 
of the transverse slow motion screw) thc lines u and b' arc brought into one straight line, 
and, second, when the lines a' and b are in onc ~trnight line. If then S be the distance 
apart of the transverse lines when the longitudinal lines are normally adjusted as in figure 2, 
the maximum distance or the quantity cr (= A + A') is 



We shall first consider the measurement of the ql~nntity 2. The approximate value of 
this space ie of an inch from which it differs but very little. The easiest way of measuring 
this would be simply to run i t  over with the micrometer screw of either or both microscops. 
but the largeness of the space requires that the value of a division be very accurately 
known : F being over 700 divisions. By the formula (23) page 63, it would appear 
that the probable error of a si~tgle measurement of this space with the micrometer is 

for H .  . . . f J . IS ;  (ITc) '+ . z o =  f 0.54 

f o r K . .  . . f J . 3 4 ; ( 1 7 u ) ' +  . 2 o = f  0 . ~ 1  

From this we might conclude that not much error nced bc fcared from the actual 
measurement of the space by the micron~etere ; yet it was thought better to compare the 
space 2 with some of tlie fiftieths of an inch in the foot 0 F. The five equal subdivisions of 
the tenth of an inch [6.73 on Q F werc accordingly chosen; and on four different occasions, 
September 15th. zqth, 26th, and October t d ,  the space i was compared with each of these 
five spaces. In  Table VIII., page 59, we have the errors of the subdivisions expressed 
in the micrometer divisions. The errors of the four lines subdividing [ 6  71 iuto fiftieth8 
are 

- & (0.99 1~ + o . 6 1  k) = - 0.64 
-&(2.31 h +  ~ . ; o k ) =  -1 .60  
- & (3 .56 h + 2.97 k) = - 2.60 
- i (3 .147b + 2-55 k) = - 2.27 

Consequently the errors of the five spaces as fphs of C6.71 are 
1 s t . .  . . . - 0 . 6 4  

The space 8 was compared with each of these fiftieths of an inch in precisely the same 
manner as the tenths of inches on 0 F were compared with <n of an inch and TS, of an inch 
on the small silver scale, see page 52. The  only difference IS, that the contact npparatue 
was on the right of the foot 0 F. See fig. 5, Plate VI. 

Each comparison was conducted exactly as in the comparison of two bars, viz., in the 
following order :- 

Left lines, 3 readings of H, and 3 readings of K 
Right lines, 9 ,  9 P 7 )  9 ,  

{ Right lines, ,1 ,, , 9 9, 

Left lines, 9 9 j, 9 9  99 

Left lines, 9 , 91 9 1  1, 

Right lines, Y )  17 7 1 71  

In  all, 36 micrometer readings, forming one c m p a ~ i s o ? ~ .  

The follo~ring Table contains the results of the twenty comparisons. The sixth column 
contains the correction from equation ( r z ) ,  to be applied for the errors of the spnces as 
fifths of [6'7]. The seventh column contains the corrected value of thc excess of 6 over 
one-fiftieth of an inch. 

R 2 



The  mean of the quantities in the last column is 10.34, and the sum of the squares of 
the errors is 9-55. Hence the probable error of a sil~gle determination is- 

.- 

Splee. Left Line~. 

-- 

First + 0.7011 - 15.17h 
+ 9.20/1 + 23.03R 
+ 20.63l1 + 8.63 h 
+ 1.6711 + 55.10h 

- 12.50h + 2.40h 
+ o.87h + 31.13h 
+ 16.8011 + 10.13k 

I + 36.9311 + 23.471 

Third + 6.87 h + 5.37h 
+ 0.5711 + 32.43h 
+ 2q.zoh + 8.17h 
t 18.131r t 28.63h 

+ 8.97h + 1.87h 
+ 16.77li + 8.23h 

100 
+ 21.5711 + 8.17k + 17~07 /~+32 .901 '  

+ 13.03h-  3.27k 
+ 11.47/: + 14.601' 
+ 30.50h + 2.50h 

100 + 20.97h+ 3 2 3 7 h  

and the probable error of the final determination 

We hare then 

Riglit Linen. 

-12.6oh - 14.17h 
+ 3.8011 + 14.73h 
+ 4.70h + 10.5oh 
+ 0.1711 +43 ,7oh  

-16.2qh - 8.ooh 
- 1.57h+ 18.57h 
+ 1.87h + 10.37h 
+23,8311 + 2z.30h 

- 6.27h + 3.071 
+ 6 - 1 3 h  + 11.83h 
+ 8.63h + 8.90h 
+ 3.60h + zg.ooh 

+ o.ogh- o .zgh  
+ 3.37A + 8.83k + 8 4 o h  + 7.731' 
+ 5.13h+31.831'  

+ 1 .87h -  I - 2 o h  
+ 0.0.31i + 14.33h 
+18.50/1 + 5.171' 
+ 9.93h + 34.50h 

Here o" is co~uposed of two parts, and llas consequently two partial probable errors. 
The  probable crror of the second part resalts from the comparisons in Ta\)le H., and we 
have found it to bc f . 107. The  probable error of the first part depends 011 the probable 
crror of the dcter~ninntion of the value of [6.7] o n  8 F or rather is affected by one-fifth 
part of that error. 'I'lic errors of the dcterlili~ietions of the subdivisions of [6.7] do not 
enter. Now, by equations (3),  page 49, [6.7] is expressed thus :- 

From cquntions (12)) page 56, thc reciprocal of the weight of - x, + .z, is 

L. - R. 
Length. 

9 ~ 1 3  
10.27 
10.53 
9.65 

10.31 
11.00 

10.72 
10.38 

11.29 
1 1 . 0 ~  

10.80 
10.25 

9-12 
10.50 
10.99 
10.67 

9.49 
11.57 
9.68 
9.51 

+ 13-30h - 1.00h 
+ 5.40?1 + 8.30h 
+ 15-93h - 1-81 h 
+ 1.5011 +11.4oh 

+ 3.741~+10.40h 
+ 2.*1t+12*56h 
+ 14.93h - o.24h + 13.1olt + 1.17h 

+ 13.14h + z.goh - 5.56h +ao.6oh 
+ 15.57h - 0.73h 
+ 14.53h - 0.37h 

$ 8-94h  + 2.10k 
+ 13,4011 - os6ok 
+ 12.9711 + o.+k 
+ 11.94h + 1.07k 

+ 11 .16h -  2.07k 
+ I I . & ~  + 0.27h 
+ 12.00h-  2.6711 
+ 11,04/1- 1.93h 

+ 9.77 + 10.91 
+ 11.17 
+ 10.29 

+ 11-27 
+ 11.96 
+ 11.68 
+ 11.34 

+ 11.29 
+ 12.02 
+ 11.80 
+ 11.25 

+ 8-79 + 10.17 
+ 10.66 
+ 10.34 

+ 7.22 
+ 9.30 
+ 7.41 
+ 7-24 

-0.64 
,, 
,, 
,, 

-0.96 
,, 
,, 
,, 

-1-00 

,, 
,, 
,, 

+ 0 ~ 3 3  
,, 
,, 
,, 

+zs27 
,, 
,, 
,, 



consequently by equation (32),  page 65, the probable error of the detcrminetion of - 2, + z, ie 

The probable errors of r, and .r, were shown to be f - 0 3 6  and f . 0 3 7 ;  hence 
finally the probable error of the determination of [6.7] ie 

- 

f J-(:O~)' + (*00~) ' -+  (.001)' = f ,080 
and 

Thus, the value of 6 becomes 

Now, expressed in millionths of a yard F = 3 3 3 3 3 3  . 3 3  and i7[ F = 555.56, 

I t  remains to compute the small correction to thir quantity 6 which is exhibitcd in 
equation ( I  I) .  In ordcr to obtain 6, - 6' both 6, and 6' were lllensured by runs of the 
micromeler H. Each quantity was measured ten times and they were measured altenlately, 
first, 6, then 6' and so on. Thus, each measure wns entirely independent as far as contact 
and udjustmcnt of the longitudinal lines into one, are concerned. Uut thc focal adjustment 
remained constant through the series, purposely, this error disappearing ill 6, - 8'. The 
following Tablc cont;iins the rcsult of these Inensures; each number is the difference 
between the mean of two rcadings of thc left line and the menu of two readings of the right 
line. 

Thereforc 
d 

6, = 6 9 4 8 0  f 0.127 

6' = 702.17 f 0 . 1 1 5  

0 ' - 6 ' =  7 . 3 7  f 0.171 

or, cxprcssed ill ~nillionths of a yard 
8 - 6'= 5.86 f 0.196 



The distance apart of the parallel longit,udinal lines (= 1:) is 775 divisions of H or 616.0 
in our unit; also the radius p of the cylinders is 0.365 iuch, which referred to the unit 

The correction is, therefore, a very small quantity, and its probable error we may 
neglect. Hence, finally, from ( I  I ) ,  ( I / ' ) ,  ( ~ g ) ,  

r = 565.85 f 0.108 (20) 

If in equation (9) we substitute the value of a given in equation (20) we get 

T,, - To = - 154.32f v ' ( . I Io)~+ ( . 1 0 8 ) ~  

... TI,= To - 154.32 f 0.154  

For the value of To we refer to page 144, where equation (16) gives 
To = (2  I 3 1675 I" 000000214) Yb6 

from which there follows 
TI0 = 2.13152080 Y,, 

With respect to the probable error of the result at which me have now arrived, it will be 
necessary in order to obtain it with precision, to review the whole of the operations which 
have led to the number 2. I 3 152080, and to show the manner in which it is connected with 
each of these operations, and the extent to which it is dependent on them severally. 

Retaining the notation of equations ( I ) ,  (z),  (3), pages 48, 49, we have by equation 
(4212 page 70, 

Thus the determination of the length of [ r . f ]  as a portion of 0 F depends on four 
entirely independent operations. 

I. The bisection of 0 F, 
2. The subdivision of one-half of 0 F into six equal parts, 
3. The subdivision of one of these sixths or inches into ten, 
4. The subdivision of one of these last parts into ten. 



  he' corresponding parte of the above expression for [T. f J are as followe ;- 

Let  A, be the excess of F over 4 Y, at 6z0, E~ the excess of the expansion of F over 
4 Y,, for each degree Fahrenheit, then 

F = 4 Y, + A, + E~ ( t  - 6 2 )  

Let A, represent the excess of the length of thc two adjacent yards on 0 T above z Y, 
a t  6z0, and let E~ represent the excess of the expausion of' Y above one yard of OT then 
the length of the two yards of 0 T 

= ~ Y , , + A , -  Z E , ( ~ - 6 2 )  

Let  A, he the excess of length of the small space of 4.74 inches on 0 T above [T . f ] on 
0 F at  the temperature 6z0 + 6, then the excess of the space on O T  above the space on 
0 F at 6z0 i~ 

474 
As + b Fo (€1 + 4 €2) 

Hence the length of 0 T at  62' is 

Now at  6z0 

And the consequent length of the Ordnance Toise is, at  6z0, 

Thus the length of 0 T depends on the four operations enumerated above, together 
with the following :- 

5. The  comparisons of 0 F with Y,, 
6 .  The  comparisons of the two yards of 0 T with Y,, 
7. The comparison of the small space on O T  with the corresponding space 

on 0 F 

Again, the distance of the two lines of the coutact apparatus when brought into con- 
junction has been found to exceed the fifth part of [ 6 .  ;] by n quantity, say A, 

= 3 [ 6 . 7 1  +A,, 



Finnlly, let A, be the excess of thc length of the Prussian Toise + u, above the 
Ordnance 'Toise at 6z0, then 

T,,, - To = As - 0- 

where two further operations are involved ; viz., 
8. The determination of the value of the space on the contact apparatus. 
9. The  comparison of the Ordna~~ce  and Prussian Toises. 

We have then the follomi~~g expression for the length of the Prussian Toise at  62" 

The parte of this formula which appertain to the several operations in the order 
enumerated above are 

Now by equations 6, page 5 I ,  the reciprocal of the weight of u X,  + z, is 
I 1  u" 2 a + + I  

I 8 
28 I 13024 

and if n = - - this becomes - 
100 I 80000' and consequently the probable error of the deter- 

mination 

Again, from equations ( 1 2 ) ,  page 56, the reciprocal of the weight of the determination 
o f a x , +  @x,+ ys . ,+8r , i s  



And making o = - 2 ; 3 = - 3 ; = 1 ; 8 = - I ,  the reciprocnl of the weight of 
the determination of - 2 r ,  - 3 r ,  + r ,  - a., becomes 

184 
20 

nnd the probable error of the determination of - z x, - 3 r ,  + r, - x, 

and the  probable crror of one-fifth or" this is 
f 0.017 

T h e  reciprocal of the weight of A, + 6 E ,  by  equation (3), page 76, is 

10123 + .OIIsO 6 + .OOO++7 be 

now b = .53, and if 6 = t ;  I this bccomes = . 1 r 348, arrtl the probnble error of 
A, + 2-:f b E ,  is 

f 0.3304 .11348 = f 0.111 

rind the probable error of 

becomes 

472 f -- X 0 . 1 1 1  = f 0.044 
1 zoo 

Again by equation (82, page 100, i t  appears that the reciprocnl of weight of the 
determination of .z., + .r' + !/ is 

.12666 + .00663 4 + ,000183 6: 
In  the formula we are now considering, A, corresponds to  .r, + x', and G, to  - y, we 

iriust therefore in order to  obtaiu the reciprocal of'the weight of the determination of 

which gives for the reciprocal of the weight 

. I 2620 
474 nnd therefore the probable error of A, + -- b E, is by equation (lo), page 101, 3 600 
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TI12 following Table ~howv the amount of probable error due to the nii~e operations. 

Hence the length of the Prussian Toise in terms of the Copy of the Standard Yard 
No. 55 both being at  62' Fahrenheit is 

T,, = (2.131 52080 f . ooooooze) 

Noturc of Operatiou. l'rolrabla 
Error. 

.-.p-----p------....---.-p----. ~- I 
I. The I~isectioti of the foot 0 F . 
2. The subdivisiou of one-half of 0 F into six equal parts - 
3.  T l ~ e  suLdivixiort of one of t l~ese pnrts into ten - 
4. The subdivision of one of these last parts again into ten - 
5.  The comparison of 0 F with Y, - - 
6. The comparison of 0 T n,ith Y,, - - 
7. The coinpxrison of 0 T with 0 F - - 
8. The mew~uernent of the sp:lce on the contact apparatus - 
y. The colnporison of 0 T wit11 the Prussian Toise - - 

& '029 

- + ,057 

- + '047 

- + '098 

k .044 

- + '184 

- + '064 
- + '107 

k .I10 



DETERMINATION OF THE LENGTII OF THE 
BELGIAN T O I S E ,  

'The Standard Toise of the " DBpCt de la Guerrc" of Belgiuln is in all rcspccts similar 
to the Prussian Toise which has been already described. They wcrc made by the same 
maker nearly at the salne time, and ore according to the determinatiou of' General Baeyer 
almost exactly of the same length. The  only difference is that one is marked Xo. l o  and 
the other, tlie Belgian, is No. r I .  

The Toisc was lent to this Department in 1862 by General Nerenburger and was 
brought to Southampton by Captain Libois in the month of September that its length 
might be ot)tnined in terms of the Standard Yard. Being the first experiment in COIII- 
parisons between a ~neasurc ti traits and a measure ti bowf .~  much difficulty was found in 
getting satisfactory results. Thc  computed probable error of the resulting length was 
2 .13  (milliontlis of a yard). This is rather n large quantity for a computed probilble 
error, and moreover the mxnifest imperfections of the means thcn av:rilalle left much to 
be desired. 

Accordingly, in Septen~ber I 864, the Toise was again, at the request of Colonel Sir 
Henry James, R.E., lent by the Minister of War at Brussels, Geueral Simon, for con]- 
parison G t h  the Ordnance Toise in the same manner and with the same apparatus as the 
Prussian Toise had been compared. The  Toise No. I I arrived a t  Southampton on the 
morning of 29th September, and mas immediately placed on the apparatus, and the coni- 
parisons commenced next day. 

In order to guard against any possible change of length in the Ordnance Toise, 0 T, 
which n ight  have taken ace since October 1863, it mas considered advisable to exanline 

a. p], [P . y], [y. 61 previously to the comparison with the Belgian each of its tluee spaces f 
Toise. A serics of ten comparisons of [a .p]  with the copy of the Standard Yard KO. 55 
was innde accordingly on Se tember ~ g t h ,  zoth, zzd, 23d : ten comparisons of [P y ]  were 
also made on the z ~ s t ,  22$ and 24th. where by a comparison is meant the mean rrsult of 
one visit. 

On 26th September ten si~igle contpurisons of [ y .  o'] with the space [ r .  f ]  on the bar 
0 T were made. Here bay single cona11co.iso)z is meant three luicrometer readings with eucl~ 
microscope of the one bar, and the same of the other bar. 

8 2 



The two Tnbles folloiving contain these conlparisons. 

COMI'AII~SONS OF TIIE T\\'c) YARDS 017 0 T WITH Y,,. 

Temperntures corl.ectcd for errors of thermometers. 

Date. 
1864. 

sept .  19 
3, ,, 
5, 9, 

3, 20 
,, ,, 
, , 
,, 22 
,, 23 
J> 9, 

,$ ,, 

3 21 
,, ,, 
,, 
3, 22 
, ,. 
, ,, 

CO~IPARISONS OF SPACE [y.E] ON 0 T wrrn  SPACE [rlf] ON 0 F. 

September d t l i  1864. 

Menn teri~perature 5yo.8o. 

Tenlpc- I 
O T  I Difference 

lilture. / y 6, in Blierometer 1)ivisions. 
I 

6Pyl 
60.95 
60.86 
60.20 
60.20 
60.13 
59.44 
59.50 
59.51 
59.53 

5.46 
6.60 
6.0G 
6.50 
6.43 
5.# 
7.93 
6.66 
6.16 
6.23 

Pard [I-!]. 

11.38 I +26.42 11 1 2017 + q . 5 0  h 1 +8.79 h -1.92 h 
19.95 IL +17.07 h , 19.57 h +25.72 h -0.38 A +8.65 k 
15.43 11 -+ 22.98 A / 19.45 11 $26.50 k ' +4,02'h +3.52 A 

2 4  
2.41 
1.26 
4.yg 
5 . ~ ~  
3.83 

59.56 1 30.87 +33.45 32.33 +34.85 k +1.46 11 + 1.40 h 

+2.73 h t 5 . 4 3  h 
+2.08 Ir +5.98 h 
+1.68 I1 +5.14 I1 

-0.70 Id +y.88 h 
+2.79 11 +5.82 R 
+2,69 It +5,04 k 
~ 8 . 1 7  A -0.33 K 

26.80 11 +28.92 11 1 29 5 . 3  IL +34..35 h 
28.00 h +28.05 k 1 30.08 Ir +34.03 k 

Ynrd [P.y]. 

27.45 h +28.53 h 
28.45 Ii +33.22 2 
31.08 A +zy.15 k 
28.03 I& +33.38 1' 

33.20 1' +34..32 1 ++.DO h -0.96 k 
37.23 11 + 29.57 /l I -0.02 I1 + 1.60 /i 
36.03 Ir +33.87 k $2.05 h +4.20 k 
3600 Ii + 3 4 . i ~  h 1 +6.72 h +0.50 1 
31.60 h +36.65 k , -0.60 11 +5.40 It 

59.59 29.20 11 +35.28 k 
59.55 37." 51 +27,')7 h 

29.13 It +33.67 It 

27.75 h + + ~ . I o  h 
33.87 I1 $34.97 h 
30.72 11 +38,42 k 

59.34 
5 j.42 
59.48 

19.80 Ir ~ 4 0 . 9 3  k , 27.97 h +40.60 h 

33.98 f29 .67  k 
29.28 It $33.65 k 
32.20 h +31.25 h 



If wc take tlie mcans of the second rind last colunins of the first Table we find that the 
yard [a. ti] wus a t  the temperature of 60". I 3, grunter than the St:iudard Yard by 6. 20 ; and 
the yard [/3. y ]  at the tempernture 5g0.46, greater than the Standard Yard by 3.36. Now 
the values we have obtained for these pards arc, bee page 102, 

[(L.@] = Y,, + 6.18 - 0 - 4 2  ( t  - 62) 
[fi.r] = Y,, + 2.4j - 0.442 ( t  - 62) 

if here we make in the first eq~iation t = 60. I 3 and in the second t = 59.46 we obtain 

a t  60". 13 [a+@] = Y, + 7-01 
at  59O.46 [/3.r] = Y,, + 3.57 

which are somewhat larger thnn the quantities givcn by tlie last series of comparisons, but 
not sufficiently diferent to indicate any rcal change of' length. 

IVe shall thereflre coiiibine thcsc observations with the thirty comparisons of cach 
yard given at pagcs 98, 99. 

As before, let 
[a. b]  = Y5J + 5' +f" 
[ B .  Y] = Y5, + .r, + A y  

Where f is the temperature of tlie bars - 62". Theu we have for the dctcrnlination 
of 3' Y and y a series of' eighty equatiolis of the fort11 

which treated according to the method of least squares give 

40 x' + (f') ?/ - (a') = o (1 )  

40.2., + (A)  Y - ( 0 , )  = 0 
(f') 2.' + (XI r, + [(f) + (f)] :1/ - [(.f' 0 ' )  + (A  f:l,)l = 0 

The results of the nlultiplications here implied, are 
(f')= - 288.19 (2) 
(0') = 367.58 

( u ' f ' )  = - 42205802 
(.f") = 5676. I503 

(.A) = - 298.95 
(a , )  = 227.98 

(".A) = - 2906 3723 
(f #S) = 4803.8443 

And the final equntions, 
40.2.'- 288.19~- 367 5 8 = 0  (3) 
40 .r, - 298.95 .y - 22; 98 = 0 

- 288.19.~'- 298.gj .r, + io4;g.ggy + j126.952 = o 



From which 
.2' = 5 ,949 

= 2,338 
y = - 0.4498 

If we writc A B C i11 place of the absolute terms of the equntions, wc get 
0 = r' + ,0334139 A + .0087280 B + ,001 1678 C (5) 
0 = 5, + .0087280 A + .0340539 B + ~ 0 0 1 2 1 1 4  c 
o =y  + .w11678 A + .oo1z11413 + .oo01621 C 

Thus we have for thc lengths of the two yards 

[a .P]  = Y, + 5.95  - 0.4498 ( 1  - 62) (6) 
[ / ? J . Y ]  = Y5, + 2.34 - 0.4498 ( t  - 62) 

which arc lcss than the values resulting fro111 the first 30 compariso~~s of each yard by 
0.23 and o. 11. 

From the last column of the Table, page 140, it appears that at  the temperature of 
59'. 80 [ r .  61 is greater than the space [ r .  f ] on 0 F by 3.63. Now the excess of the 
expansion of the former over the latter we have found, page 103, to be 

where y is as found above - ,4498 ; that is, - ,061 8 per I" lqahreaheit. Consequently 
the correction to reduce observations at 59" 80 to 62'. 00 is - .o6 I 8 x 2.20 = - o . I 3. 
This is to be applied to the o1)served resalts, and if we correct (by + .03), the observed 
differel~ces taken at the tc~npcrature of 62". 53, ~.ccorded page 102, the general mean of 
the forty comparisons is 3.40, so that at 62' 

[,.a] = [ r . j I  + 3.40 (7) 
This differs but little from the result of the first 30 comparisons, viz., 3.37. 

We shall now bring together the errors of the 40 comparisons of each space in the 
following Table :- 



The errors in the 1a13t series of' coluparibo~ls of thc yard are unusually large. 
Particular attention wtls drawn to the irregularity of the results while the observations were 
in progress, but no cause could be assigned, unless it might possibly be that the stonc 
piers were of a slightly different temperature to that of tbe air of the room. It will be 
seen that the three first observations have positive errors while the next three have negative 
errors. 111 the first three the bar 0 T was next the piers, but in the next tbrce Y, was 
next the piers. The thermou~eter readings, hoivevcr, do not indicate any change in the 
temperatures that would account tbr the apparent change of results. The cause of tlis- 
crepancy, whatever it be, seeins to vanish at  the end of thc series. 

From equations (5) we find the reciprocals of the weights of the several determinations 
as follows :- 

5 ' .  . . . . 0.0334' (8) 
.X,. . . . . 0.03405 

.r' + a, . . . . . o ,08492 
y . . . . 0.000162 

The sum of the squares of the residual errors of' the 80 equations from which these 
quantities were obtained (being the errors in the first fbur colunlns of the last Table) is 
54.65. Hence the probable error of a single colllparison is 

The probable errors of the several deternlinations are therefore 

x'. . . . . f 0.568 d.03341 = f 0.104 (10) 

5. . . . . f 0.568 d.03405 = f 0.loS 

5' + 5 , .  . . , . f 0.568 d.08492 = f o.lti.5 

,y . . . . . 0.568 d x  = f 0.0~72 

The  sum of the squares of the 40 errors of the coinparisons of [y .6 ]  is 10 5 I, con- 
sequently the probable error of a comparison is 

and the probable error of the mean of the \vliolc 

f O.35O = * .,,, -- '/z 
We have therefore 

[ y . 6 ]  = [ref] + 3.40 f 0-055 
Also, for t = 6z0, see page 72. 

therefore, 



Adding to this the suin of equatioiis (6) ,  viz. :- 
[a.y] = 2Y,,+ 8 . 2 9  & 0 . 1 6 5  

we get for the entire length of the bar- 
-6-4 

[a.&] = Y,, + 8 - 4 5  f 0.214 3600 

so that the length of the Ordnance Toise in terms of Y,,, both being a t  62O, is 

To = (2.13167512 f .oooooo21) Y,, (16) 

A series of measures of the space between the lines on the contact apparatus \\!heti the 
two parts arc brought together was :)Is0 inarle with the micromctc~~s I1 and I i .  In each 
measure the focus was re-adjusted, and the contacts renewed. The  results are given in 
the followiug Table, each nunlbcr being the tnenn of three micrometer readings. 

The  mean of the measures by tI is 7 10.75, which in niillionths of the yard = 564.97 ; 
and the mean of thc measures by K is 708. 10, which in nlillionths of a yard = 565.06. 
The  mean of these, 565.04, ~ n a y  bc taken, when compared with the value ( 1 7 ) ,  page 133, 
otherwise obtained, as a satisfactory proof that the contact apparatus has not undergone 
any change. We shall not make any further use of this result, retaining the value given in 
the Section on the l'russian Toise. 

Rather unfortuiiately for the comparisons of the Toise No. I I with  he Ordnance Toise, 
the tempcrat~ire com~nenced to fall just after September 29, falling 5" in the next week. 
Unfortunately, inasilluch as \lye h a w  to inalte use of the relative expansion of the two bars 
to rsduce our results to 62". If r,, rll be the expansions per 1" Fahrenheit of the 'I'oises 
Nos. lo and I I ,  r, that of the ()rdnance Toise 

Ilicrometer H. 

No\\, fro111 page 49 of the " Contpte 7,errtlu des opr'rations . . . . . l ~ o u r  e'talonner les 
I >g ks yui onl P ~ L :  c~?nploye'es (? la mesure cles buses g&ocl&siques Belg es," it  appears 

Micrometer K. 

Left Line. 

1:366.17 
1364.13 
1359.83 
1358.03 
1356.90 

-. 

Left Linc. 

657.67 
659.25 
659.40 
657.30 
658.60 

lligbt L i n e  1 1)it. 
1.- .. - 

lliglit Line. 

1365.53 
1366. j7  

hg4.8.j 
652.50 
650.03 
647.33 
646.63 

nit. 

707.86 
707.30 

7 n . 3 4  
7 ~ 1 . 6 3  
709.80 
710.70 
710.27 

1368.00 1 708.60 
1366.13 708.83 
1366.50 i 707.90 



that the expansio~ie for I"  Centigrade of the Toises Nos. 10  and I I are 01.00grz8 and 
0'. oog I 56 respectively ; that it1 for 1" Fahrenheit, the expansions expressed in n~illiontho 
of a yard are 

No. lo . . . . . 12.511 
No. 1 1  . . . . . 12.549 

Let  the probable errors of these quantities (not known) be E,, E,,. By page I 30 we 
see that 

r10 - rO = 0.268 f 0'008 

Then if r,, and r,, had been independently deterniiued 

rl, - r0 = 0.306 f J E,: + + (.o08)' 

Twenty-five comparieous were ol~tsined 011 Se~tembcr  30 and October I ,  3,  4, 5, 6, 7, 
8, a t  which time the tempcrnture hat1 f:lllcn to 53  .9. As it was very dcsirahlc from the 
shortness of the time in which the co~nparisons werc. to be niatlc, to have :'I1 thc circuln- 
stances varied as much as possible, the bars merc Sreque~itly dismiou~ited in tllc evcnings and 
the adjust~nents renewed previous to tlie next morning's observations. 

In order to ensure the non-existence of a constalit error iu a scrics of observations of 
this kind, the following points require to be attended to :- 

I. The  axes of rotation of the microscopes to be vertical. 
2. The  outer foci of the microscopes to be in a horizontal line. 
3. Ordnance Toise to rest sym~lletrically on its rollers. 
4. The supporting rollers of the Bclgian Toise to be in a straight l i ~ ~ c .  
5. The  toise to lie sjmnietrically on tliem. 
6. The  steel needles of the contact apparatus to be horizontal. 
7. Point of contact to be on tlie horizontal diaulcter of the circular ter~iiinal disk of 

the toise. 
8. Point of contact to be on the vertical diameter of the same. 
g. Each piece of the contact apparatus to be lcvcl transversely. 

10. Care to be taken that no pnrtical of dust intervenes a t  the contacts. 
I I. The  bars to be adjusted to distinct focus. 
12. The  bars to take alternately the ilillcr and outer positions. 

If any of these adjustments should remain unaltered during tlie series, there might be 
room to fear a possible constant error; and on the other hand tlie more frequently they are 
renewed the more confidence may be placed in the results. I f  it were practicable it would 
be well that they wcre all renewed previous to each comparison, but the tinie that woultl 
be required for this purpose rcnders it impracticable ; hesides which the merc presence of 
the observer for the length of time requisite for correcting many adjustments produccs a 
considerable disturbance in the length of' the bars, so that they rcquire to be left alone i'or 
many hours to settle to their natural lengths. 

The  manner in which the adjustments mere actually renewed, mill be seen from the 
notes following the Table subjoined, which contains the results of the twenty-five 
comparisons. 



Tcmperntures corrected for errors of thermometers. 

I .) Bars re-adjusted to focus. Contacts renewed. 
3.) Bars re-adjusted to focus. Contacts renewed. 

(5.) Microscopes re-levelled and re-adjusted. Contact pieces re.levelled, re-adjusted. 
(6.) Bars re-ad,justed to focus. Contacts renewed. 
(7  ) Bars re-acl.justecl to focus. 
(8.) Bars rc-adjusted to focus. Contacts renewed. 
(9.) Bars dismounted and intcrchanged. Rollers of Belgian Toise re-adjusted into 

line. Bars re-adjusted to focus. Contacts renewed. 
(to.) Contact pieces re-levelled. Focus of bars re-adjusted. 
( I I .) Bars re-adjusted to focus. 
( 12.) Microscopes re-levelled. 
( I 3.) Bars dismounted and interchanged. Rollers of Belgian Toise rc-adjusted into line. 

Contact pieces re-levelled and adjusted transversely. Bars re-adjusted to focus. 
( 14.) Bars rc-adjusted to focus. Contact picces re-levelled and adjusted in vertical 

height. 
( I  5 . )  Bars re-adjusted to focus. 
(16.) Bars re-adjusted to focus. 
(17 . )  Btuss dismounted and interchanged. Contact pieces levelled and adjusted 

transversely. Bilrs adjustcd to focus. 
( J 8.) Bars re-adjusted to focus. 
( I 9.) Contacts ~enewcd. 
(20.) Bars dismounted and inteichanged. Rollers of Belgian Toise re-adjusted into 

line. Contact pieces re-adjusted and levelled. 
(21.) Bars re-adjusted to focus. 
(22.) Bars re-adjusted to focus. 
(23.) Microscopes re-levelled. Focus re-adjusted and contacts renewed. 

No. 

I 

2 

3 
4 

56 
7 
8 
y 

lo 
11 

12 

13 
rq 
15 
16 
1 7  
18 
l y  
2 0  

21 
2 2  

23 
24 
25 

Belgian Toise. 

-- 

874.8% lr +871.23 k 
874.07 h -1-872.70 k 
875.43 h +873.84 
873.55 h $876.02 k 
875.08 11 + 875.55 h 
878.03 11 i879.22 k 
878.80 11 +877.63 
877.63 A +879.77 A 
880.27 11 +877.28 k 
882.63 h +883.57 k 
883.70 /L +882.93 h 
886.18 h +879.87 A 
882.88 11 +882.72 k 
887.55 h +886.15 h 
885.75 h + 884.93 R 
886.12 11 +887.57 k 
888.12 11 + 885.30 k 
886.20 h +887.32 11 

887.45 11 +886.05 h 
886.77 11 +888.45 k 
888.17 It $891.08 k 
888.90 11 +8yo,oo k 
88y.27 h +887.20 h 
872.02 h +872.85 11 
871.43 h +873.08 16 

Date. I T a p .  1 Ordnance Toise. 

1861: 
Scpt. 30 
, , 

Oct. 1 
,, ,, 

Difference 
in Micrometer 1)ivisionn. 

255.72 h + 257.77 k 
254.20 11 +258.80 k 
257.32 h +256.11 k 
257.22 h +256.55 h 
255.04 11 $258.03 h 
256.77 h +256.08 A 
257.17 1' +256.92 k 
259.55 h +255-25 k 
257.80 h +255.82 k 
256.19 h +254.31 k 
254.22 h +255.54 k 
250.20 h +260.05 k 
253.52 h +256.53 k 
257.08 h +253.27 h 
255.30 h +257.0y k 
256.65 11 +254.76 k 
253.86 h +257.98 A 
257.18 h $254.65 X. 
257.58 h +255.20 h 
255.28 h +256.88 8 
259.03 h $251.49 k 
259.45 h +251.47 k 
254.85 h +257.10k 
255.35 11 +256.43 k 
256.87 h +255.25 1' 

58.94 
5 8 . ~ 2  
58.41 
58.43 

408.97 
408.5~ 
408.92 
409.19 
408.64 
408.46 
409.45 
410.01 
409.07 
406.58 
406.00 
406.40 
406.23 
406.46 
408.10 
407.71 
407.66 
407.64 
408.40 
407.91 
406.59 
406.91 
407.75 
407.61 
407.88 

1130.54 h + 1129~00 k 
1128.27 h + 1131.50 h 
I 132.75 h + 11ay.95 k 
1130.77 k +1132.57 h 
1130.1 2 h + 1133.58 h 
1131.80 h +11'3~.30 h 
1155.97 11 +11:34.55 1 
1137.18 k + 1135.02 
'1138.07 h + I I ~ ~ . I O  k 
11>8.8z h + 1137.88 k 
11.37.y2 h + 11:38.47 k 
1136.38 h + 113y.y~ k 
1136.4011 +I13y.25 h 
1144.63 It  + 1139.42 k 
1141.05 h + 1142.02 k 
1142.77 11 + 1142.33 
1141.y8 It  + 1143.28 k 
1143.38 h +1142.47 k l  
1145.03 IL + "41.25 k 
1 1 4 ~ 0 5  h + 1145.33 k 
1147.20 A +1142.57 k 
1148.35 h + 1141.47 k ,  
I I W . I ?  It + 1144.30 k !  
1127.37 h + 112y.28 k 
1128.30 h + 1128.33 1' 

,, ,, ( 58.37 
, 3 ' 57.04 
,, ,1 157.01 
,, ,, 57.01 
,, ,, 157.02 
,, 4 
,, ,, 
,, ,, 
,, ,, 
,, 5 
,, ,, 
,, ,, 
,, ,, 
,, 6 
,, ,, 
,, ,, 
,, 7 
,, ,, 
,, ,, 
,, 8 
,, ,, 

' 56.26 
56.27 
56.20 
56.15 
55.16 
55-26 
55.11 
55.10 
54.39 
54.36 
54.28 
53.89 
53.94 
54.09 
53.88 
53.92 



T h e  several adjustments here enumerated were made a t  the close of the conipnrivons 
against which they are written. I n  renewing the contacts, the stcel 11ced1e of each piecc 
wtls drawn back (against its spring) f r o 1  the bar, and 110th the cont;ict piece and the clld 
of the 'roise very gently rubbed with a piece of a fine kid glove. 

T h e  following Tnble shows the corrections for temperature, taking o. 306 as the excess 
of the expansion of the  Belgian Toise nbovc t l ~ e  Ordnancc Toise for I" Fahrenheit. 

~ - -  

T h e  mean of the corrected differences of length is 409.71 and the sum of thc squnres 
of the differences of the ilidivid~lals with the mean resnlt is 2 r .61 2 \vl~ich would give the 
probable error of a single ohervation or comparison as f 0.640. But  this is greater 
than the actual probable error of n cotnpilrison, as it is atfccte~l by the probitblc crror of 
the assumed rate of rel:~ti\.c expansion. 

But  in consequence of some of these co~nparisons being further fiom thc normal 
t e lnpera t~~re  than others, it is not corrcct to take the simple rlieou of tlle thir,l c o l u ~ ~ ~ n  as 
the final result. I f  we denote by  o the observed diH'crcnces of length, thc dirfcrences of the 
corresponding temperatures from 62" by a,  and the difirence of cspans io~~s  of'thc Uclgi~ln 
Toise aud Ordnance Toise by .r; then the results f i r  thc direrence of'lcugtli y nt 62" are 

Observed 

y = a;, + a,, r. 

4 0 ~ 9 7  
408.59 
408.92 
409.19 
408.64 
408.46 
409'45 
410.01 
4O9'O7 
4 0 6 . 9  
406.00 
406.40 
406.23 
406.46 
408.10 
407.3 1 
407.66 
407.64 
408.40 
407.9' 
406.59 
406.91 
407.75 
407.61 
407.88 

409'9 1 

409.53 
410.03 
410.28 
409.75 
409.98 
410.yX 
41 1 ,.54 
410.51) 
408.34 
407.75 
408.1 7 
408.02 
408.55 
410.16 
409.42 
409'77 
409'97 
410.74 
410.27 
40y.07 
409.38 
410.17 
410.09 
410.35 

0'94 
0'94 
1. I0 

I .og 
1.11 

1-52 
1.53 

I .52 
1.76 
1.75 
7'77 
1-79 
2.09 
2.06 
2.11 
2.11 

2'33 
2.34 
2.36 
2.48 
2.47 
2.42 
2.48 
2.47 

~ 

+o.?o 
-0.18 
+0,31 
$0.57 + 0.04 
+o.r7 
+ I .r j .  
+ 1.8,j 
+0.88 
- 1.37 
-1.96 
- 1.54 
-1.69 
-1.16 
+ 0.45 
-0.29 
+0.06 
+0.26 
+ 1'0.3 
+0..j6 
-0 .6 .~  
-0'33 + 0.46 + 0.38 + 0.64 



I n  order to obtain the most probable value of y wc shell multiply these values by a 
series of multipliers A, A, . . . . . A,, such as will give a resulting value of y with the 
minimum probable error : the sum of such ~nultipliers to be unity. If  Ei be the actual 
error of the measured quantity ui and E,, the actual error of the assumed relative expan- 
sion r, then the error of' the adopted result for y is 

A ,E ,+A?E,+  . . . . . ~ , , E , , + ( a , h , + a , h , + .  . . ~ , , A , ~ ) E ,  
Writc V for the coefficient of E, so that 

(18) 

V = a l h l  . . . . ",I An (19) 
then the square of probable error of the adopted result for y will be 

ee (A," + hEe + . . . A,,') + V"' (20) 
where e is the probable error of a single comparison, E the probable error of our assunled 
rate of relative expansion. Now this quantity is to be a minimum, subject to the 
condition 

A , +  A , +  A , +  . . . A , =  I (21) 

Differentiating these two equations, we have 
o = (eP h, + V a,) d A, + (e2 2' + V a2) 11 A2 + . . (e2 + V an) d A,, 

0 = d A1 + dh, . . . . . . . . . . . + (1 A,, 
from which 

e2 A, + E' V a1 = C ( 2 2 )  
e % 2 + 2 V a e = C  
e % h , + E 9 V a , = C  

e2 A,l + E' V a, ,  = C 
T h e  sum of these equations givcs 

e + ~ ~ V ( a ) = n C  (23) 

and if a c  multiply the111 by U, cr2 . . . a,, respectively, aud add, wc get 
c2 v + E' V (aE) = C (a) (24) 

climiuating C, we get 

(a) - 
n v = 

1 + -; [(a?) - -- 
7L 

and further 



These are the multfpliers which render the probable error a minimum. T h e  sun1 of 
their squares is 

Hence for the square of the probable error we have 

A n d  this is a snlaller quantity than would result from any other system of multipliers. 

Now the quantity E is not given. W e  may, however, get an estimate of its amount 
probably not very far from the truth, by an examination of the probable errors of the 
determinations of expansions of other bars. Referring t o  a previous section, we have 
obtained for the expansion of the bar lo, the value 2 I .o55 f 089, and for I Op the 
value 21.400 f 050 (see page 79). Now in this last case, the probable error of the 
determination is about &th part of the amount of the expausion. Again, a t  page 49 of 
the Account of the liussian Meridian Arc, Vol. I., we have the probable error3 of the 
determinations of the cxpansions of the four Standard Bars N, P, F, H, and taking the 
mean we get this, that the probable error of the detem~ineci amount of expansion is %th of 
that  amount. Taking this as a guide, as the expnnsion of either toisc is about 12.5, the 
probable error of the deterlnillation would bc f .03, and if the dcterrninntions of the 
ex~ans ions  of the two toiscs were indc~pendentlv l~ iade  the  roba able error of the ~.elative 
expansion would be J (.03)'+ (.o3)' = f -0;. In  adopt:ng this value we shall not err 
very materiully from the t ru th ;  that  is, not so illuch as to  be misguided. 

Jf further we take for the value of e f o 60, then 

e2 - - I - -  
ee 225 

This  gives for the valuc of V 
v = 4.577 

Forming now the values of h and multiplying each result by the corresponding multi- 
plier, we have finally 

Y = 409.75 (29) 

differing but  very slightly from the meau, which was found to be 4ogbj1. 

By equation (27) the probable error of our result is 



NO\+' \re haw sccn that e is something less than f .64, so that our probable result 
may be set down as f .zg. 

Her~ce 
T,, =To - (r + 409.75 f 0.35 (30) 

Where T,, is the length of the Uelgian Toise at  62' ICahr., To that of the Ordnance 
Toise, and r tlie value of tlic space on the colltuct apparatus. 

The value of cr is given at page 134 as 
a = 565.85 f 10s 

and for To we have found 
To = (2.13167512 & oooooonir) Y,, 

consequently 
T,, = 2.13151goz Yy 

with a probable error, to be regarded only us npproai~~ltrfe,  of 

2/(.214)"+ (.lo87 + ( . 2 5 y =  f 0.35 
Therefore, finally, at  the temperature of 62" we have the length of the Belginn Toise 

TI, = (2.13151 902 f . ooooooss) Y,, (31) 



Y A R D S .  

TIie copies of the National Standard Yard assigned to the Ordnance Survey are- 
No. 29 Bronze. 
No. 55 Swedish Iron B. 

I t  is stated in the official report that the teu~perdures a t  which they are exactly one 
yard, are as follo\vs :- 

No. 29 at 61". 51 = National Staudard Pard. 
No. 55 at 61O.93 = National Stand:~rd Yurd. 

these values being the results of the comparisons made by the late Air. Sheepshanks. 

Of these two bars, the iron bar No. 55 appears to be best determined. According to 
information kindly supplied by the Astronomer Royal, No. 55 was compared directly with 
Bronze No. 28 (the Standard) on March 21, 22, August 10, 1 1 ,  1 2 ,  13, 18, 1853 ; 
Bronze 29 was cotnpared on five days; sonle of the comparisons were with Brauze 28 
direct, and some indirectly through another bar, Bronze No. I 2.  

That a standard bar does retain an invariable length a t  a stated tempernture is a pro- 
osition not altogether established, though it may perhaps bc said t11:lt in very fcw ctlses 

gave actital nispcctcd altcratiuns or fluctuations of length been siilficirntly proved. In the 
very bar choscn by hLr. Sl~ecpshanks as thc rcpresentative of the national unit, we have, 
for instance, strong cvidencc of a tempornrj- r-nltcration of length. In the ten feet standard 
of the Ordnance Survey, there is much rcason to doubt the constancy of the coctlicieut of 
expansion, and if this be uncertain, it cannot be said that the length of tlie bar a t  62' is 
invariable. In the lieport" of thc Comparisons of Standard Bars in Brussels, 1854, we 
find similar iustauces of apparcut changes both of length and of rates of expansion, pp. 105, 
106, 126. 

How far these discrepancies may be due to errors of observation and ftlulty methods 
of comparison, it is not easy to say; but the fact of their having been observed s t  all 
renders it very desirable to re-compare some of the Copies of the Standard Ynrtl, with a view 
of ascertaining whether the differeuces obtained at present agree with those uvigned by 
Mr. Sheepshanks tcn years ago. 

* " Con~pte P ~ L I ~ U  IICS O ~ ~ C r ~ t i o ~ i s  LIB IIL C ~ m m i s ~ i o u  instituQu 11nr >I. 10 Niuis t~ .e  do In Guerrc, pour 6t;rlonner 
les rPglea. bc!' Brurelles, 1855. 



Three copies were accordingly borrowcd from the Astrorion~er Royal. They are 
designated- 

No. 65. Cast Steel A 
No. 66. Cast Steel B 
No. 67. Cast Steel C 

and their lengths as nssigned by Mr. Sheepslianks- 
No. 65 at  62". 22 = National Standard Yard. 
No. 66 at  62". I I = National Standard Yard. 
No. 67 at  62O.47 = National Standard Yard. 

Of these copies, No. 66 appears to be the best determined ; it was compared (according 
to infbrmation supplied by Mr. Airy) on 1 3  days with Bronze 28 direct. Nn. 65 was 
compared on one day only, and 67 on tnro days ; in both these cases the comparisons were 
not directly with Bronze 28 but illdirectly through an iron bar ( L o a  Moor B) whose 
length was well detcrn~incd. 

Rcferrinq to the " Account of the Construction of thc new National Stnndnrd of 
Length and its Principal Copies," we find that the excess of the lengths of Cast Stecl B 
and Swedish B above Bronze 28 ilre (p .  57) 

No. 66. Cast Stcel 6 = Bronze 28 - or.oo6565 - or~037303jo ( t  - 62) 
No. 55. Swedish Iron 6 = Bronze 28 + o ,004267 - o .03350280 ( t  - 62) 

where I' = oin..oo3587 
I11 the same place we find 

Brass 2 = Bronze 28 + 0'.082740 + o'~ooo7z975 (t - 62) 
I t  does not appear from tlie "Account" that the ubsolule cxpansiol~ of Bronze 28 

mas ever determined. I t  appears to have been assumed to be the s:~lnc as that of another 
Bronze Bar No. 12, of which the absolute expansion was dcter~nincd by direct experinicnt. 
But we have the absolute expnnsioli of tlie bar designated Brass z by direct experiment 
(pages 48, 49), it was t'ou~id to be 

or. 09601 : for 1" Pahrenlleit. 

From tl~is  and fi.on1 the ~,elntive expansions shown abovc ~ v i ~ l i  refcr~nce to Bronze 28, 
we get for tllc expansion of' Cast Stccl &, 0.057977, and for S\vctlisli Iron B, 0,061 777, SO 

that the absolute lenglhs of these bars a t  the temperature t are, if \re put a to represent a 
TLlUE YAIID, 

No. 66. . . Cast Steel B = @ - oT.oo6565 + oT.057977 ( t  - 62) 
hTo. 55. Swedish Iron B = 9 + o .oo4267 + o -061777 (t - 62) 

or, if we express the small quantities in millionths of the yard- 

No. 66. . . Cast Steel B = 9 - 0.65 + 5.7768 (t - 62) = FIG, 
No. 55. Swedish Iron B = 9 + 0.43 + 6.1555 ( t  - 62) = Y5$ 

We find a t  page 59, that a t  62" the length of Bronze 29 is in excess 4.60 divisions ; 
at  page 60, that Cast Steel A at  62" is in excess - I .z8 divisions, and Cast Stecl 6 in 
excess by - .70 divisions. Expressing these differences in millionths of a yard, we have 
for the lengths a t  62' 

No. 65. Cast Steel A = @ - I -28 = Y,, 
No. 67. Cast Steel C = - 2.69 = Yo, 
No. 29. Bronze = a + 4.58 = Y,, 



I n  order to  determine not only tlic prescnt cliffcrences of length of thcsc five bars b u t  
their differences of expansion, obser~vntions ~vcrc rriadc upon tliem, both a t  low tcruperatures, 
38" tc, 40°, and in thc vicinity, as m a r  as pructicablc, of' the nor~nnl temperature of' 62". 

T h e  three b x s ,  66, 55,6;, wcrc compared on two days i l l  Fcl)ruary, 26th, 27th, being 
visited three timcs cach day. T h e  tlirce Iws ,  65, 55, 29, wcrc con1l)ared 011 1:ebruary 29th 
and XIi~rcll I ,  threc tinles 011 thc for1nc.r and t\vicc on the latter day. Tlrc ordcr of' obser- 
vation ant1 nurnber of' micromctcr readings wcre as indicated in the follo\ving 'l'able ;- 

No. GG 1 3 
,, 5 5  3 
,, 67 3 
,, 67 3 
,, 5 5  3 
,, G G  3 

besides thc reading of fonr thermo~nctcrs iu the bars a t  t l ~ e  comt.nencelnent and close of 
the visit. 

In cnch case the threc bars were placed (in line) in the box of the tcn feet bars. Each 
bar rested on two freely-n~oving rollers, which were capable of' being raised or lowered by 
small quantities for accurate focal adjustment. These supporting rollers wcre in each case 
nlne inches right and left of the centrc of  the bar. A s  indicated in the above Table, the  
three bars were brought under tlre inicroscopes successively, and observcd in the direct 
ordcr, a, f i ,  y, and then a second tiulc in the rcverse order, y, B, u. 

T l ~ e  long box not being suitcd to thcee comparisons, a box of ii~nliogany was spccially 
madc, before the comparisons a t  the norliiul tcri~l)crnture, for tl!c reception of thrre st:~udord 
yards lying parallel to onc another, and n i th  thcir ccntrcs opposite. T h e  distiunce c~part of 
thc outer yards was 2 . 8 0  il~clics, which left sutticicnt loo111 tbr n third yard to lie l)ctween 
these. Each yard was supported on a pair of rollers I 8 inches a p a ~  t. 111 ordcr to  secure 
for tlre bars pcrfect frecdoln from any constraint, the rollers were two iuches in diameter, and 
revolved very freely on their axles, n'hicl~ were of steel working in steel Lk. By a special 
constroction each of tlicse rollers adn~it tcd of being moved in a strictly vcrtical plauc by 
Incans of a slow motion screw ~ o r l i i o g  from below tlic box. T h u s  thc observer was 
enablcd to nlake his focal adjustnients with the greatest nicety and tlic grcntest ease. 'l'he 
cover of the box was providcd with apcrtllrcs fbr tlic propcr reading of' thc bars and tlier- 
niometers. 'The bars were laid on a slope tolvnrds the light, that IS, their upper surfilccs 
were inclined a t  an anglc tan-' away from the observer ; the rollers being ill the form of' 
frustra of coues, and having flauges t o  prevent the bars slipping or.  

T h c  inner al-rd the outer bar had each two thernlometers, which mere read ns usual n t  
the conimencemei~t and close of every visit. T h c  inner and outer bars were systenloticnlly 

11 423. U 



interchanged, so that each was as often in the one position as in the other: thus, any 
difference of temperature owing to position is eliminated in the mean. Further, every 
comparison is aff'ccted with u diff'cl.c~~t error, if it be sensible, of fbcal adjustment. The 
comparisons at 6z0 werc conducted in cxactly tlie same milnuer as describcd for those at 
the low temperature, wit11 this exception, that two readings only of each ~nicroscope were 
taken in place of three, so that the small Table on page 153 will apply to these com- 
parisons if we alter the numbers 3 into 2. 

The bars 66, 55, 67, were compared on the following days, July 8, g, I I ,  12, I 3, 14, 
15, 22, 23 : twenty comparisons or visits. The bars 65, 55, 29, were compared on July 
IS ,  16, I 8, 19, 20, 2 I ,  22 : twenty comparisons. 

In the following Tables the results are given ; each line being the result of one com- 
parison. The first colurnn contains the date ; the second contains the mean of eight ther- 
mometer readings corrected for the errors of the thermometers ; the third, fourth, and fifth 
contain the micrometer measures, expressed in micro~neter divisions, h and k being the 
values of one division in the micrometer niicroscopes H and K respectively. 

Date. 

1864. 
February 26 

99 9, 

:: a; 
7 9  

, > 7, 

Ju ly  8 
9 

2 

9 
9, J* 

9 11 
3, 9 ,  

9 ,  

, 12 
9, 

, 
,, 13 
>, 9, 

,, 14  
, 9, 

7, >) 

15 
,, 22 
9 ,  23 

Coarpan~so~s OF STANDARD YARDS. 

Nos. 66, 55, 67. 

Mean 
Tempernturc. 

Temperaturea correctod for orrors of thermomelers. 



COMPARISONH OF STANDARD Y m s .  

Nos. G5, 55, 29. 

T o  reduce these observations by the method of least squares we proceed as follows : 
Let  the excesses of the lengths of the two bars being compared wit11 Y, be, at the tern- 
perature 62" +A with reference to that bar .. +fu 

x' +fu' 
or, if, Y, be the length of No. 55 at  the temperature 62" + f let the lengths of the other 
two be 

YG, + x +fy ( 1 )  

Y,, + r' + f y' 
and let the distance of the zeros of the microscopes at  the time of this comparison be 

y,, + 2 (2) 

Let  the quantities entered in the third, fourth, and fifth colurnus of the Tables given 
above be designated a, b, c, then we have these three equations at each conlparison 

Y,; + z =  Y,, + .r + fy + n 

YG3 + = yG1 + a 
Yo, + z = YG, + 3' +fy' + c 

i 1 Nesn I 
! Temperature. y 6, YM y 3 1 

! 
1864. 

February 29 
I ,  

,, 
March 1 

~ul;' 5 
16 
,, 
,, 

18 
9 ,, 
j ., 

,, :: 19 
,, 

20 
3 8  ,, 

,, 

:: fi 
,, 

)I , 
,, 

5.52 h + 19.53 h 
13.98 h + 13.40 h 
11.90 11 + 1.3.88 h 
8.20 Ii + 16.65 h 

14.18 k + 8.87 k 
27.48 It + 28.05 h 
27.20 11 + 32.03 h 
29.55 k + 26.73 h 
25.70 h + 28.25 h 
1y.80 h + 3r.00 k 
no,go h + 18.28 k 
22.90 h + 25.1j h 
26.20 A + 19.55 h 
20.03 A + 25.08 k 
22.38 Ii + 23.27 h 
29.45 11 + 40.43 h 
35.98 Ii + 32.48 k 
36.85 11 + 29.58 k 
37.83 h + 26.62 h 
j4.9.5 11 + 38.15 h 
31.13 h + 37.38 h 
29.98 Ii + 38.60 k 

11 + 28.57 k 1: 22 
j) ,, 

i 

3G.21 
39.52 
39.73 
40.02 
40.23 
62.50 
61.97 
62.71 
63.10 
63.78 
64.20 
64.54 
64.82 
64.91 
6 5 . 1 ~  
65.77 
66.05 . 
66.26 
66.53 
65.33 
65.74 
65.97 
66.21 

50.96 h + 74.88 h 
57.53 h + 65.85 h 
55.63 h + 65.28 
61.90 h + 55.20 h 
69.00 h + 47.87 h 
x . 7 3  h + ~ 8 . 7 ~  h 
27.33 h + 29.75 k 
22.33 h + 28.33 h 
20.15 h + 26.,33 h 
18.go 11 + 21.88 h 
19.,;5 11 + 1 8 , ~ j  h 
15.10 11 + 19..{j k 
13.63 11 + 16.85 h 
1i.45 IL + 16.25 h 
11.05 + 17.48 h 
21.95 h + 24.90 h 
25.90 h + 21.68 h 
21.08 h + 25.52 h 
20.65 h + 20.73 h 
25.60 h + 28.6.3 k 
22.68 h + 2 j . 1 0  k 
22.45 h + 25.58 k 
23.00 It + 21.50 k 

9.00 h + 9.40 h 
9.73 11 + 8.45 h 
8.26 h + 7.62 h 
7.46 A + 8.05 k 
1.63 k + 12.17 k 

29.03 Ii + 28.08 h 
28.98 11 $- 32.03 11 
29.83 h + 28.0.5 11 
27.00 h + 28.75 /r 
23.38 It + 2Y.7b k 
25.10 11 + 26.33 h 
20.73 It + 2 7 . 5 0  k 
27.10 Ii + 21.70 h 
??,rg h + 24.75 k 
22.65 IL + 24.18 h 
30.18 11 + 40.17 h 
36.73 11 + 31.23 h 
34.88 h + 32.27 h 
38.18 h + 27.70 h 
32.28 h + 39.70 h 
31.00 h + 39.23 h 
: ~ I . I O  h + 38.25 k 
37.80 h + 29.43 h 

65.78 
65.97 

j4.03 h + 35.12 h IL + 36.70 h 
27.50 h + 40.58 11 Ii + 39.80 h 

2 k . 0 ~  It + 23.48 h 
14.00 A + 33.58 h 



So there results a series of equations as follows 

.2' +.j;y - z, + o l =  0 

- a 1 + b l = o  

.vr+j;f;!/ - z, + c l =  0 

.2' +hy - z e + a , = 0  

- z 2 + b , = 0  

3' + j ; y l  - a, + c, = 0 

.2: - z, + 11, = 0 

- z 3 + b , = o  

-2'' +./;yt - z3 + Cg = 0 

and so on. Let  n  bc the number of comparisons, then from these eqilationv we obtain 
n x + ( f )  y - (2) + (a) = 0 (4) 

(.f + (f") ?/ - ( f  2) + ( f a )  = 0 

n  x' + (f) ?J' - (2) + ( c )  = 0 

( f  2' + ( f  ?) y' - (.f'") + ( f  ') = 0 

+ .2:' +.A .y + .f; y' - 3 ' 1  + "1 + b, + c, = 0 

'L. + N' +Jy + j i y '  - 3 z, + a. + 6 ,  + c, = o  

:L.+ .2" + j i y  + A y 1 -  3 z 3  + ay + 6, + c ,=  o  

.2' + .2'1 + J L Y  +Jbd - 3 Z,' + U,' + b,, + C,, = 0 

Eliminating the z ' s  from the first four equations 

s . x + 1;- (f) y  - ? !  78 x1 - ; ( , f )  ;?/I + ;- ( ( 1 )  - ;? (b )  - ;- (c) = 0 ( 5 )  

( . f ) X + - :  ( f 2 ) ? j -  A ( f ) z l -  ( J " ) y l +  ii ( ~ f )  - !; ( 6 f )  - ; ( C f )  = o  
- :, rt  x - ( f )  y  + - 7 N + : ( f )  j - ( )  - - ( 6 )  + $ (c) ='o 

- $ ( f ) x - . ! , ( f 2 ) y + f  ( f ) x ' + $ ( . f 2 ) y 1 - ; : ( o f )  - ! ; ( h f ) +  2 ( c f ) = o  

which con ta i~~  x x' y  y1 only. Let  P & R S he the absolute terms of these equations, 
then 

72:E + ( f )  ?/ + 21'4- R =  0 PI 
( f ) .  +( f " )y  + 2 Q +  s = o  

1 '  ( f ) '  - 1'+ 2 R =  0 

( f )  :L.' + (.f")?j '+ Q +  2 S = 0 

And finally 

( n - ( f ) )  + f 2 ) - f  ( f ' )  R -  ( f )  s = o  (7) 

( n ( f 2 ) - ( f ) ' ) y - 2 ( f ) P +  2 n  Q -  ( f )  R +  n S = o  

( n ( f ? )  - ( f ) ' ) d +  ( - 7 ) P -  ( f )  Q +  2 ( f ' 2 ) R T 2 ( f ) S = ~  



The  reciprocals of the weights of the determinations a y x' z/ are, therefore, 

We have also 

x . . . .  2 (f ') 
9-& (f") - (f 1" 

2 11 
y'. . 0 . 

n (f > - (f)? 
2 P + R = (a) - (6) 
z Q +  S = (a. f)-  (6f) 

1' + 2 n = - (6) + (c) 

Q + 2 s = - (lf) + ( c f )  

Let  us now apply these equations to the comparisons of the Yards. The followiu 
Tables contain in the four first columne the data, viz., a, 6, c, the latter being reduce f 
to the uuit for small quantities, viz., the millionth of a yard ; colulnns five, six, aud seven 
contain tlie n~ultiples n f b f c f for each comparison. 



We shall consider first the yards Y,;, Y,, Yo,. Here we have 

( f )  = - 123.48 
(a) = 916.90 

(b) = 966.01 

( c )  = 929.85 

(af) = - 1977.05 
(bf) = - 3063.93 
(C f )  = - 1965- TO 
(f2) = 3372.816 

n = 26 

and for the determination of r y .x' y' the following are the equations- 
26.00~ - 123.480~ - 49.11 = o 

- 123.48 .z + 3372.816~ + 1086.88 = o 
26.00 x' - 123.480y1 - 36.16 = o 

- 123.48 +' + 3372.816~' + 1098.83 = o 



fiom which are obtained 
X = + 0.434 
y = - 0.3064 
5" = - 0.189 
,ii = - 0.3327 

and the reciprocals of the weights, 
f o r s o r  x' . . . . .  .o93118 
fo ry  ory '  . . . . .  .000718 

We have then finally for the lengths of Y, and Y, 
Y, = Y, + 0.43 - 0.3064 ( t  - 62) 
Y,,, = Y,, - 0 . 1 9  - 0.3327 ( 1  - 62) 

Again, for the yards Y, Y,, Y,, wc have 

(f') = - 53.9; 
( a ) =  1032.45 
(6) = 1052.99 
( c ) =  1187.27 

(af = 1414.47 
(bf)= 515.30 
( c f )  = - 8721.17 
( f') = 2978.59 
n = 25 

and for the determination of .2: y x'y', the following ore the equations- 
2 5 . 0 0 ~  - 53.9T0Y - 20.54 = 0 (14) 

- 53.97" + 2678.590~ + 89917 = o 
25.00 x' - 53.970 y' + 134.28 = o 

- 53.97 xi + 2678.590 y' - 9236.47 = o 
from whence there result for .z y t' y', the follo~ving values 

N = + 0.101 (15) 
y = - 0.3336 
N'= + 2.167 

YI = + 3.4919 
and the reciprocals of the weights, 

for x or N' . . . . .  .083635 ( 16) 
fory  or,yf . . . . .  .000782 

Thus we get for the lengths of the yards Y, and Y,, the following ~ralues 

Yo, = Yo, + 0.10 - 0.3336 ( t  - 62) (17) 
Y,, = Y,, + 2.17 + 3.4919 ( t  - 62) 



We shnll next inquire into the probable error of these results. For this purpose, the 
quantities z have been computed, and together with the errors of the difirent equatio~ls 
are exhibited in thc following Table :- 

First, for the bars 66, 55, 67, the sum of the squares of the seventy-eight errors is 
12.7036, and the equations contain 26 + 4 = 30 unknown quantities, hence the probable 
error of on equation- 

Dntc. 

and we have the weight of thc determination of :c or s' and of ?j or y' in equation ( 1 2 ) ~  
consequently we get for the probable errols of the determinations of 

-- 
~ o r : ~ ' '  . . . . . & 0.347 ~ . o g 3 1 1 8  = f 0.106 

Z 

---- 
y ory'  . . . . . f 0.347 ~ . o o o 7 1 8  = f o . o 0 ~ 3  

Again, for the bars 65, 55, 29, the sun1 of the squares of the seventy-five errors is 
18.9194, and the number of unknown quantities is 25 + 4 = 29, conscquently the pro- 
bable error of an equation is 

1864: ( 
Fcb. 2 6  28.40 

"6.79 
,J 

" " 

26.22 
,, & I  26.70 
,, ,, 
9, ,, 

July 8 
,, ,, 
,, ,, 
,, ,, 
,, 9 
,, ,, 
,, 11 
,, ,, 
,, ,, 
, 12 
, ,, 
9, ,, 
,, 13 
,, ,, 
,, 14 
9, 9, 

,, , 
,, 15 
,, 28 ! 

27.29 
26.73 
34.11 
31.76 
31.21 

1 30.83 
31-63 
31.23 
33.0' 
31.10 
30.M 
33.76 
45.99 
4 . 7 4  
47.11 
46.71 
49.04 
47.00 
45.45 
50.04 
54.00 

-0.11 

-0.50 
-0.13 
+o.o4 
+0.29 
$0.27 
I 

-ko,3y 
$0.36 
+ o . ~ I  
4-0.88 
+o.o8 
-0.14 
-0.34 
+0.47 
+0.74 
-0.90 
-0.e 

-0.24 
+o.zo 
-0.18 
-0.29 
S0.39 
So.06 
-0.45 

-0.45 
+0.26 
+0.06 
-0.01 

+oe30 
-0.12 
-0.51 
$0.14 
-0.12 

- o .++  
- 0 . ~ 9  
+O.OI  

+0.36 
+o.o7 
+0.31 
+ O - O ?  
-0.13 
+0.25 
+0.29 
-0.30 
+0.36 
+0.18 
-0.48 
+ o . ~ o  
4-0.40 

,, 23 1 54.69 
I 

22.79 
21.95 
20.48 
19.42 
18.64 
44.85 
47.81 
45.24 
43.38 
41.23 
3y.S7 
38.14 
36.92 
36.40 
36.25 
55.20 
53.86 
53.08 
5 1 . ~ 0  
57.17 
54.2'2 

52.51 
54.72 
53.45 

$0.26 

+0.56 
+0.24 
+0.06 
-0.04 
-0.60 
-0.16 
+0.64 
-0.52 
-0.23 
-0.18 
+o. l r  
-0.10 

-0.23 
+0.28 
-0.77 
-0.76 
+1.03 
$0.18 
-0.04 
+ O . I I  

- 0 . 7  
+O.JO 
+0.08 
-0.26 
+O.O+ 

-0.43 
+0.13 
-0.30 
+0.36 
-0.27 
+0.56 
+o.yo 
+0.70-  
+0.75 
+o.G.~ 
+0.46 
-0.47 + 1.10 

+o.o7 
+O.O9 
-0.31 
-0.99 
-0.92 
-0.06 
-0.84 
+0.58 

5.+.:$"0.29 
-0.28 
-0.80 
-0.43 

+o-36 
-0.14 
+0.06 
+0.38 
-0.29 
-0.62 
-0.63 
-0.44 
-0.41 
-0.75 
-0.69 
+o.r3 
-0.49 
-0.46 
+ O . I I  

+0.47 
+0.66 
-0.1s 
+o.zr 
+1.06 
+0.35 
S0.31 
+0.48 
+0.56 
-0.07 

+0.06 
-0.00 

+0.24 
-0.75 
+0.56 
+0.06 
-0.27 
-0.25 
-0.34 
+O.IZ 
+0.24 
+0.33 
-0.62 
+0.38 
-0.21 

-0.17 
+0.34 
+ I . o ~  
-0.15 
-0.21 

-0.93 
-0.03 
-0.20 

+o." 
4-0.51 

1866 : 
Beh 29 

J, 92 

,, ,, 
Mar. 1 
,, ,, 

J u l y 1 5  
,, 16 
,, ,, 
,, ,, 
,, 18 
,, ,, 
,, ,, 
,, 
,, ib 
,, ,, 
,, 20 
,, ,, 
,, ,, 
,, ,, 
,, 21 
,, ,, 
,, ,, 
,, ,, 
,, 222 



and the reciprocals of the weight8 of the determinations of x +'!/ y' are given in equation 
( 16). Consequently we l~avc the probnble errors of - 

S O ~  2' . . . . . f 0.432 4.083635 = f 0.125 
-- - 

y ory '  . . . . . f 0.432 d.000781 = f 0.0121 

T h e  definite results of these cornparisofie are the11 as follows :- 

First, as to relative lcngtlis in comparison with yard No. 55 at the temperature of 
62' Pahrenheit- 

Y, = Y,$ + 2.17 f 0.12 (20) 
Y, = YDJ + 0.10 f 0.12 
Y, = Y, + 0 .43  f 0.11 
Yo, = YD3 - 0.19 f 0.11 

Again, for the rates of expansion for I" Pahrenheit- 

Exp. of Y,, = Exp. of Y, + 3.4919 f 0.0121 (21) 
,, Y, = ,, Y, - 0.3336 f 0.0121 
,, Yoe = ,, Yas - 0.3064 f 0.U.X33 

3,  Ym = 9, Y65 - 0.3327 f O ' m 3  
On comparing the lengths of these five bars as they now stand with reference to one 

nnothcr with the lengths assigned by hlr. Sheepshanks, we find diferenceu considerably 
greater than the probnblc errors of observatioli would lcad one to expect. If Q represent 
the length of the yard in abstract idel?, Mr. Sheepshaubs' rcsults were- 

Y, = y  + 4.58 (22) 

Y,, = g + 0.43 
Y, = - 1 - 2 8  

Y, = ,@ - 0.65 
Yo,= - 2.69 

The  mean length of these five yards was therefore 
@ + 0.08 

Here we have between Y,, and Yo, a difference of 7 2 7, whcrens the difference now 
appears to be 2.36 : between Y,, and Y, the difference was I .  71, it now is o .  10 Again, 
between Y,, and Y,, the difercnce was 3 .  I z, and now is o .  19. Thesc apparent cllal~ged 
of length are greater than might be explained by errors of observation. \\'it11 reference to 
the Bronze bar 29, it is to be remarked that a particle of mercury lins at solne t i~ne  got 
into one of the wells carrying the divided surface and in the attempt to dislodge it, the 
surface has been scratched, but thc lilie is not materi:llly hurt, and nt the point proper f'or 
bisection is tolcrably good. This might possibly account f'or u difl'crence of I .oo a t  thc 
very outside. The  bars Y,, Y,, ns has beell stated, were not very cleborately observed 
by Mr. Sheepshanlts. 

I n  order to obtaili from the five bars ns they now stand, the value of a, the most 
rensonable method is to assume that the mcnn leugth of the five bars is the saluc now as iu 
1853, that is 

@ + 0.08 
11423. X 



From the results we have just obtained, equations (20). the mean length at present in  

y.1, + 0 .50  

Equating these values, a = Y,, + 0.42, and the absolute length at  present of the 
five bars would l)e 

Y,,= 9 + 1.75 ( ~ 3 )  
Yas = - 0.42 
Yes = - 0 .32  
YOG = + o .o r  
Ya7 = - 0 . 6 1  

Mean = @ + 0 .08  

If \re \vcrc to reject the bars 29, 65, 67, as less perfectly compared in 1853 with the 
standard th;tn 55 atid 66, which were compared on a constderable number of days each, 
we should obtain on the assumption of the mean length of 5 5  and 66 remaining constant 

a result sufficiently close to the former. 

If we give double \wight to Mr. Sheepshanks' values of Y,; and Yo,, then we get 

but from the present comparisons 

consequently, e q u a t i ~ ~ g  these values 

= Yh5 + 0.40 

and the present lengths of the yards stand thlls 

Y,, = 9 + 2 . 7 7  
K , j =  9 - 0.40  
Yo, = g - 0.30 
Y,, = ,@ + 00.3 
YG7 = ,@ - 0.59 

the bars standing at  the temperature of 62" Fahrenheit. 



DETERMINKI'ION OF TIIE LESGTII OF TIIE 
ROYAL SOCIETY'S l'LKl'INITJ1 RETRE. 

The  metre whose length is here invcstigatcd is the " ,31Ctro c i  trrtits." Tliis bar, to 
which so lnuch interest attaches on account of the observ:ltions 111:lde to tlctcrmine its 
precise length in English inches, first, in I 81 8 by Captain Kater, and a g n i ~ ~  in 183 j by 
Mr. Baily, was lent by the Royal Society in 1864 to the Director of' thc Ol.dn:u~ce Survey, 
in order that a new deternliuation of its length d g b t  be made in tern~s of thc prcsent 
National Staudard Yard. 

In the Philosophical Transactions for 1818, page 103, will be found Cnptaiu Kater'e 
description of' t\vo platinun~ metres, of which this is one ; also on p a p s  88, 89 of tlie 
ninth volume of tlie Memoirs of' the Royal Astro~iornical Society is Rlr. 13nily's dcscription 
of the same bars ; one n " JfGti-e d traits," and the other a " 111;tre ci 1)outs." 

T h e  M&tre h traits is a flat bar of platinum 41 inches in length, an incli wide, and 
s quarter of an inch thick. The  lines \vhich dcfine the metre are exceedingly fine, and 
when viewed under the micrometer microscopes are son~etimes vcry ditficult to " observe," 
as they are crossed in every direction by the scratches ou the surthrc, and alniost lost 
among them. On this account it was considered necessary in the prcscnt operations to 
bisect the line not with the cross of the u~icro~neter microscopes, but with tlie straiglrt 
h*ansverse wire. 

The  bar was mounted on a cradle system of eight rollers, the distance apart of the 
rollers being 

qo.96 = 5 16 inches. 
4 6 3  

40.96 being the precise length of the bar in iuches. For comparison, it was laid in the 
same box with the Ordnance Metre, OM, whosc length is kuown in terms 01' the yard Y, 
see Section IX. 

These two bars lying side by side merc compared on August rst, zd, jd, and 4th, 
a t  temperatures between 63O.7 and 63O.5: and again on December 26th, z;th, 28tl1, 
zgth, a t  temperatures varying from 35O.5 to 38O.3. Thc  uumber of co~nparisons in all 

x 2 



is 26. In each comparison, each bar is observed twice, the total nuniber of ~nicromct~r  
readings being 32 disposed thus : 

OM 4 
RSM 4 $1 

The large number-four-of readings taken a t  a time, being with the view of 
climillating the crror of observation due to the indistinctness of the llnes on tlie Platinunl 
Metre. A smaller nuniber of readings of OM would have sufficed as the lines on that bar 
are excellent. 

In order to ascertain whether the peculiarity of the lines on the Platinum Metre 
might give rise to '' pcrsonnl error" in the bisection with the transverse \\.ire of the 
~nicrometer, a large l lur~~bcr of readings of each line werc made, on two successive days, 
by tlirce observers, Captain Clarke, 11.E., Q~~arteruinstcr Steel, li.E., and Corporal 
Cotnpton, H . E .  'Tlie result obtnincd from thcse, was the appearance of the following 
pcrsol~al crrors, 

Captain Clarke . . . . . . . . . . + o 27 division. 
Quartermaster Steel . . . . . . . - o . I 2 ,, 
Corporal Conlpton . . . . . . . . - o .  14 ,, 

thcse quantities being for each observer the sun1 of the pcrsonal errors on the two 
ri~icroscopcs H and I(. Rut as they arc smaller than tlic probable crrors attaching to 
them, we s11:1ll dismiss then1 from further consideration. 

011 each evening tlie bars were both dismounted, and the box containing then1 
revcrscd end for end, so that thc bar which had been next the piers during the day 
woulrl be ful.thcst from the piers on the following day. But11 Lars were then ~nade level, 
tllc nlicroscol)cs b ro~~g l l t  to accuintc focus, and t,licir axes acljustcd to verticality. 'I'hus 
all the adjustlncnts being rcnemed each crcning! there can bc very little fear of anything 
like const:lnt error a t t ach in~  to the result. - 

'l'he comparisons werc made gcnerdly a t  about g" A.nr.,  rz'l, 311, and 511 P.M.,  the rule 
bcing to lieep them as far separated in point of time as convenient. 

- ~ h c  aliddlc points of the lines arc intended to be observed, but just a t  those points 
it is impossible to observe them: in fact no particular point of eithcr line was observed, 
but the general appearance of the liue Tor a space of about two lrundreths of am inch on 
eithcr side of the centre was collsidered in making the biscctions. T h e  centre of the 
line was indicated by a ~narli on a small slip of paper lying across tlie scale. 

In order that the extent of the uncertaiuty attaching to  the faintness of the line 
may I)c fi111y appiircnt, wc shall here give, in the following table, all tlie individual 
~uicron~etcr readings. 



No. ql nSM OM 
Compnr~aon 
and Date. mOmekr' 

1864. 
Aug. I 

1 

Aug. I 

2 

Aug. I 

3 

Aug. I 

4 

Bug. z 

5 

65412 
65.18 

65.13 
65.20 

-65.15 
65.20 

65.20 
65.24 

65.40 
65.48 

65.41 
65.jo 

65.46 
65.53 

65.51 
65.54 

64.57 
64.55 

64.58 
64.56 

29.5 
28.3 
29.0 

27.0 
25.4 
28.1 
28.5 

35.4 
36.3 
35.2 
34.2 

35.3 
36.9 
38.1 
38.0 

37.5 
35.2 
33.9 
34'0 

37.5 
36.2 
34.3 
34.0 

33.0 
33.5 
35.7 
34.6 

32.6 
33.8 
34.9 
34.0 

35.2 
37.8 
36.9 
38.9 

32.2 
33.0 
34.9 
34.0 

43.1 
42.1 
43'3 

43.2 
46.0 
45.8 
47.0 

38.6 
37.5 
38.9 
38.9 

38.6 
37-9 
40.8 
40.1 

37.2 
37.0 
36.5 
37.7 

36.6 
35.1 
39.0 
35.5 

36.9 
36.0 
35.3 
34.6 

36.0 
38.8 
36.8 
38.3 

35.2 
31.2 
34.1 
35.6 

38.8 
38.3 
39.2 
37.5 

36.9 
37.0 
37'0 

31.0 
31.9 
31.0 
31.0 

30.2 
30.0 
29.3 
29.0 

40.1 
41.8 
42.8 
41.4 

37.2 
37.3 
37.' 
37.9 

37.6 
38.0 
37.3 
37.0 

37.4 
37.6 
38.6 
38.6 

38.1 
37.6 
37.9 
38.2 

39.6 
39.5 
39.4 
40.1 

39.5 
39.1 
39.2 
39.7 

45.2 
44.6 
45'3 

50.9 
51.2 
51.2 
50.6 

53.3 
54.3 
54.3 
54.3 

41.7 
42.2 
41.6 
41.4 

41.1 
41.0 
40.9 
41.1 

41.0 
41.0 
40.8 
41.2 

40.2 
40.0 
40.0 
40.0 

40.1 
39.8 
40.1 
39.9 

40.6 
40.3 
39.6 
40.5 

39.5 
40.1 
40.2 
40.1 

6 

Aug. 2 

7 

Aug. 3 

Aug. 3 

9 

Aug. 3 

10 

64.f4 

64.80 
64.76 

64.90 
64.86 

64.90 
64.87 

33.2 
34.0 
34.0 

35.0 
36.7 
37.5 
35.8 

33.6 
35.0 
33.2 
33.7 

37.6 
38.4 
37.0 
35.6 

47.6 35.2 46.6 40.0 

37.9 
37.6 
37.1 

34.8 
35.1 
33.2 
35.9 

39.6 
38.0 
38.9 
36.2 

36.0 
37.0 
35.9 
37.0 

1 

31.7 
63.76 32.1 

37.1 
38.0 
38.1 

37 -1  
37.2 
37.1 
38.1 

37.3 
36.0 
37.0 
36.6 

36.6 
37.1 
36.2 
36.0 

48.0 

40.9 
41.1 
40.6 

41.1 
41.2 
41.4 
41.6 

40.0 
40.6 
40.3 
39.7 

41.0 
40.8 
40.6 
40.0 

63-75 1 1  30.6 42.0 I 46.6 40.3 

47.5 

63.96 
63.94 

64.20 
64.20 

40.0 
43.6 47.1 
45.0 46.4 

39.6 
40.9 

27.9 
30.0 

32.l 
32.9 
32.1 
33.7 

33.7 
36.9 
35.8 
37.1 

43" 
41.4 

48.8 
48.9 

45.5 
42.1 
1 2 . 2  

45.' 

39.9 
39.1 
39.8 
38.2 

34.0 
34.0 

39.5 / 48.0 
39.1 47.6 

38.9 
394 
39.8 

46.9 
47.5 
47.3 

39.4 / 47.3 

36.4 
35.4 
36.0 
35.5 

35'9 
36.1 

45.8 
45.4 
45.2 
45.5 

45.0 
44.9 



166 

CO~~PARIBON OF ROY& SOCIETY'S METRE (A TRAITS) WITH ORDNANCE MET~E-cont . inued,  

No. of 
RSM OM 
-- 

Comparison mumeter, 

and Date. The/ 1 H 1 I( 1 H 1 I: 

No. of 
~oulporisou 
and Yak. 

I 864. 
Dec. 27 

16 

Dec. 27 

17 

Dec.27 

18 

Dec. 28 

19 

Dec. 28 

20 

I 864. 
Aug. 4 

11 

Aug. 4 

12 

llSM / OM 
Ther- 

63490 
63.90 

63.91 
63.90 

64.08 
64.05 

64.10 

moluetcr~ 

36q05 
3 6 . 0 ~  

36.05 
36.06 

36.07 
36.07 

36.10 
36.09 

36.20 
36.22 

36.24 
36.25 

35.60 
35.54 

35.60 
35.54 

35.46 
35.49 

35-46 
35.49 

1 6 4 , ~ ~  

H 

19.9 
19.9 
18.1 
18.6 

20 .0  

19.6 
20.6 
18.5 

22.3 
21.0 

21.0 

23.0 

22.3 
24.0 
25.0 
25.6 

26.0 
27.1 
23.0 
23.2 

24.0 
24.9 
23.9 
23.5 

59.0 
60.5 
61.5 
62.5 

61.2 
63.3 
63.0 
64.9 

42.0 
42.1 
42.2 
44.8 

44.9 
43.8 
44.9 
45.7 

32.4 
32.9 
33'4 
33.5 

33.5 
34'2 
34.1 
34.' 

36.6 
37.0 
37.5 
37.2 

37.3 
36.8 
37.0 

49.1 
51.5 
50.9 
50.0 

46.6 
43.1 
46.0 
44.5 

42.4 
45.3 
41.8 
43.2 

37.4 
35.9 
37.0 

net. 26 

13 

-- 

Dee. 26 

14 

Dcc. 27 

15 

37.3 

32.0 
32.4 
32.6 
32.1 

32.6 
32.5 
32.3 
32.6 

37.0 
37.5 
37.0 
38.0 

37.0 
37.4 
37.2 
38.0 

46.2 
46.9 
47.0 
46.9 

38.0 
37.3 
37-6 
37.1 

37.8 
-- 

6.7 
6.4 
6.0 
7.5 

5.4 
5.0 
8.1 
8.5 

7.0  
6.8 
8.5 
8.0 

7.7 
8.5 
8.1 
7.8 

29.5 
30.5 
30.0 
31.0 

30.3 
29.5 
30.7 
31.3 

38.36 
38.34 

38.37 
38.36 

38.32 
38.38 

38.32 
38.37 

36.13 
36.14 

36.10 
36-10 

26.0 
23-2 
25.0 
23.1 

31.6 
31.0 
31.3 
30.0 

29.0 
31.8 
32.9 
32.4 

36.5 
36.2 
36.9 

1 I: 1 H ) 
50.4 
50.2 
50.9 
50.0 

49.0 
49'0 
49.4 
49.3 

46.0 
46.3 
46.2 
46.1 

46.3 
46.1 
45.9 

35.6 

6.9 
7.5 
8.0 
8.4 

8.0 
8.4 
8.1 
I 

8.5 
10.0 

8.9 
8.2 

6.0 
6.5 
7.5 
7.4 

17 .7  
17.8 
16.7 
17.1 

15.0 
15.2 
17.1  
16.1 

27.9 
29.5 
28.8 
29.4 

25.6 
29.1 
30.0 
28.6 

26.3 
27.5 
26.4 
26.9 

26.4 
27.0 
26.0 
25.9 

23.0 
24.2 
21.9 
22.0 

21.1 
23.0 
21.4 
24.3 

22.5 
19.5 
19.0 
18.0 

17.8 
15.0 
15.4 
15.5 

38.1 
36.2 
38.2 
37.0 

38.8 
39.1 
37.1 
36.1 

46.0 

30.0 
29.3 
29.4 
30.9 

29.1 
30.0 
29.3 
29.3 

27.8 
27.2 
27.4 
27.6 

27.5 
28.0 
27.4 
28.4 

52.5 
52.8 
53.1 
52.0 

61.1 
61.8 
61.5 
61.4 

48.0 
47.9 
47.1 
47.0 

50.1 
49.4 
50.1 
50.2 

49.0 
49.2 
49.4 
48.8 

46.5 
47.5 
47.0 
48.0 

45.0 
44.6 
44.4 
45:O 

47.3 
46.4 
46.0 
46.4 

85.2 
85.5 
85.0 
85.4 

72.8 
73.7 
73.9 
73.3 

74.9 
74.4 
74.6 
74.6 

65.2 
65.8 
65.5 
65.0 

K 

48.9 
48.7 
48.2 
48.5 

46.4 
46.5 
47.0 
47.2 

52.0 
52.0 
53.0 
52.7 

53.1 
54.7 
53.2 
53.1 

51.4 
50.9 
51.8 
51.4 

49.1 
50.2 
49.5 
50.0 

47.0 
47.2 
47.8 
48.0 

57.2 
9 . 5  
58.5 
59.2 

54.9 
54.7 
55.6 
55.O 

64.4 
64.4 
65.1 
64.7 



The thermometer readings here given are corrected for the errors of the respective 
thermometers. 

If now from the individual readings in each group of four we subtract the mean 
of the four, we shall get a series of errors which may be considered as errors of reading : 
these errors are given in the following table. 



No. of 
Cornpaison. 

1 

2 

3 

4 

Nu. qf 
Cornpanson. 

G 

7 

8 

9 

OM 

6 

nsh~ 

+ 0.25 - o.15 
- 0.05 
- 0.05 

- 0.23 
+ 0.67 
- 0.23 
- 0.23 

+ 0.58 
+ 0.38 
- 0.32 
- 0.62 

- 1.42 
+ 0.28 
+ 1.28 
- 0.12 

--- 

- 0.17 
- 0.07 
- 0.27 
+ 0.53 

+ 0.13 
+ 0.53 
- 0.17 
- 0.47 

-0.65 
- 0.45 
+ 0.55 
f 0.55 

+ 0.15 
- 0.35 
- 0.05 
+ 0.25 
-- 
- 0.05 

OM 

l 
RSM 

I K  
- 1-23 
$ 0.97 
- 0.23 
+ 0.47 

- 0.25 
- 1-85 
+ 0.85 
+ 1.25 

+ 0.13 
+ 1.03 
- 0.07 
- 1-07 

- 1.77 
- 0 . 1 7  

+ 1.03 
+ 0.93 

+ 2-35 + 0.05 
- 1.25 
- 1-15 

+ 2.00 

+ 0.70 
- 1.20 

- 1.50 

- 1.20 

- 0.70 
+ 1.50 
$ 0.40 

- 1 . 2 2  
- 0.02 
+ 1.08 
f 0.18 

- 2.00 

H I K  

- 0.10 

+ 0.20 
- 0.40 
+ 0.30 

- 0.07 

+ 0.23 
+ 0.23 
- 0.37 

- 0.75 + 0.25 
+ 0.25 
4- 0.25 

- 0.02 

+ 0.48 
- 0.12 
- 0.32 

+ 0.08 
- 0.02 
- 0.12 

+ 0.08 

- 0.00 

- 0.00 

- 0 . 2 0  

+ 0.20 

+ 0.15 
- 0.05 
- 0.05 
- 0.05 

4- 0.13 
- 0.17 
+ 0.13 - 0.07 

+ 0.35 

+ 0.28 
- 0.72 
+o.18 
+ 0.28 

- 0.27 
-0.17 
- 0.27 
+ 0.73 

+ 0.57 
- 0.73 + 0.27 
- 0.13 

+ 0.12 
+ 0.62 
- 0.28 
- 0.48 

+ 0.17 
+ 0.37 
- 0.43 
- 0.13 

+ 0.60 
+ 0.20 
- 0.50 
- 0.30 

- 0.10 

-0.10 

+ 0.30 
- 0.10 

- 0.53 
+ 0.17 
+ 0.37 , -  0.03 

4- 0.57 

10 

+ 1.78 
- 1.12 

-0.32 
- 0.32 

- 1-25 
+Oe45 + 1.25 
- 0.45 

- 0.28 
$ 1.12 
- 0.68 
- 0.18 

+ 0.45 + 1.25 
- 0.15 
-' 1.55 

+ 2.72 
- 1.08 
- 1.38 
- 0.28 

+ 1.97 
- 0.43 
- 0.03 
- 1.53 

+ 0.95 
+ 1-05 
- 2.05 
+ 0.05 

- 0.60 
+ 0.20 
- 0.60 
,+ 1.60 

- 0.92 
+ 0.58 
- 0.42 
+ 0.78 

- 2-30 
+ 0.50 
+ 0.30 
+ 1-50 

+ 0.13 
- 0.97 + 0.43 
+ 0.43 

- 0-75 
- 1.45 
+ 1.15 
+ 0.75 

+ 0.10 

- 0.10 

- 0.60 
+ 0.60 

+ 0.05 
- 1'45 
+ 2.45 
- 1.05 

+ 1.20 

+ 0.30 
- 0.40 
- 1.10 

- 1.47 
+ 1'33 - 0.67 
+ 0.83 

+ 1.18 

-0.52 
+ 0.18 
+0.48 
- 0.12 

- 0.22 
- 0 . 1 2  
+ 0.08 
+ 0.28 

- 0.15 
+ 0.45 
+ 0.15 
- 0.45 

+ 0.40 
+ 0 . 2 0  
- 0.00 

- 0.60 

- 0.08 
+ 0.37. 
- 0.08 
- 0.18 

- 0 . 2 0  

- 0.60 
+ 0.70 
+ 0.10 

+ 0.17 
+O.O7 
- 0.07 
- 0.33 

- 0.35 
+ 0.25 
+ 0.05 
+ 0.05 

+ 0.32 

-0.25 
+ 0.45 
+ O . I ~  

- 0-35 

+ 0.05 
+0.35 
- 1.55 + 1-15 

+ 1-42 
- 0.18 
+ 0 .72  - 1.98 

- 0.48 
-k 0.52 - 0.58 
+ 0.52 

- 2.58 
+ 1.92 
- 1.48 
+ 2.12 

+ 3.35 - 1.05 
+ 0.35 
- 2.65 

- 0.73 
+ 1.47 
- 0.43 
- 0.33 

+ 1.77 
- 1.63 
- 1.53 
+ 1.37 

+ 0.05 
- 0.65 
+ 0.25 

- 0.47 + 0.13 
+ 0.23 
+ 0.13 

+ 0.60 
- 0.30 
+ 1.70 

- 1.32 
- 0.52 
+ 1.38 
+ 0.48 

- 2.18 + 0.65 
+ I.o2 
- 0.08 
+ 1.22 

- 0.43 
+ 0.17 

- 0.33 

- 0 . ~ 5  
+ 0.55 - I .05 

- 2.82 I -  0.15 - 0.08 
- 0.28 
+ 0.02 

+ 0.08 
+ 1.58 

+ 0.35 
- 0.15 
+ 0.75 
- 0.95 

- 0.25 
+ 0.45 

+ 0.13 - 0.27 
- 0.17 

0.33 



RSM OM OM 
No. of 

Comparison. Compsrisw. 

11 

12 

13 

14 

15 

11423. 

+ 1 - 1 2  - 1.13 - 0.18 1 -  0.15 
+ 0.52 - 0.38 

f 1-55 
- 1.95 
+ 0.95 
- 0.55 

+ 0.67 - 1.23 

+ 0.62 
+ 0 . 0 2  

+ 0.32 
, -  0.98 

+ 0.52 I +  0.35 
- 0.38 I +  0.45 

- 0.18 I- 0.48 
- 0.18 I +  0 . 2 2  

+ 0.22 ;+ 0 . 1 2  
+ 0.12 :+ 0.12 

+ 2.12 
- 1.38 
+ 0.0% 

+ 0.37 - 1.13 
- 0.03 
+ 0.77 

+ 0.05 
- 0.25 
- 0.65 
+ 0.85 

- 1-35 
- 1.75 
+ 1.35 
+ 1.75 

- 0.58 
- 0.78 
+ 0.92 
+ 0.42 

- 0.33 
+ 0.47 + 0.07 - 0.23 

- 0.75 + 0.25 
- 0.25 
+ 0.75 

- 0.15 
- 0.95 + 0.25 + 0.85 

' -  l .o j  
: -  0.53 

16 ' I+  0.32 
I -  0.08 
I +  0.92 1 -  1.18 

--..p..p--p 

+ 0.27 
+ 1.37 + 0.87 

+ 0.20 
- 0.10 

+ 0.60 
- 0.70 

- 0.80 
- 0.20 

+ 0.30 
+ 0.70 

+ 0.60 
-I- 1.00 

+ 0.70 
- 2.30 

- 0.40 
+ 1-10 

+ 0.00 

- 0.70 

- 0.98 
- 0.48 
+ 0.52 
+ 0.92 

+ 0.37 
+ 0.47 
- 0.63 
- 0.23 

- 0.85 
- 0.65 
+ 1.25 
+ 0.25 

l t 0 . 4 7  
! -  o.8j 1 -  0.83 

i -  1.93 
- 0.23 
+ 0.77 
+ 1-37 

-0.48 
+ 0.72 
- 0.38 
+ 0.12 

4- 0.07 
+ 0.67 
- 0.33 - 0.43 

+ 0.22 

+ 1-42 - 0.88 
- 0.78 

- 1.35 
+ 0.55 - 1.05 
+ 1.85 

+ 2-70  - 0.25 
- 0.75 
-1.75 

+ 1.87 
- 0.93 
- 0.53 
- 0.43 I 

+ 0.72 
- 1.18 
+ 0.82 
- 0.38 

+ 1.02 

+ 1.32 
- 0.68 
- 1.68 

18 

19 

20 

-0.10 

+ 0.50 

- 2.73 

+ 0.15 i -  0.08 

'+  1.17 

+ 2.27 
- 1.83 
- 1-63 

- 0.08 
+ 0.82 
- 0.18 
- 0.58 

- 1.88 
- 0-38 
+ 0.62 
+ 1.62 

- 1.90 
+ 0.20 
- 0.10 

+ 1.80 

- 0.78 
- 0.68 
- 0.58 
+ 2.02 

+ 0 .22  
- 0.88 
+ 0.22 
+ 0.42 

-0.10 

+ 0.10 
+ 0.30 
- 0.30 

- 0-75 
+ 0.25 - 0.25 

+ 0.05 - 0.05 

4- 0 .22  
+ 0.02 
- 0.18 - 0.08 

+ 0.10 
- 0.60 
- 0.50 
+ 1.00 

- 0.33 
+ 0.57 - 0.13 
- 0.13 

+ 0.30 
- 0.30 
- 0.10 

+ 0.10 

- 0.33 + 0.17 
- 0.43 
+ 0.57 

- 0.10 

+ 0.20 

+ 0.50 
- 0.60 

- 0.35 
+ 0.35 
+o.o5 
- 0.05 

+ 0.77 - 0.55 ! -  0.28 
+ 1.67 I+ 0.15 ! +  0.22 
+ 0.27 I+ 0-25 I+ 0-42 I 

~ 

-0.40 
- 0.50 

+ 0.15 

-0.43 
- 0.43 
+ 0.57 
+ 0.27 

- 0.43 + 1-17  

- 0.33 

+ 0.42 
+ 0.12 

4- 0.20 
- 0.30 
- 0.10 

+ 0.20 

- 0.28 
+ 0.12 
+ 0.32 
- 0.18 

+ 0.10 

0.00 

- 0.20 
+ 0.10 

- 0.38 
+ 0.12 
- 0.38 
+ 0.62 

- 0.40 
+ 0.00 

- 0.20 
+ 0.60 

- 0.55 + 0.15 
+ 0.25 
+ 0.15 

+ 0.50 - 0.20 
+ 0.10 

- 0.40 

-0.38 
- 0.08 

- 0.38 

+ 0.75 1- 0.43 

+ 0.25 - 0.15 
- 0.35 + 0.25 

+ 0.77 - 0.13 
- 0.53 - 0.13 

- 0.08 
+ 0.22 
- 0.28 
+ O . I Z  

- 0.63 
+ 0.27 
+ 0.47 - 0.13 

+ 0.27 
- 0.23 
- 0.03 
- 0.03 

- 0.18 
+ 0.42 
+ 0 . 1 2  
-0.38 

Y 

+ 0.02 
- 0.48 
+ 0.42 
+ 0.02 

- 0.60 
+ 0.50 
- 0.20 

+ 0.30 

- 0.50 
- 0.30 
+ 0.30 
+ o . ~ o  

- 1-15 
+ 0.15 
+ 0.15 
+ 0.85 

- 0.15 
- 0.35 
+ 0.55 
- 0.05 

- 0.25 
- 0.25 
+ 0.45 
+ 0.05 



We have here 26 X 16 errors of reading of each scale. The sum of the squares of 
these errors is 

for Royal Society's Metre . . . . . . . 487.38 
for Ordnance Metre . . . . . . . . . . 64.24 

and from this we deduce the probable error of a single reading 

487.38 for Royal Society's Metre . . . -j= . 6742/------- = f o 842 
416 - 104 

No. of 
Compnrbon. 

21 

22 

23 

- 

for Ordnance Metre . . . . . . -+ . 6742/64.4 = f 0 - 306 
416 - 104 

Nu. of 
Comparison. 

24 

25 

26 

1 

0 bf 

I 

From this it appears that the probable error in observing a good line-as those 
on the Ordnance Metre,-is the same when the straight transverse wire is used as when 
the cross is used ; for the probable error in the latter case is (see page 63) f 0.3 1 and 
f 0.32 in the case of two different observers. But the probable error of a bisection of 
the line8 on the l'latinum Metre is greater in the proportion of z -75  : I .00. 

RSM 

H I K  

- 1-18 
+ 0.02 
+ 0.72 
+ 0.42 
+ 0.75 
- 0.65 
+ 0.65 
- 0.75 

+ 0.10 
+ 0.00 - 0.70 
+ 0.60 
- 0.30 
+ 0.40 
- 0.10 
+ 0.00 

- 0.40 
+ 0.20 
- 0.50 
+ 0.70 
- 0.03 
- 0.33 
+ 0.57 
- 0.23 

OM 

H I K  

- 2-05 
+ 0.45 + 1-35 + 0.25 
+ 0.45 
- 3.85 + 0.15 
+ 3.25 

+ 0.72 
+ 0.72 - 1.68 
+ 0.22 
+ 0.52 
- 0.88 
+ 0.22 
+ 0.12 

+ 0.82 
- 0.48 
- 1-28 
+ 0.92 
+ 1.12 
+ 0.12 
- I .88 
+ 0.62 

+ 0.35 - 0.05 
+ 0-45 
- 0.75 
+ 0.32 
- 0.38 
- 0.38 
+ 0.42 

- 0.20 
- 0.30 
+ 0.20 
+ 0.30 
- c.40 
+ 0.10 
- 0.30 
+ 0.60 

+ 0.42 
+ 0.62 
- 1.18 
+ 0.12 
- 0.38 
- 0.08 
+ 0.32 
+ 0.12 

RSM 

H I K  

+ 0.42 
- 0.38 
+ 0.32 
- 0.38 

-k 0.37 + 0.27 
- 0.23 

+ 0.67 
- 0.33 
- 0.93 
+ 0.57 
+ 0.95 + 2.15 - 1.05 
- 2.05 

+ 0.05 - 0.25 
- 1-45 
+ 1.65 
- 0.25 
- 0.65 
$ 0.35 
+ 0.55 

+ 0.87 
- 0.05 
+ 0.25 - 1-05 
+ 0.20 
+ 0.00 
+ 0.30 
- 0.50 

- 0.43 - 0.13 
- 0.73 + 1.27 
- 1.10 
+ 1.70 
+ 0.40 
- 1.00 

4- 0.45 
- 0.65 
+ 0.35 
- 0.15 

+ 0.90 
+ 0.20 
- 1.60 
+ 0.50 

- 0.88 
+ 0.22 
- 0.18 
+ 0.82 
- 1-20 
+ 0.50 
- 0.30 
+ 1.00 

- 0.50 
- 0.30 
+ 0.40 
+ 0.40 
+ 0.37 - 0.23 
- 0.23 

- 0.70 
- 0.70 
+ 2-20 
- 0.80 

-k 0.72 
- 0.58 
+ 1.02 
- 1.18 

1.07 
- 0.3 + 0.07 
- 0.23 

- 0.10 
- 0.40 
+ 0.00 
+ 0.50 

- 0.10 
- 0.60 
+ 0.10 
+ 0.60 
+ 1.00 
- 0.50 
+ 0.50 
- 1.00 

-0.43 /+  0.07 

- 0.28 
- 0.38 

i + 0.52 
+ 0.12 
- 1.13 
+ 0.57 
+ 0.47 + 0.07 

+ 0.17 
- 0.33 + 0.27 - 0.13 
- 1.05 
- 0.45 
+ 0.65 
+ 0.85 

+ 0.37 
- 0.73 
+ 097 
- 0.63 

+ 0.15 
- 0.15 
+ 0.75 
- 0.75 

- 0.33 - 0.13 
+ 0.17 
+ 0.27 
- 1.10 
- 0.00 
+ 0.40 
+ 0.70 



We shall now give in the following Table the maan resulte of the 26 cornparisone. 
- - 

Let the excess of length of the Platinum Metre above OM, both being at 6z0, 
be x8, and when both are at 32" let the difference be r,,: then the difference of length 
at the temperature t 

Date. 

1864. 
Bug. 1 
,, ,, 
,, ,, 
,, , 
,, 2 
, , 
, , 
,, 3 
,, ,, 
,, , 
, 4 

D ~ C .  i 6  
JJ 

,, & 
,, ,, 
,, ,, 
,, ,, 
, 28 
,, ,, 
,, ,, 
,, ,, 
,, 29 
,, ,, 
,, ,, 
,, ,, 

The preceding Table for 26 values of 1 gives us 26 values of x,, thus we obtain ae 
many equations of condition between x8, and r,.. Applying to them the method of least 
squares, we get 

If we write A and B for the absolute terms of these equations, they become on 
eliminating ..c,, and s,, 

Temp. 

650~6 
65.20 
65.45 
65.51 
64.57 
64.77 
64.88 
63.76 
63.93 
64.21 
63.90 
64.08 
38.36 
38-35 
36.12 
36.06 
36.08 
36.23 
35.57 
35.48 
35.94 
35.22 
37.33 
37.49 
37.60 
37.79 

R S M  

"-189 L + 44.01 k 
36.18 It + 38,91 k 
>.5,33 It + 36.83 k 
34.01 Ir + 36.59 A 
35.36 It + 36.24 k 
35.29 IL + 36-10 h 
35.51 It + 37.33 k 
40.00 IL + 38.86 k 
31.33 h + 46.48 k 
38.84 It + 37.13 k 
47.71 It + 27.65 k 
40.10 Ii + 33.91 k 
6.70 k + 7.55 k 
7.80 It + 7-94 h 

30.35 11 + 16-59 h 
19.40 h + 28.61 k 
23.03 11 + 26-55 k 
21-45 W + 22.61 A 
61.99 h + 17.84 k 
43-73 h + 37.58 k 
43.65 h + 34.74 1' 
42.38 h + 38.15 k 
47.18 It + 34.53 k 
40.71 h + 38.19 k 
37.H3 Ir + 40.56 h 
32.94 R + 44.95 k 

OM 
UiBmnoc in 

Miommeter Diririuns. :RSM - O M  

31.14 1' + 47.99 k 

I 

I 
+ 3.25 h + 3.98 h !+  5.76 

35.58 It + 47.89 h 0.60 h + 8.98 k + 6.69 
37.43 h + 41.01 k ,+ 2 . 1 0  h + 4-18 A + 5.00 
38.00 It + 40.01 k j +  3.99 h + 3.42 h I +  5-90 
39.51 It + 40.1 1 k , +  4.15 h + 3.87 h /+  6.39 
37.60 h + 41.03 k :+ 2.31 It + 4.93 h I +  5.77 
36.60 A + 40.38 k I +  1.09 It + 3.0; A I+ 3.30 
46-81 h + 40.19 k I +  6.81 h + 1.33 h :+ 6.47 
gy.:jr h + 47.59 k I +  7.98 11 + 1.11 h ,+ 7.33 
35.91 I1 + 45.28 k - 2.93 h + 8.15 A ' +  4.17 
49.7R 11 + 33.51 k I t  2.07 h + 5-86 1 / +  6-32 
46.1 I h + 37.09 k f 6.01 11 + 3.18 h ,+ 7.31 
29.66 It 4- 32.39 k )+22.y6 IL + 24.84 h !+ 38.07 
27.66 k + 37.39 k !+1y-86 11 + 29.45 k + 99 29 I . .  57.03 h + 42.13 A 
48.73 h + 47.68 k 
48.18 A + 52.98 h 
45.64 h + 50.54 h 
79.35 h + 52.93 k 
70.00 h + 59.85 k 
63.61 h + 66-56 h 

+26.68 h + 25.54 h ; +  41.59 
+29.33 h + 19.07 k i +  38.53 
+a5.15 k + 26.43 k t +  41.08 
+21.ig h + 27.93 k !+  39.13 
+ 17.36 11 + 35.09 k !+ 41.80 
+ 26-27 h + 22.27 h 1 + 38.65 
+ 19.96 h + 31-82 A !+ 41.26 

65.05 IL + 61.40 k 11 + 23.25 k / +  36.57 
69.56 11 + 60.53 It It + 26.00 k ' +  38.54 
66.05 h + 61.41 k 11 + 24.22 k : +  39.47 
62.90 h + 67.09 k 1' + 26.53 k + 41.10 
60.34 h + 67.91 h 11 + 22.96 h ; +  40.10 

I I 



restoring the values of A and B we get 
~ 3 %  = + 45.26 (5) 
a,, = + 9.08 

These values substituted in the equations of condition give thc following systeln 
of errors corresponding to the 26 comparisons. 

The sum of the squares of these errors is 66.03, so that the .probable error of a 
single comparison is 

0 . 6 ~ ~ 2 / 6 6 ~ 2  = -+ l e n s  
- 

24 
(6) 

and the probable errors of xO2, .7:,, are consequently 

5,. . . . . . . f 1 .118d .o6go= f 0.29 
-- (7) 

xaz,, , . . . . . f I -  118d.0995 = & 0 . 3 5  

No. 

I 

2 

3 
4 
5 
6 
7 
8 
9 

J t  is stated by Captain Kater with reference to the Platinum Metre-"this metre 
previous to being brought from Paris was compared with a Standard Metre by M. Arago, 
with all that care and ability which he is so well known to possess, and which so delicate 
an operation requircs ; the result was that the distance between the lines was found to be 
less t.han a metre by litId; of a millimetre or .ooo6g of an inchn: the temperature of. 
the bar being 32'. 

We have ascertained that, both bars being at 3z0, the Platinum Metre RSM is 
greater than Oh1 by 45.26 f 0 . 3 5 ,  and we must now ascertain the length of OM at 32' 
with reference to Y,, at GzO. For this purpose let [ a .  b], [ b .  c ]  represent the yard and 
the small space on the bar OR?, so that [ c L . ~ ]  represents its whole length; let the 
expansion of Y,, bey,, , that of a yard of Qka, y,, + y. Also at 62" let [n.b] exceed Y,, 
(also at 62') by :r. Let n represent the fraction $d30fid, z the excess of [p. el on OF above 
-;-'L-e F, r' the excess-at 62"-of F above $ Y,, , y' the cxcess of the expansion of OF 
above that of a foot of Y,,, u the excess of [ b . c ]  above a Y,, at 6z0, s thc excess of [b.c] 

Error. 
-- 

- 0.49 
-1.47 
- 0.08 
- 1.05 
- 0.41 
- 0.03 
4- 2.31 
+ 0.49 
- 0.48 

No. 

14 
15 
16 
1 7  
18 
19 
20 

21 

10 f 2.24 
1 1  I +  0.47 
12 : -  0.74 
13 1 -  0.48 

I 

Error. 

- 1.69 
-1.30 
+ 1.83 
- 0'74 + 1.03 
- 0.85 
$ 2.41 
- 0.75 

22 + 4.81 
23  1-k 0.2y 
24 0.83 
2.5 11 1.59 
26 I -  1.82 



above [pael at  the temperature 62 +/V at which the comparison wae made. Then we 
have the followillg equations : 

which last is the expression for the length of OM at the temperature t ,  Y, being at  the 
same temperature. A t  62O, when f = o  

[ a . c ]  = ( I  + a )  Y,, + s  + + .r - af y  + 3 a ( . r ' +  f y') 

Now the difference of length of [a c ] ,  that is OM, bet\i,een the temperatures 32" and 
62' is 30  ( I  + a)  (y,, + y )  : hence the length of OM at  32" is 

= ( 1 + a ) Y , I + s + z + a : - a f ' y - 3 0 ( 1  + a ) y + 3 a ( z . ' +  J'y') 
- 3O ( I  + 1/01 @I 

When Y,, is at  62' not 32O. The probable error of this expression arises from five 
different sources : 

1 .  The comparison of [ b  . c ]  and [p . el 
2. The determination of the error of the space [p.e] on OF 
3. The comparisons of [ a .  I] with Y,, 
4. The comparisons of F with Y,, 
5. The absolute expansion of Y,, 

Now from equations (2)  and (6), pages 106, 107, the probable error of r - (30 + 
3 0 a + a f ) y i s ;  put t ingxf ;  3 0 +  30a+af  

Also by equation (8), page 77, the probable error of x' +J y' is 

'rhe value off' is 3 . 3 2  ; hence .j: = 3 3  I 3 ,  and the probable errors specified become 
f 0.226 and f 0.128. This last whcn multiplied as in the expression fbr [a . c ]  by 3 a 
bccomes f .036. Now, page 108, equation ( I  I ), the probable error of s  is f -091 ; and 
page 7 I ,  equation (47), the probable crror of a is f -098 ; therefore the probable error of 
the determination of the length of OM at 32" is 

if for y,, we take the determination at  page go, y,, = f .0284 this bccoules 



Thc actual value of y,, just referred to is 6.358, hence ,I/,, + y = 5 -9471, and 
30 (1 + a) (yS5 + y) = 195.14. Subtracting this from the length of OM at 62" given 
at equation (zz), page I 10, we get for the length of OM at 32" 

(I .09355830 f .oooooo~7) Y,, (10) 

the yard Y,, being at 62". 

The Platinum Metre at 32" exceeds this by 45-26 f 0.35; hence we have finally 
for the length of this bar at its standard temperature 

From this result it is to be inferred that the length of the Standard Metre referred to 
by M. ARAGO is 

1.09362280 YK5 (12) 



XV. 

AUSTRALIAN 10 FEET STANDARDS, 

The two ten feet Iron Bars 0 I, aud 0 I, were sent out, the former in December 1858 
to Sydney for the Government of New South Wales, and the latter in Rlarch 1862 to 
Melbourne for the Government of Victoria. Thcse bars are of' wrought iron and siniilar 
in section to the bar 0 1 ,  described page I 3. 13ut they differ in the distribution of the 
points on the upper surface : in the bars 0 I, 0 I, the points are distributed as follo~rs : 

-. -- - 
1 .  . . . 
a  b c d e 1' g 11 

[a .  l] = [b . c] = one yard 
[c.d] = [d.e] = [e.f] = [f.h] = one foot 

[ f.g] = [ g .  h] = six inches. 

The  comparisons of the subdivisions of 0 I, with one another, and with the Copy 
No. 5 5  of the Standard Yard, were made by Serjeant Jenkins, li.E., and Serjeant-Major 
(now Quartermaster) Steel, R.E., in the spring and sumn~er of 1858. 

[a .  b] was compared with YGj ; 105 comparisons. 

[b.cl ,, ,, Y55 ; 1-15 con~parisous. 
[c.f3 ,, ,7 y,, ; " 5  "ulppnsolls. 
[c.d], [d.e], [e. f 1, [ f.1~1 together ; I 1 5  comparisons. 

Here by a colnparison is to be understood a siiigle reading of either extremity of 
the one measure with the same of the other measure. 

The  observations were taken iu nearly the same numbers by the two observers, m d  
the results are as follows : a t  62'00 Fahrenheit,- 

Steel. Jenkins. - - 
[ a . l ] =  Y,,4-47.36 ; Ya:,+49.08 
[b.c] = Y,, - 51.86 ; Y,; - 49.83 
[c.f] = Y,, + 0.06 ; Y,, + 0.61 
[..dl = [ f .1~1 + 89.57 ; [ f .1~1 + p . 7 2  



The last three e q u a t b ~ s  are equivalent to the following : 
Steel. Jenkina. 

We have then for the values of the intervals as determined by the two observcrg 
the f~lloming : 

The last liue iu this table being the sum of the other six gives for the length of 
the bnr at 62" : 

8 1, = 3.33330560 YGj 

and for the subdivisions the following values : 
[a  b]  = I ~00004822 PI,, 
[ b  a c ]  = 0.999949 1 5 Yar, 
[cad]  = 0.33339805 PI,, 

[d.eI = 0.33327273 Yaa 

["fI = 0'33332954Yes 

[f .hl= 0.33330790 Yts 

The observat,ions for the determiuation of the length of 0 I, were made in 1860 by 
Serjeant-hlajor Steel, 1i.E. : 

[ a .  b] was compared with Y,, ; 45 comparisons. 

[ b . ~ ]  ,, 9, Y,, ; 42 comparisons. 

[.$I ,, 9 9  V,, ; 78 comparisons. 

[ t l .  kI ,, 91 Y,, ; 99 comparisons. 
LC.  d l ,  [ d .  el, [s . f 1, [ f .  I,], together ; 73 comparisons. 

Mcon. 

i- 48.22 

- 50.85 
i- 64.72 

- 60.60 
- 3.79 
- 25.43 

- 27.73 

DiEerenccs. 

[u.L] - YG1 
[L.c] - Y,, 
[ c d ]  - + Y, 
[&el -. ;? Y, 
[e l f ] -  j Y 5  
[f./~] - 4 y5, 

[ ( ~ . h ]  - [p vu 
I 

Observers. 

StccI. I Jenkins. 

+ 47.36 
- 51.66 
+ 64.40 
- 60.30 
- 4.05 
- 25.17 

- 29.62 

+ 49.08 
- 49.83 
+ 65.03 
- 60.89 
- 3.53 
- 25.69 

- 25.83 



Where by a comparison is to be underhtood a single reading of either extremity of 
the one measure with the same of the other. 

The results of the comparisons are as follows, at  62'. oo 

[a.L] - Y, = + 20.88 

Here we have more than sufficient data, and we must proceed by the method of 
least squares to find the values of the four foot-intervals. Let  [c.d], [de] ,  [e:f], [. f .h ] ,  
be equal respectively to -J Y,; + s , 4 Y,, + y , Y,, + z , 4 Y, + i t T  ; then our 
last five equations become, 

From these we get 
2 3 +  j/ + Z - W - 105.20=0 

whence 

p u =  - 52.35 
We have therefore the following values for the intervals : 

[a .  b ]  = I . 00002088 Y, 

[b.cl = 0.99998373 Ym 
[cad] = 0.33333296 Yas 
Cdel = 0.33337447 Ym 
[ e f l =  oe33334578Yrs 
[f.h]= 0.33328098 Yas 

and the sum of these gives the length of the Bar nt 62". oo 
0 8, = 3.33333880 Yo, 

11423. 



Each of the bars 0 I ,  and 0 I, was colupared with the Ordnance Standard 0, with 
the following results : 

The Bar 8 1, was compared 66 times with 0, at the nlean tenlperature of 63O.90 
Fahr. ; and 17 times at the mean tel~perature of 3 6 0  70, giving 

8, = 0 I, + 30.56 ; at 3 e . 7 0  
O l = O I , + 2 8 . g 0  ; , , 6 3 " 9 0  

Thesc two series of observatiolls were by the same observer, Serjerlnt-Major Steel, 
R.E. From then1 it appears that the rate of expansion of 0 I ,  is very slightly greater than 
that of 0 ,  ; or for each I" Fahrenheit 

Expansion of 0 I, = Expausion of 0, + o  061 
From this we find 

o , = O [ , + z g . o z  ; a t 6 z 0 . 0 0  

Besides these, we have 50 co~nparisolls at the mean temperature of 64". 94 by Seljeant 
Jenkins, R.E., which give 

Q 1 = 0 1 , + 2 8 . 4 3  ; a t 6 4 " . 9 4  

whicE reduced according to the rate of expansion given above is 

0 , = 0 I , + 2 8 . 6 1  ; a t 6 z 0 . 0 0  

This agrees very closely with the former determination. The mean of the two gives 
finally at 62". 00 Fahr. 

0, = 0 I., + 28.81 
We are now able to infer the ratio of 0, and 0 I, for we have found 

0 I, = -'::- YSj - 27.73 
Q,= 01, + 2 8 . 8 1  

and the sun1 of these equations gives 

6,=1,0-Y,,+ 1 . 0 8 . .  .. . . . . . . (a> 

The bars 0 I, and 0, were compared together by Serjeant-Major Stcel, R.E., 67 
times at the mean temperature of 58'. go, and 30 times at  the mean temperature of ~ O . 7 0 ,  
with results as follon~s : 

QI,= 0 ,  - 3.82 ; at 58'90 
81,= 0 , - 4 . 0 7  ; a t ~ O . 7 0  

From this it appears that the expansion for I "  Fahr. of 0 I, exceeds that of 0, by 

and by this rate of expansion the difference in length of 0, above 0 1, at 6zO.00 is 
3 .77 -  



We have then the two equations 

which give, 

In the preceding pamgrapli are contained two entirely independent resulttl (a), (b) ,  for 
the ratio of the Ordnance Standard (a, and the Copy No. 55 of the Standard Yard. Theee 
results differ by 8 - 1 6  or ,ooooo816 yard, which is, perhnps, larger tht111 might have been 
expected. But the number of steps leading to each is large, and it is to be noted that the 
diameter of either of the dots on 0, is about .oooo75 ynrd = ,0027 inch. 

The value of 0: obtained through 0 I., is the result of 620 coruparisons by two 
observers, that obtained through 0 I, is from 337  co~nparisons by one observer. If we, 
therefore, give the former result double the weight of the latter, we get finally 

the temperature of both bars being 62". oo. 
This determination agrees very satisfactorily with that given at page 94. 



XVI. 

DETERlfINATION OF THE ilBSOLUTE EXPANSIONS 
OF Trn INDIAN 1 0 ~ ~ .  STANDllRDS 

Is l e *  

I. 
The two new Standard Bars for the Trigo~~o~netrical Survey of India are the same in 

sectiou and in the dis osition of the points on their upper surface as the Ordnance Inter- B mediate Bar, describe page 1 3 .  There is, however, no groove along the upper surface, 
and the small circular prepared surfaces are slightly depressed belozo the general surface of 
the bar. The lines are drawn 011 gold pins. One of the bars is of cast steel, hammered, 
tough, not hard, and reu~arkably homogeneous. The other is of Baily's metal, an alloy 
formed in the proportions,-copper 16, ti11 2;, zinc I. In the upper surface of each bar 
are eight thermometer wells; two, close together, in the centre of' the left yard; two, 
close together, in the centre of the right yard, and two at (half an inch on either side of) 
the centre of the bar: besides these are two wells at  one-fourth and three-fourths of the 
bar's length.* The first six are for one set of six thermometers, the other two for a set of 

->-. ---- - - - -- - -  

If  me were ccrtain that a t  all times tllc temper:iture of a. b a ~  is unifolruly distributed over its whole length, 
one thermometer, if fnultlcss, would be as good as tllreo or four, or any larger number, nor mould i t  matter at 
\vhnt poiut in the bar's lenatlr tho tcmpeiatnre is so recorded. Bot, if we suppose that the tompernture is li:rblc 
to a, gmdual or unil'orm change from tlio one end of tllc bar to tlie other, we should fcul constrained to place the 
one thermometcl in tlic centre of tlic b.1r.a length. If, with tho same supposition as to the law of distribution 
of tempcrnture, wc hnd (too thcrlnomctcrs, i t  \vould obviously suEcc that they mere equidistant from thc 
extremities of the bar, and i t  mould not matter whether they welc eitlrer closc to tllc two ends or close to the 
centre of the bar : in either cnse the mean of tlreir indications would be the mean temperature of the bw, and 
would enable utr to ascertain its length on the filrtLer supposition that every element A X  of the bar's length \vns 
expanded in precise accordance wit11 its temperature. But  suppose, as is more reasonable, that the tempera- 
ture does not increase or diuiillisll uniformly from one end to tho olher, but is oxpressed by such a law as 
t = a, + a ,  x + % 2, where u, is probably n very sluall quantity, and z is the distance of nny point from the 
centre of the Imr. Then the mean temper:~turo of the bar is- 

7 =JI: (",. + a,  r + (,, *') = (to + '. . . . r.  . (a) 
I2 

and the mean of temperatures indicated by two thermometers placed at  equal distances + i ou either side of the 
centre is- 

$ ( t + , + t - , ) = u , + o , z - .  . .  . . (a) 
I n  order, then, that tllo menn of the two thermometers may give the mean temperature of the bar, we must 

lruve (a) = ( p )  or 
i 2  = I 

1 1  

; =+-- 
2 4 ' 3  

This gives us the proper distance from the centre at  which to place the thermometers. It is remarkable,- 
and in the case of il bar supported on two points, rather unfortunate too,-that these positions coincide with the 



two thermometers. In the thernlolueters of the first set, the degree ie a b u t  o-qo iuch 
l ~ n g ,  and is divided into tenths. These thcrmometcrs are constructed in pairs, one of 
each pair extending fro111 45" to 65', arid the other frorn 65" to 85", each having one or two 
degrecs in excess a t  either end : thus, mheu laid in their ace8 on the bar, one pair have 
their bulbs close together at the centre of tllc left yarf the wales ljing outwards; the 
second pair is similarly placed at the centre of the right yard, and the third pair have their 
bulbs close on each side of the ccntre of the bar. The second set of thcrmometcrs, a pair, 
extend each from about 30" to 105", ilnd thc dcgrees are subdivided iuto halves only. 

The method of determining the co-eficient of expansion, of which an instance is 
recorded at  page 78, and all such methods, are open to the objection that the hot h r  
under observation is not in a state of repose but of' change. The method of heating a bar 
with steam until it assumes under 212' a COnRtll~t or apparciltly unchtluging length, 
escapes fiom this objection, but is opeu to nuothcr as great or greater, viz., that the bar ie 
done violence to and may not preclscly return to its former lengtl~. If a bar of iron be 
heated from 62' to z I zo it is so extended I 50 x 6 = goo milliontlls of its length ; and if 
the modulus of elasticity be, say 30,000,000 and the sectiou two squarc inclles, the force 
required to produce the above extension is 60 x goo = 54,000 Ibs. or 24 tons. As a 
standard of length can seldom be used at  a ternpcrature exceedi~lg go', it see111s unuecessnry 
that it should be heated in expansion expe~iirients above loo" nt the outside. 

In the experiments to be recorded here, the hot bnr was kept stcadily at a coustant 
tem erature during each comparison, and the stability of the microscopes was not counted 
on f' urther than in ordinary comparisons. The h r s  were compared, as fbllows :- 

I, cold, with Is cold. 
lB hot, with Is cold. 
I, cold, with I, hot. 
I, hot, witli I ,  hot. 

An irregular number, not generally exceeding four comparisons, mere made each day. 
The  experiments are divided iuto two series ; the first extending fion~ I 7th February 1865 
until the 17th of March ; the second from the 29th of April to the loth of May. In the 
first series the temperatures of the cold bnr were frorn 39' to 46', and of the hot from 
74O to ggO ; in the second series the cold bars were from 54" to 60°, and the hot from 
75O to 96'. Inasmuch as they did not extcnd in temperature either high enough or low 
enougb, the set of six thermometers were not used ; but in their place the set of two at  
one-fourth and three-fourths the length of the bar. These thermometers were subjected 
to very careful comparisons which wlll be recorded further on. 

points at which the b w  should be supported. Unfortonnte, because the holcs cut into tllo bar to admit tlto 
bulbs weaken the bar, whilst the greatest strain on tho bar is just over Iho rollerj. If there be four thermo. 
meters which we intend to place in tho bur at equal distances, \TO shall fiud thut iri ordcr to give the moan 
temperature of the bar, the tliermometers should be placed so as to coincide with tlie points at which n bm 
carried on Sour rollers ahould, nccordins to theory, be supported (see pagc 38). This, however, only reluinb 
us that the theory which does not consider these cuttings is imperfect. 

If there be three thermometers, one at the centre of tho bar aud the other two at dietaucw f i from the 
centre, then supposing still t = a, + a, r + a, 9, the mean of their three indicatiou ia- 

+ ( t - , + t o + t , ~  = ~ O + % U ~ G . .  . .  . .  (,) 
and in order that this may agree with the mean temperatnrc of the b~w 

$ I - = = &  

i =  +-L 
2 4 2  

which in n 10 ft. bar would indicate u. position about 18 iuchcs from oither end. 



In each cotnparison the bars were " observed " in the following order ; supposing, for 
instance, one cold and the other hot :- 

I .  Cold bar. 
2. Hot bur. 
3. Hot bar. 
4. Cold bar. . 

the bars being interchanged as rapidly as possible. TIVO observers always worked simul- 
taneously. T h e  following table shows the order and succession of the different readings 
forming an observation : A and B are the tmo obscr\,ers :- 

T h c  two readings on each horizout:~l line are made simultaneously, and theremre 
altogether four readings of cnch microrncter and four of each thermometer. This consti- 
tutes the "observing" of a bar in these expansion experiments, and contains 16 readings. 
Thus, each comnpam'son involves 64 readings. Each bar lies betmeen two long copper tanks full 
of mater; in the case of the cold bar, the water and bar together take the (cold) temperature 
of the room ; in the case of the hot bar, n current of hot mater at a fixed temperature runs 
continually into the tanks nnd as contin~ually runs out, provision being made that the tanks 
neither begin to empty nor to ovedlow. T h c  water is heated outside of the building and 
is couveyed in through the wall by pipes; pasbing, in the interior of the room, through 
flexible tubes in order to allow the bars to be mov'ed about and interchanged. 

We shall now refer to the drawing, Platc IX,  which is an isometric projection of the 
interior of the room, and expla'lu the different parts of the apparatus. 

This drawing shows the boxes of the two bars, one under the microscopes, the other in 
the middle of the room. These two boxcs are thc same in all respects. 

auaa . . . . . is B strong plank of mahogany, built up, about four inches in depth. 
bb1'L' . . . . . two closed copper tanks extending the whole length of the mahognny 

plank, and towards either side of it. 
cccc. . . . . . pieces of iron screwed to the plank, and holding the copper tanks 

steadily in their proper position. 
cIrIrltl . . . . . vertical tubes communicating with the water in the tanks, allowing a 

thermometer to be inserted in each. 
ee . . . . . . . a vertical piece of brass tube secured below to the plank, open at its 

upper extremity. From it bmnch off 
ff' . . . . . . tubes connecting it with 
ggg'g' . . . . bent tubes connecting the two tanks. 
IL . . . . . . . a flexible tube by which the supply of water enters ee, and passing 

. through fy and by gg' enters the two tanks, each tank in two 
places. 



i . . . . . . . . a beut tube connecting the lower parts of the two tanks, and from 
whence the water is discharged through 

h' . . . . . . . a flexible tubc carrying away the water from the tanks, one a t  each end 
of the tanks. 

i' . . . . . . . a tap regulating the amount of the discharge, 
j .  . . . . . . . a tube ~OiniIIg the two tanks a t  their upper surfaces and the middle of 

their Icngth, causing tlic \rater of the two tanks to comlnnnicate. 
. j. . . . . . . . a bent tubc conuecting wit11 and opening intoj .  
j" . . . . . . . a vertical tube into which j' opens. This  tube is open above, and 

below comu~utiicat.es into 
IL" . . . . . . . a flexible tube carryiug away tlie overflow of tanks. 
kk' . . . . . . t\vo strong vertical plates of iron firmly screwed to the plank. There are 

two of these on each siclc of the box, nud opposite one another. 
ll' . . . . . . . cross bars of iron, supported by and screwed to, the upper extremities 

of I r k .  ?'he holes in /I' thvoagh \vhicli the screws pass are slotted, 
or enlarged, so that /I' ad~ni t s  of 3 slight adjustitlent iu position. 
From M arc s~~spcndccl the two rollers which carry the bur. 

nzm'. . . . . . screws whereby the rollers are clevated or depressed, aud so the bar is 
made horizontal or the foclll adjustii~cnt varied. 

n . . . . . . . the extremity of tlie bar. 
00' .  . . . . . . apertures for reading the thertnoltleters ; each covered with a plate of 

glass. 
pp' . . . . . . thick plates of brass strongly screwed to the plank. 
qqqq' . . . . . long steel screws working in the plates pp', and which support on their 

points the whole weight of the box, bar, aud water. 
rr'. . . . . . . small iron trucks, each having two rollers, which receive the points of 

thc screws qqq'q', and consequently bear all lhe weight of box, bar, 
and water. 

sss's' . . . . . mahogany rails on which tlic trucks run, a i d  by which the box is run 
under thc microscopes or rclnoved f ron~  that  position. 

tt?t'. . . . . . posts carrying the front extremities of these rails. 
uuu'u' . . . . two strong frameworks of carpentry supporting the rear extrenlities of 

the rails, and screwed to tlie floor of tlle room. 
vuv'v' . . . . inner fiames which slide vertically, and with the least possible friction, 

inside uuu'u'. 
s,~,, . . . . . . continuatiou of the rails ss'. 
wwww . . . . counterpoise weights. There are eight \veights iu all, four to  each 

sliding frame. 
A'AA . . . . the stone piers. 
BBB . . . . . the niahogany beam shown in front view, Plate 111. 

T h e  tanks arc supplicd with hot water througli thc flexible tube I t .  T h e  water rising 
u p  in the tube ee flows along f a ~ i d  f '  and each of thcsc streams is again divided into two 
by the bent tubes ggg'g'. If  the taps ,i' a t  each cnd of the box be left closed the water 
will, in overflowing, run out  by the tube ,$j'"j" and thence away by  thc flexible tube h". 
But, in order that  no part of the water may be still, and therefore liable to  cool, i t  is 
dlowed t o  run away by the flexible tubes I L ' ~ '  from tlie extremities of tlie box. I f  the taps 
i' were left open the tauks would etupty, and they havc therefore to  be so regulatcd thnt 
there shall be always water escaping by  the overflow tube Ii. This  tube discharges into a 
lead pipe which crosses tlie passage y (Plate  II.), and in the upper surface of this lead pipe 
is an orifice about two inches long by  which the \+.ate!* can be seen ruuniug along tlie pipe; 
this orifice is kept under occasional observation, as, if there be no water pnssit~g through thc 
pipe, the tanks may be emptying. 



Thus, a continuous stream of water conl in~ into the root11 fioln without, passes through 
the tanks, and thence out of the room again. This current hns generally been kept up on tile 
days of observation from 6 a.m. until 5 p.m. The tubes being flexible, there is no 
hindrance to the moving of the bars from one part of the room to another, r u n n i ~ g  them 
(on their trucks 1.1.') along the rails ss'. The hot bar alone has a current of watcr passing 
through its tanks. Cold water might have been caused to pass continually through the 
tank8 of the cold bar ; but this was found unnecessary, as the cold bar is not rnateria]ly 
influenced by the presence of the hot bar. Each box is supplied with thc necessary tu\lillg, 
as they are heated alternately. The  satne bar has remained in the same bos duri~lg all the 
experiments. 

I t  is of much importance that the bars be rapidly interchanged, and that without much 
exertion to the two observers who have to man~pul:rte them ; for the weight of each box 
when the tanks are full is 365 Ibs. The boxes, when not onder observation, rest, as will 
be seen in the drawing, on the points of the four screws qqq'q'. By driving these screws 
the box is of course raised, and by drawing the screws the box is let down. Resting by 
means of these screws on the little cast-iron trucks TI.', the boxes are moved with a very 
slight pressure, along the rails. When the box is brought tinder the microscopes, and SO 

also over the carriages (marked ggg'g' in Plate 111,) the screws qqq'q are simultaneousIy 
worked by the two observers, one at  each end of the box ; and so the box, being lo\vered, 
takes its bcaring on the carriages ggg'g', and after a fen. more turns of the screws qqy'q', is 
entirely free from the trucks. 'Che trucks might now be removed, but they are left 
untouched so as to be ready to receive the screws' points when it is intended again to move 
the box. In order t o  remove thc box from position under the ~nicroscopes, it must be taken 
off the carriages gggy;  this is cffected simply by driving thc screws qyq'q' (simultaneously, 
each observer working with both hands) : irrimediately after the points come into contact 
with the trucks, the carriages are relieved of the weight which is transferred to the trucks, 
and the box is then rolled away. 

But i t  is necessary for the interchange of two boxes that one pass the other. This is 
effected by lowering one of the boxes, that which has no current passing through the 
tanks, by means of the sliding frames vvv'u'. I t  will be seen that the upper part of this 
frame carries a rail which is in one and the same straight line with .FS' so that there is no 
interruption to the passage of a bar over the sliding fran~c, but if, when the box is on this 
part of the rails, that is over the sliding frames, i t  receives a slight pressure from above it 
will begin to descend while the counterpoise weights commence to ascend. A very little 
pressure then lowers the box nearly to the floor of'the room; this is very easily and rapidly 
effected by the two observers, one a t  each end. When the box is down there is of course 
an interruption of the rails ; this is bridged over by a short piece of mahogany of the same 
section as the rails. Thus when the one box is down the other is free to pass from front to 
back of the room, or vice versl. 

Suppose now the cold bar has just beell observed, and it is required to substitute for it 
the hot bar which is standing on the rear portion s,s,, of the rails. The former is released 
from the carriagcs and transferred to bearings on its trucks ; it is then run back, and on 
arriving at  the sliding frnn~e is allon.ed to go down to the floor ; the bridge is then put on 
over the place of each sliding frame, and the hot bar is moved to the front and brought 
under the microscopes. This operation is effectcd with great facility. 

When both bars are hot, the culrent of water must cease passing through the box that 
is lowered while i t  is in that position. 

When either box is on thc carriages ggg'g' it is of course ~erfec t ly  under control for 
all adjustments transverse and longitudinal ; the vertical adjustments being made by the 
screws )pant1. 

The cover of each bar box, by which the hot air is confined fiorn rising upward or the 
colt1 air of the room from striking downward on the bar, is formed of several strips of 
mahogany half an inch thick, and covered with flannel, \\,hose breadth is just equal to the 



distance apart of tlie tanks. These pieces are pressed down between the tanks, and so by 
thc softness of the flannel fit nearly air-tight. T h e  upper surface of these pieces is flush 
with the upper surface of the tanks. Apertures covered with glass are provided for the 
propcr reading of the thern~on~eters. This  cover ia interrupted just over each of the  
terminal lines of the bar, and an opening of about an inch left-xtending across from 
tank to tank. Into this opening a snlall rectangiilar block of wood is fitted, whose under 
surface is very nearly, but not quitc, in contact \\,it11 the bar. A vertical cylindrical 
hole ia bored in this piece of u~ood which cxposes a small circular part of the surface of 
tlie bar t o  view, in the centre of which is tllc gold pin ou which is drawn the line. T h u s  
only a very small bit of the surface of thc bar is exposed to the air in the reading of 
the li:ies. In  order t o  allow the light of the candle to  fall on the dot, the cylindrical 
hole just mentioned is cu t  away in a slopc towards the light. 

T h e  boxes are open a t  the estreniitics; but to  prevent the cold air rushing in 
when the tauks are hot, the ends arc liglilly packcd with prepared cotton. T h e  tnuks arc 
about half a]? inch longer than the bars a t  citbcr estremity. 

I t  is scarcely necessary t o  go into detail as to the mode of support of the bars flirther 
than to say ( I )  each bar was supported on two rollers, a t  tlic distance given L)y the formula, 
page 28 ; ( 2 )  each roller is held ( b y  its axle) betwccu two parallel rectaugular plates 
of steel 8 inches long by 2 inches in width, framed togethcr a t  tlie distance of' I . 7 5  iuc l~  
apart ;  ( 3 )  these plates swing on a knife edge carried by the crossbar I/ ' ,  so that thc roller 
is free to  move in an arc of a circle, the axis of the roller describing a cylindricd surface 
whose radius is seven inches ; (4) the knife edge is capable of being raised or lowered by  
the screws nzm', and so the  rollers are raised or lowered (see end view, fig. 5, P1. X.). By 
this means the bar is a t  the most perfect liberty t o  expand or contract. 

. T h e  n ~ o d e  of supply of hot water will be understood from l'late 11. ; a is a 
c,ylindrical cistern of sheet-iron, 37 inches in vertical length oud 22$ inches in diameter ; 
iuto it enter three pipcs, olie fro111 the ccntrc below vcrtici~lly upward, another froui above 
vertically downward, another from the side liorizontully n l~d  rcaching to the luiddlc of the 
cylinder. Each of these pipes is furnishetl a t  its cstrcmity wit11 n "rose" like tliat of a 
\vntering-pot, the holes being fine and regular. By the tirst ~neutioncd pipe hot water enters 
the cylinder; this water having been carried undcrgro~md fkoni a cyliudrical boiler in an 
acljoining worlisl~op. T h e  upper pipe supplies cold water; (3; y, are taps holding in co~itrol 
the supplies of' hot and cold water. T h e  water in the boiler IS heated some degrees above 
thc he:~t required to  be maintained in the reservoir or. T h e  rose has the effect of preveuting 
the hot water entering in as it  were in a niass, i t  divides it  into a multitude of fine streilnis 
which necessarily ascend, and so are constrained to inix gencrally with thc water in the 
reservoir before reaching the top. Similarly, the rose att:ichcd to tlie supply pipc for cold 
water divides that supply into a imnber  of' tine streams whose tendency is to go  to the 
Lotto111 of the reservoir, tllus getting well niixed ~vitli tlie hot water. T h e  pulpobc of thc 
rose on the third pipe, which passing tllrougl~ the ~valls ol' the bar room supplies the copper 
tanks, is, tliat water may be gathered fi.0111 different poiuts of the reservoir, so as to get  the 
average temperature a t  those poiuts. 111 order to  show tlie teniperature of the water that is 
csciiping through the pipe into the bar rooni the bulb of a long thermou~eter is inserted 
into the rose. Any variation in the heat of thc nTatcr is imniediately shown by  this 
thermometer. A n  assistant is told off to  the duty of kecping this thernlometer a t  a 
constant reading b y  regulating the taps (3 y. 

I t  is not possible to  maintaiu a supply of water a t  a precisely uniform temperaturc; 
thc thcr~no~ueter  will show oscillations, but  these are easily kcpt a t  the u~orst within f 2". 5 
of the required temperature. These oscillations are performed in very short periods of 
time, as 30 seconds, so that i t  is very easy to  make certain that the mean temperature of 
the water discharged in any period of fivc minutes shall be witliin a vcry small fraction ot'a 
degree of the required temperature. And it  is to  be remembered, that  sincc the  tr~nks take 
about lo minutes to  discharge, the snlall variatious of temperaturc of'the water which 
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enters them, taking place as they do in very short intervals of time, do not produce sirnilas 
variations of temperature in the tanks. Here the variations of temperature are very 
much slower and very much smaller, and in their influence on the bar generally insensible. 
Even with the existence of small sensible oscillations about a mean temperature there is 
this advantage above the method of observing a bar steadily cooling, that sometimes we 
observe the bar in the state of expanding and sometimes in the state of contracting, the one 
as ofteu as the other, and thus a constant error is avoided; while however, at the same 
time we might ri priori expect to get greater discordances than would be brought out in 
observing a bar steadily cooling. 

During part of the observations the thermometer wells were filled with oil, during another 
art with mercury, and in the last series the nir was simply excluded by packing round 

i&ly over the bulbs with a very small piece of prepared cotton. f', 

The  four thermometers 4219, 4226, 4222, 4220, used in the observations for the 
determination of the expansion of the bronze and steel bars have been compared with the 
Indian Standard Thermometer, No. 4142 (made by Casella). 

For the determination of the errors of this Standard, ( I )  the boiling and freezing 
points were examined ; (2 )  the calibration errors were determined for every five degrees 
from 32' to 97"; (3 )  the thermorneter was compared with the Ordnance Standard 
Thermometer, No. 32-11. 

The  readings of the boiling and freezing points were determined on the morning of 
March 22. The  method of boiling the thermometer* has been described already. When 
the mercury had assumed a steady position under the influence of the steam, the rnanonleter 
indicating no pressure, the thermometer was read four times at  intervals of about five 
minutes. The  following are the readings :- 

Hen~ling. 

By Quartermaster Steel, R.E. ... ... 2 1 2 O . 2 0  

... ,, Captain Clarke 7 ,  ... 212O.19 
,, Quartermaster Stcel ,, ... ... 212". 19 
,, Captain Clarlte 9 9 ... ... Z I Z ~ . ~ O  

The thermometer was then removed from the steam, and having been allowed a few 
minutes to cool, was placed with its bulb in finely pounded ice. When the mercury had 
become stationary, readings were taken at  intervals of about five minutes, the ice being 
removed and freshly adjusted round the bulb during the intervals of the reading. The 
results are as follow :- 

Readings. 

By Quartermaster Steel ... ... ... 311.99 
,, Captain Clarke ... ... ... ... 32 .oo 
,, Quartermaster Steel ... ... ... 3z0.00 
,, Captain Clarke ... ... . . .  ... 32O.00 

I t  remains only to remark that whether in the steam or the ice, the tubc of the thermometer 
was in an accurately horizontal position. 

The  reading of the barometer a t  the time of the boiling of the thermometer was 
29.912 in. (hcing corrected for index error and reduccd to 32" Fahr.) The height of the 

A l ' l~c I~orizontnl position of  the tl~errnomctcrs when being boilcd \\.as adopted at the suggeslion of Licut.- 
Colonel Wnlker, Roy111 Engineers, Supcrintcndent of  the Great Trigonomctricsl Survey of Indin. 



cistern was 4.50 feet above the thermometer; allowing for this, we have a preesure of 
29.917 in The error, therefore, of the thermometer at z I 2" is*- 

z1z0.zo - z l z 0 +  1.680 (29.905 - 29.917) 
or + 0". 18. Hence the correction to the reading of the thermometer at any temperature 
t on account of the error in the mean leugth of one degree ie- 

The line 212" on Fahrenheit thormometors, or 100' on tho Centigrade t h e r m o ~  repreeenta the tern- 
peraturc of steam undcr Laplace's etandard ntmospherie premure, or r barnmehie rediog of o. 76-- (after 
correction to 32" F.) in the latitude of 45'. This pressure in any other latilude A, will be mpreeanted by a 
column of mercury whose height is 

Gravity at  latitude 45' 
0.76 -GG vity at latitude A- 

I + / r  sin3 45' = 0.76 ---- - 
I + ti sln- A 

here a = $ AB - pg7 = .005z50, and 0.76 metre = 299215 inches, supposiug the metro to be jg.3704iuches. 
The standard pressure then in latitude A is- 

zg.gz15" (I + .oo2625 coe z a) 
But this supposes the barometer to he at  the level of the sea. I f  the observation be made at  some altitude above 
the sen, we must make allowance for the alteration of gravity arieing from this csuae. Suppose the observcr 
stationed at  the top of a hill, whoso height is R (feet), and ita form a cone with =is vertical Let G be the 
forco of grnvity, or attraction of the earth, a t  the bnso of the cone, then if a be the rediua of the w t h ,  it6 
nttruction a t  the distance h above its surface 

and to this we l ~ n v ~  to ndd the attrnction of the conicul hill. Now, the attri~cclion A, of u cone whose vertical 
anglo in z a, the lengtl~ of ita axis /I, and density 8, upon u, p~~rt iulc  ut ita apox, is 

A = izh8(1 - c o > u )  
nnd supposing the hill to be of half tho mean density of the curth we sliould lluve G = j a a o 

A h  :. = 4; (I  - cos a) 

The totnl nttrnction therefore exercised upon tlie barornohie column under the circumsto~ices is 

I f  the place of observntion be on an elevated plane art the height h above tho sen, then r = go0, and the 
attrnctio~l 

Tlic column of mercury, then, to indicnte tho salue utmospheric presjure ruust be increased in the pro- 

portion of I : I + $ : ; tlmt is, Qe height of the column must be 

= zg.gz15~1' + .o78j cos 2 A + .ooooo~yg A t  
According to the determination of LAPLACE from Dalton's experiments (Mica?~ique Cilerte, Book S., Ch. 1.) 

the elnstic force of vapow at  100' + i centigrade is- 
J? = 0. 76m (10) o.olsrs~l i - o'ODOQlas816 in 

hence if p be the modulus of the common system of logarithms, 

p . d F  
F .  di = 0'0154547 

t This at the equator and ut the level of the sen = jo.oooo iuches. 
A A 2  



We next come to the process of calibration. This has already been described 
p e r a l l y .  A column of 60'. 2 was broken off, and by it were compared the capacities of 
the tube from 32' to 2O, from 92' to I 52', and from J 52O to 21 2 : these capacitics we 
represent by []z.gt], f g t .  1521, [ I 52 .2  I 21. The three spaces were compared five times. 
As the column is liable to variation of length from variation of temperature, which cannot 
be a\.oided, it is assumed that thc column is not the same length in two different con- 
parlsnns. In order that it may be safely assumed to remain constant during one coolparison 
of the space, the observations are made and recorded as quickly as is consistent with 
accuracy. The following is the order of the readings: suppose the column so placed that 
its ends read app~oxinzately 3 I". 6 and g 1 " .  8 ; then, ( I ) the line 3 lo, (2) the cnd of the 
column 3r0.6,  ( 3 )  the line 3z0, are successively brought under the fixed wire of the micro- 
scope and the micrometer screw read, (1) the microscope being slid along its rails until the 
cross wire nearly bisects the line g~" , -  this linc, ( 5 )  the end of the column 91" - 8, (6) the 
line 92" are successively brought under the cross wire of the microscope and the micrometer 
screw read. The  thermometer remaining untouched, all these readings are repeated in the 
inverse order, viz., 9z0, 91". 8, 91" ; 3z0, 3 1'. 6, 3 1'. 

ml~en i = o. So  thnt if  6 F be the increment of prcssurc corresponding to the increment of temp~rnturc E i, at 
tho boiling point, 

0 . 7 6  
6 F = -- 0.01 54547 8 i 

t" 

From the more recent investigations on this subject I>y >I. V. REGNAULT (ih'intoires de l'AcarEe111ie Bogale 
des Sciences de l ' l~utitut de fiance, tom. xri . ) ,  i t  nppcars that the elnstic force of vnpour is, from o0 to 100' cen- 
tigmde, very nccurntely represented by the forlnulrl 

log. F = a + I ul - c 

where t is the tempernture centigrade, and 

log. a = 0.006865036 
- 

log. i; = 1,9967249 
log. I )  = ;' 1340339 
log. c = 0 ,6116485  

a = 4'7384380 
P bcing expressed in n~illi~netres. Here 

d F  P  - = - (bu'log u - c @  log. P )  
clt ,z 

the value of which when t = roo is 27.217 millimrt.res, or 0.02722 of u metre which docs not differ materinlly 
from the result obtained nbove from LAPLACE'S fbr~uula. 

From thifl, then, i t  appears that tho variation of pressurc correspon(1ing to a variation of telnpernture, when 
the pressurc is expressed in inches, and the temperuturc in degrees Fi~hrenheit, is 

0'2722 
Z F = - 1 8 - - 3 g ' 3 7 2 t = o ' j g g 8 t  

or, Bt = 1 .680  EF 

Hence, if  %$ be the standard barometric pressure at the station of ol,servation, B the actual height (redoce!l 
to 3z0) of the bwometer (direring hut slightly from thc standard height) nt the time tho t11erniomc.t~~ 1s 
boiled then the temperature of tho s t e m  ia  

z l t o  - 1 .680  (36 - B) 
and if T bo tho reading of the thermometer 

T - 212" + 1'680(.16 - B )  
ie tho error of the thermometer at the boiling point. A t  Soutllnmpton s zgmgoga 
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The form in which the observations are recorded, is as follows :- 

h!t exheluity of Cohunn. Right extremity of Column. Sum or 
Pnrt bi~ected -- Differ- 

i 

218 

The five comparisons of these three spaces give the following results :- 

I 

this table, C, C, C, C, C, are thc lengths of the colum~i in the corre! 
nisons ; C, is the mean of these lengths. Prom this it appears, that- 

Space. 

- - 

[32.92] = 4 [32.212] - 0O.005 
[32.152] = 3 [32.212] - 0O.017 

The s aces [32. 21, [42.82], [52.92] were next compared by means of a colulnll of 1 40' ; nod t e spaces 6 2  [qz 711, [ ~ z .  821, [6z. gr] by means of a column of 30°, the 
results are shown in the accorupany~ng table :- 

Equivalent. 

I 
Corny 1. I h m p n  2. I Coup0 9. I Compn 4. 1 Comy 5 

Comp" 1. 

c, + -354  
c, + . 2 2 7  
C, + . 283  

C' ,+ -198  
C', + . I  46 
C', + . I 3 3  
c', + '133 



Now in order to determine the errors of the division lines 42'. 52', 62O, 7z0, 8z0, let- 

then we get from the preceding comparisons, putting Co+ .zoo=C, Ct0+. ~oo=C' ,  

Resolving these equations, we find- 

Again, by means of a column of z ~ O ,  the spaces r32.571, [37.62], [47.72], [57.82J, 
[72 ,971, and [42 .67], 15 2 ,771, [62 .87], [67.92], [72 .97] were compared. The results 
are shown in the following table :-- 

Space. 

[32.57] 
[37.6?] 
L47.721 
[57.82] 
L72.971 

r42.671 
[52.77] 
[62.87] 
[67.92] 
[ 7 2 . ~ 7 1  

Equivalent. 
- --- 

C. - . I39  
c ,  -.153 
C, -.185 
C, -.230 

Cf,-.zo3 
C',-,218 
C1,-.zag 
C',-.178 

C, - . I33  c, -.167 
C, --.zoo 
C, -.22y 
C, -.28y 

C1,-,213 

- 

C, - . I39  cz -.160 
C, -.1y7 
C, -.229 

C ' , - .ZO~ 

C, - .I33 c3 -.16z 
C, -.192 
C, -.225 
C, - .z80 

Cf3-.1y1 
C',-,230 

1 C1,-,215 
C1,-.ZOO 

C1,-.Z14 C',-.233 
C1,--zag 
C' , - .~gg 
cl,- .27y 

C1,-.zrg 
C'-.207 
c ' : - . z ~ ~  



Now in the first of the two series contained in this table, C is to be found from 
$ [32.57] + &.[57.82 = 4 [32.82] and so eliminated in each comparison. In the eecond 
series C' is elmmate a by getting its value from 4 [qz .67] + 4 [67. 921 = 4 [jz. 92). 
Thus we obtain, taking the mean of the comparisons- 

[32.57] = -$ [32.82] + ,046 
[3 7.621 = 4 [32.82] + .022 
[47.72] = 4 [32.82] - .012 
[72.97] = 4 [32.82] - . I O ~  

L42.671 = 4 [42.921 - .m3 
[52.77] = & [42.92] - .024 
[62.87] = 3 [4z.g2] - -010 
K72.971 = 4 [42 ,921 - .081 

But we have already seen that- 

and thkse values are to be substituted in the preceding e uations : making the substitution 
we get two different values for [ p  971, via. = & [32. 9zl - . I I 3 and =& [3z.gz]-. 1 1 8  
of which we shall take the mean. Further we have found- 

And thua we are able to express the thirteen different spaces in terms of [32. ~ 1 2 1 .  
The results are as follow :- 

Standard Thermometer, 41 42 

[32.37] = [32.92] + .023 = 2T [32-2121 + so23 
[32.42] = [32.92] + ,069 = & [32.212] + -068 
c32.473 = +$ [32.gz] + ,069 = +c [32.212] + .068 
[32.52] = -:2. [32.92] + .018 = g*G [32.212] + .016 
[32.57] = ?2 [32.gz] + .038 = -& [32.212] + .036 
[32.62] = Ff [32,92] + ,037 = gd [32.212] + .035 
132.671 = & [32.92] + ,032 = & [32.21z] + .029 
L32.72] = & [32.92] + .04g = -& [32.212] + ,046 
C32.771 = ,9- [3z.gz] - ,040 = & [3~.zrz] - -0.14 
[32.82] = -:$- [32.92] - .016 = $ [35212] - -020 
[32.87] = el- [32.92] - .007 = A4~ [32.212] - -012 
[32.92] = ++ [32.92] + ,000 = 4-i- [32.212] - -005 
[32.97] = {;;. [32.92] - ,068 = 4; [32.212] - 9073 



I n  the Ordnance Survey Standard Thermometer, No. 3241, the corresponding values 
obtained in precisely the same manner are- 

Standurd Thernzometer, 324 1 .  

[32.37] = T';r [32.92] + .008 = &, [3~.21zJ + .003 
[32.42] = ?z [32.92] - .02I = & [32.212] - .03I 
[32-471 = -& [32.92] - .045 = +$ [32.212] - .060 
[32.52] = f$ [32.92] - .Q20 = gC L32.2121 - -041 
[32.57] = & [32.92] - .033 = Gd [32.212] - ,059 
[32.62] = & [32.92] - .037 = 3cG- [32.212] - .068 
[32.67] = +T r32.921 - .047 = & [32.212] - .083 
[32.72] = -& [32.92] - .065 = & [32.212] - -106 
[32.77] = ,9, [32.92] - .070 = ;& [32.212] - . I I ~  

[32.82] = +$ [32.92] - .043 = :-$ [32.212] - .095 
[3287] = {+ [32.92] + .018 = J !  [32.212] - .039 
[32.92] = {<- [32.92] + .ooo = 4-2- [3[3 2121 - .062 
r32.971 = 34 [32.92] + .035 = 44 [32.212] - .032 

For these data, a czrrve ?f 'er~ors  is formed for each thermometer, the abscissa being the 
ten~pcrature f and the ordinate the error of the therluometer at the temperature t. Thirteen 
points arc given, aucl a curvc being drawn through them thc errors of the thermometer at 
iliterlnediatc points is thus interpolated graphically. 

In the Standard 3 2 4 1  the correction for the error in the relative positions of the boiling 
2nd freezing point, or for the mean length of a degrce, is - o.ooro ( t  - 32). 

These two Standard Thermometers were compared together on the 17th April, con]- 
mencing at  the temperature 52' and ending with 97'. Inlrnediately after the first corn- 
purisons the fire was lighted in a stove in the roonl, and the temperature of the room was 
niade to increase regularly and continually so as to be nearly as possible the saine as that 
of the water in the trough. I t  \\,as not, I I O W C ~ C ~ ,  found practicable to raisz the te~nperature 
of thc room to Inore tl:nll go0. Thc t11ermon1etcl.s were conlpared at  or about 5z0, 55'9 57'9 
Go", GzC, 65;' . . . 9f, 97O. In  each fiw comparisons were made, the thermo- 
uletcrs lying close to one another m ~ d  their tubes carefully made horizontal. 

The  following table coutaius the result of these observations, each line being the mean 
of fire comparisons, except the last which is the mean of four. 



Immediately ~ f t e r  these conlparisons the thermometers were placed in ice, and four 
different determinations of the fieezing point made-with the following result :- 

- - 

The total corrections thcn to the tliern~oul~cter readings in the above table will be as 
subjoined- 

Applying these corrections to the actual thermometer readings we get the following- 

Taking now the true temperature to be the men11 of tliose indicated by the two 
thermometers we have the following residual errors :- 

11423. B B 



The  working thermometers 4219, 4226, 4222, 4220, mere compared with 4142 on 
the zqth, zsth, and 27th of March. The  following table contains the results ; the number 
of comparisons of which each line is the mean, being shown in the last coluinn :- 

Temperature. 1 3241 / 4142 

0 .  

97 
95 
92 
90 
87 
85 
8 2 

80 
77 
75 

Tcmpemture. 1 3211 1 4112 

I No. of 
No. of 
scr 4219 ( 1226 1 

I 

2 

3 
4 

2 
7 
8 
9 

0 + 0.015 
+ o.015 
- 0.010 

+ 0.015 
+ 0.005 
+ 0.005 
+ 0.015 
+ 0.005 
+ 0 .020  

0 

72 
70 
67 
65 
62 
60 

2s 
5 2 

O r o  

+ 0.005 - 0.005 
- 0.015 + 0.015 

0 

- o.01g 
- 0.015 
+ 0.010 

- 0.015 
- 0.005 
- 0.005 
- 0.015 
- 0.005 
- 0 . 0 2 0  

0.000 
+ 0 .020  
+ 0.010 

+ 0.015 
- 0.005 
- 0.005 

0.000 

+ 0.005 

0.000 

- 0.020 

- 0.010 

- 0.015 
f 0.005 
+ 0.005 

0~000 

- 0.005 

51i.o~ 
94.91 
93.08 
91.68 
90.16 
88.61 
87.75 
85.47 
83.37 

9 i . o ~  
94.88 
93 .0~  
91.66 
90.15 
88.57 
87.70 
85.48 
83.43 

6 
6 

I I  
11 

10 

8 
4 
5 
2 

80.94 
78.84 
76.80 
74.70 
72.46 
70.66 
68.87 
67.27 
65.43 
64.52 
62.24 
61.29 
59.84 
57-68 
55.82 
54.58 
51.91 
48.30 
46.51 
44'41 
43'40 
42-46 
41.79 

9;.98 
94.72 
92.9O 
91.44 
89-89 
88-34 
87.47 
85.25 
8 ~ 2 0  

9i.00 
94.90 
93-09 
91-67 
90.16 
88.60 
87.76 
85.48 
83.44 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
2 

3 
3 
3 
3 
3 
3 
3 

Y;.92 
94.86 
93.03 ' 

9I.59 
9 0 . 0 ~  
88.45 
87.57 
85.36 
83.28 

80.80 
78.76 
76.71 
74.47 
72.22 
70.48 
68.64 
67-11 
65.25 
64.35 
62.09 
61.11 
59.66 
57.50 
55.68 
54.42 
51.80 
48.17 
46.27 
44.15 
43.13 
42.21 
41.52 

80.96 
78.84 
76.79 
74.63 
72.4I 
70.60 

,68.77 
67.21 
65.35 
64.43 
62.19 
61.20 
59.71 
57.53 
55.74 
54.50 
51.88 
48.30 
46.46 
44'34 
43'32 
42.38 
41.69 

80.95 1 78.89 
1 2  76.81 
13 1 74.67 

80.79 
78.76 
76.75 
74.60 
72.43 
70.65 
68.83 
67.26 
65.41 
64.50 
62.18 
61.22 
59.76 
57.59 
55.75 
54.50 
51-89 
48.31 
46.45 
44.25 
43'77 
42.33 
41.63 

I4 
15 
I 6 
17 
18 
1 9 '  
20 
2 I 

2 2  

23 
24 
25 
26 
27 
28 
29 
30 
31 
32 

72.44 
70.65 
68.82 
67-25 
65.40 
64.50 
62.19 
61.25 
59.80 
57.65 
55.82 
54.58 
51.97 
48.42 
46-55 
44.42 
43'39 
42.44 
41.72 



On the conclusion of these comparisons the thermomctere were all placed iu ice, and 
the means of six deterulinations of the freezing point of each thcrmolneter were as follow :- 

If now we correct the readiugs in the preceding table for the errors of the freezin 
oints, and, in the case of the Standard 4142, apply also the corrections for calibration an 

goiling point errors, we get the numbers sllown below :- 
B 

, 
4226 / 4142 1 4222 , 4220 No. of a 1 4219 

-- -- 

97096 
94.80 
9 2.97 
91.57 

' 90.05 
88.50 
87.64 
85.36 
y3.26 
50.83 
78.73 
76.69 
74.59 
72.35 
70.55 
68.76 
67.16 
65.3' 
6 - 1 4  
62.13 
61.18 
59.73 
57.57 
55.7 I 
54'47 
51.80 
48-~9 
46.40 
41.30 
43.29 
42-35 
41.68 

97090 
94.80 
92-99 
9I.57 
90.06 
88.50 
87.66 
85.38 
83.34 
80.86 
78.74 
76.69 
74.53 
72.31 
70.50 
68.67 
67.11 
65.25 
64.33 
62-09 
61.10 
59.61 
57.43 
55.64 
54.40 
51.78 
48.20 
46.36 
44-24 
43.22 
42.28 
41-59 

I I 
2 

3 
4 
5 
6 
7 
X 
Y 
ro 
I I 

12 

I3 
14 
'5 
16 
17 
18 
19 
20 
21 
22 

23 
24 
25 
26 
27 
28 
29 
30 
3' 
32 

97:91 
94.77 
92'97 
9I.55 
90.04 
88.46 
87.59 
85.37 
83.3' 
80.84 
78.78 
76.70 
74.56 
72.33 
70.54 
68.71 
67.14 
65.29 
64.39 
62.08 
61.14 
59.69 
57.54 
55.71 
54'47 
51.86 
48.31 
46.44 
4-31 
43.28 
42-33 
41-61 

97°84 
94.63 
92.83 
91.3~ 
89.83 
88.27 
87.40 
65.17 
83.12 
80.73 
78.67 
76.62 
74'44 
7 2.23 
70'49 
68.63 
67.10 
65.24 
64.34 
62.09 
61.12 
59.67 
57'5' 

54.42 
51.80 
48.21 
46.32 
44.22 
43.19 
42.27 
41.57 

- - -. 

97p94 
94.88 
93.05 
91.61 
90.04 
88.47 
87.59 
85.38 
83.30 
80 Sr 
711.78 
7b.77 
74.62 
72.45 
70.67 
68.85 
67.28 
65.43 
64.52 
62.20 
61.24 
59.78 
57.61 
55.77 
54.52 
51.91 
48.33 
46.47 
44.27 
43'29 
4%'35 
41.65 



Referring now the other thernlo~neters to the Standard 4142, we get the following 
final systetll of errors, which must be regarded as calibration errors :- 

T o  find the actual errors of these thermometers a t  any given time, it is necessary to 
udd to the quantities in this Table the error of the freezing point in each thermometer, 
which is positive when the thcrrnometer placed in melting ice reads Jtighe~ than 32O.00. 

On April 27, just before the com~nencement of the second series of expansion 
experiments, the freezing points of the thernlolneters were found as follow :- 

Dnoszs n u ~ .  

Error of 
Blenn. Temp. 

STEEL U.i11. 

- 

Errors of 

4222 1 4220 

Errors o f  
-- 

4219 1 4226 

Error of 
Mcan. 

+O.IO 

+ 0'25 
+oa22 
+ 0.23 
+ 0.2 1 
+ 0.20 

S0.19 
+ 0.2 I 
+0.18 
+ 0.08 
+0'11 
+oa1.5 
$0.18 
+ 0.22 
+o.18 
+0'22 
+o.18 
+0.19 
+0.18 
+ 0.1 I 

+oa12 
+O.I I 
+ 0.10 

+ 0.09 
+O.IO 
4 0.1 1 

+O.IZ 
i-0'1.5 
+ 0.0 5 
+ 0.10 

+ 0.08 
+ 0.08 

y08 
95 
93 
92 
90 
89 
88 
85 
83 
81 
7 9 
77 
75 
72 
7 I 
69 
67 
65 
64 
62 
61 
60 
58 
56 
55 
52 
48 
47 
4 k  
43 
42 
41 

Temp. 

+ 0.1 2 
+0.17 + 0.14 
+o.rg 
+oa22 + 0'23 
t 0'24 
+o'19 + 0.14 
+O.IO 
+ 0'06 
+ 0'07 
+o.15 
+O'IZ 
+ 0'06 
+0'13 
+ 0'06 
+ 0.08 
+ 0.07 + 0'04 
+ 0'06 
+ 0'06 
+ 0'06 
+ 0'03 + 0'05 

0'00 

-0'02 
+ 0'08 
+ 0'08 
+ O * I O  

+ 0.08 
+ 0.1 I 

-toe07 
+O"4 + 0.14 + 0.1 7 
+ 0.2 I 
+0'19 
+oa19 
+omzo 
$0'20 
+o.11 
+ 0-1 I 
+oao8 
+oS12 
+ 0.10 

+ 0.05 
+oao8 
+oao4 
+oSo5 
+ 0.05 
-0.01 

+ 0.02 
+ 0.02 

+om3 
+om03 
+oao5 , 

+0 '21  92 
+0'22 90 
+0 '22  
0 2  2 
+0.20 1 85 
+0.16 83 
+o.oy I 81 
+0'09 I 79 
SO'lI ) 77 
+0'17 75 
~ 0 . 1 7  1 7 2  
+0.12 

+oar8 
+onrz 
+oar4 
+ o ' I ~  
+0.08 
+oao9 
to.09 
+0.08 
$0.06 
+om8 
+oeo6 
+om5 
+0'12 
+0'07 
+O'IO 

+om8 
+O'IO 

i + 0.06 + 0.07 
$0.17 +0.16 
+0.16 +O'I5 

71  
69 
67 
65 
64 
62 
61 
60 
58 
56 
55 
52 
48 
47 
44 
43 
42 
41 

+o.lg + 0.23 + 0'23 
+ 0.26 
+om21 
+ 0-22 

+ 0.13 
+ 0.07 + 0.07 I +o.oy 
+ 0.08 
+ 0.01 

+ 0.04 
+O.OI 

+ 0.01 

-0.01 

0.00 

-0.02 
- 0.06 
- 0.08 
- 0.04 
-0.02 

+ 0.1 8 
+ 0-22 
+ 0 '2  I 

+ 0'23 
+ 0.2 I 

+0.21 
+O. IZ  

+ 0.09 
+ 0.08 
+ 0.1 I 

+ 0.09 + C.03 
+ 0.06 
+ 0.03 + 0.03 + 0.02 
- 0.0 I 

0.00 

-0.02 
- 0.03 
- 0.0 1 

+ 0.02 
+ 0.02 
+ 0.05 
+ 0.08 
+ 0.06 
+ 0.06 
+ 0.04 + 0.03 

0 0  L:, +O. IO  -0.01 

+o.r? 
-k 0.09 + 0'02 

+ 0.09 
$0.06 
+ 0.04 

+ 0.03 
+O.OI 

+ 0.02 



Tlie actual expansion of a lo-feet bar of bronze for 60' Fahrenheit is about the 
sixteenth art of ail inch, and. this is a large quantity for rnicron~eter measurement; it  is, 
however, Bvided betseen two ~uicroii~etcrs, so that e ~ t h e r  of them only nieaaures half this 
amount. T h e  actual nurnber of divisious measured in several of thc coii~parisons is 
upwards of 1000 divisions by cacll microscope, and in one case tlie unotity exceeds 
r roo divisions ; $0 that I I revolutions of' the scrcw are brought into p 3 ay. In all our 
preceding operations no quantities of this magnitu(1c havc been measured, aud it becoillea 
necessary to  have some assurance that the screws of the micrometers have no irregularities 
which would vitiate our results. 

In  order to put  this to  the test, three contiguous or successive spaces of one hundredth 
of an inch on the foot OF \rere selected ; viz., the three riglit-hand spaccs in the tenth 
[6.7]. Referring to page 58 it  will be seen that those three spaces are not quite equal, 
bu t  taking the meau of the results givcn Ly the two microscopes, if 3 S be the suin of thc 
three spaccs 

d 

• Left space = S + o .  75 
Centre space = S - I . 58  

(1 1 

Right space = S + 0 . 8 3  
T h e  three spaces were then ~nensured in different parts of the field. T h e  observations 

were all made by  one observer, and for each microscope the focal adjustment remained 
constant during the operation. First, the scale was adjusted (being mounted as in fig 5, 
Plate VI.) so that  (in the microscope H) the apparent right-hand line of the four which 
contain the three spaces, read approximately, 300.0. T h e  scale remaining untouched, two 
readings of this line are made, the micronleter screw revolved until the next line is reached, 
which is bisected twice. T h e  movement of the screw being continued, the third, and then 
the fourth liues, are each twice bisected. Af'tcr the two bisections of the fourth, or 
apparent left-hand linc, the opcratioii is levcrscd ; the fourtli line is again bisected tivice, 
then tlie third line the same, the second, anrl fiually the first. A s  the scnle OF remaills 
untouched during this time, thc second readings should differ from the first only by errors 
of observation. T h e  readings of the four liues are 300, 650, 1000, and 1350, very - - 
closely. 

T h e  scale is then inoved by the motion of the carriagcs g until the right-hand line 
reads 350; and with this setting, the operation above recordei is repeated. T h e  reading 
of the left-hand line is in this position 1400. 

T h e  same operation is repeated, comniencing with 400, 450, 500, 550, 600, 650 ; tlle 
reading of the left-liand liuc in the last case being 1700. T h e  centre of the field 
reads 1000. 

T h u s  the three spaces are ~ueasured in cight different positions in the field, differing 
half a revolutiou each. 

T h e  whole of this is repeated five times over for each micrometer. 
Taking first the microscope H, the mean results are as follow : 



In  order that the differences here may represent the sanlc quantity we must correct for 
the inquality of the three spaces; that is, thc second column (vert ic~l)  must have the 
uantity + 0 . 8 3  applied, and the third column the quantity - 0 .75 .  Supposing this 

lone, let the irregularities of the screw be sucl~  as to require the correetlons 

+ x,, to thc reading 300 (3)  + .z;s ,, ,, 350 

+ .r,;o 8, ,, 1700 
And let 350 + h be the real value of the iuterval being measured, or the mean value 

of the three spaces. 
Take now the differences of the first readings corrected, and we get 

So each of the other lines will give three cquntions, making 24 in all, from which we 
have to get 29  x's and h. So that the problem is indeterminate in this shape. 

Each of the numbers in ( 2 )  is the mean of 10 readings ; i t  is therefore liable to the 
0-  32 

probable error of = f od. 10 from the inevitable errors of observation. I t  is not 
- - 

then quite correct to throw all these errors upon the screw. Indeed, to determine with 
anythlng like precision the errors of the screw, a vastly greater number of observations 
would be required ; but our object is rather to show that the errors, whatever they be are 
very small. 

\Ire shall proceed in the following manner : writing out all the discrepancies of the 
observations, as we have done for the first line, but without turning them into equations as 
(4), we shall determine that system of corrections I,, . . . . . xliO which shall make the sum 
of the squares of the discrepancies, together with the sum of the squares of the corrections 
themselves, a minimum. Tha t  is 

( - x 3 , + x 2 ' , -  ? 1 + 0 . 8 1 ) ~  ( 5 )  
+ (-a;, + .r,,, - 2h + 2.63)'  
+ (-.zdo + r,,, - 3 1 ~  + 2 . 5 2 ) "  
+ (-.TUG + z,,, - h + I . I I)' 

+ (-zb5 + I,,~ - 2h + 2.00)' 

+ (-.roi + zliO - 3h + 2 .76) '  
+ (-.ry, + .r 70 - I1 + I .og)" 
+ (-.2;, + rlOj - zh + ~ . 6 3 ) ~  
+ (-.r,, + .2.,&0 - 3 1 ~  + 3 . 4 8 Y  
+ (-z, + x7 ,  - h + 1 . 2 3 ) '  + (-.z;, + 311, - 2h + 2 . 8 9 ) "  + (-.'L;o + 'X141 - J h  + 3  .83)2  
+ (--.2, $rso  - ?A + 1 . 3 7 ) '  



+(-ti,+ Ills- 21b+ 2.69): 
+ ( -XU + 31rn - 3h + 3.74)' + (-sW + X U  - h + o.71)P + (-.rw + x, - 2 h  + 1.91)' 
+ ( - X ,  + .Z, - 311 + 2.74)' 
+ (-.T, + X m  1 k + 1.07)' 
+ (-rs:,, + rler - 211 + 2.29)' 
+ (-xu + X~ ,- 311 + 3.12): 
+ ( - x ~ +  X u -  /i+ 1.13)' + ( -a .6o+-z , -  2 h +  2 . 3 5 y  

+ (-zoo +xlsr - 3 h +  2,96)P 
+ ( x ~ ~ "  + xqj + . . . . + .reliO) 

must be a mi~~imum by the variation of r, xu . . . x,,, and Ir. The solution ie simple 
as the quantitie~ x are not much intermixed; ouly xu r,, x,, occur twice in the 
discrepancies, we have therefore placed together the discrepnucies obtained from the first 
and last lines of (2) ; they forrn the first six of the quautities just written do~vn. 

Differentiating first with respect to xM .z., .T,, s.,, x,,, we get 

4 580 - XM - 51w - 5 1 0  - 5.96 + 6 h = o 
-5&,+ 5 5 & -  XI,,- X B 6 -  x,,,- 5.15 + 5 h  = o  
- 830 - 4% + 3 3100 + 3.74 - 3 h = 0 

- xao - + 3 XI, + 4.61 - 5 h = o 
- 

$03 + 2 x,,, + 2.76 - 3 h = o 
whence the quautities z are easily expressed ir! terms of h. 

Again, differentiating with respect to .r, .x7, a.,,, .rl, 

Here again the quantities x are easily expressed in terms of h ; and so on. Finally 
we have to differentiate with respect to R ,  which gives one equation coutainiug all the x's. 

When the necessary substitutions are made, the equation becomes 
- 29.432 + 27.15 h = 0 

:. IL = 1.084 
and now all the corrections r are numerically kuowu. Their values are as follow :- 

x9,  = - ' '5 5 ,, = - .OI x,90= - ' I 0  

5, = + a 2 0  
(6) 

x i , =  + .14 x u =  + .07 
x , =  + .2g x 9 , =  + .00 XIM = - .05 
x , =  + -26 .z os = - . 0 3  4, = - . 1 4  
z 5 ,  = - .23 x,,, = - .23 S,,, = - . I 2  

5 65 = - a 0 0  xlO6 = - 16 .'tiG5 = + . I4 
z o o =  - .OI .zll0 = - 2 2 .zlm = + .06 
I & =  - ' 04 .rl16 = - . r 3 x,,, = + .14 
x ; ,=  + .07 x,,, = + .02 b,:, = + . 2 2  

2 7s = + .07 E,,, = - a06 
Of these quautities 14 are greater than od . I 2, and I 5 less than od . I 2. ' 



When these corrections are applied to the lnicro~neter readings they leave the 
following discrepancies, correspondillg to the lilies in (2) 

Of thesc, twelve are greater, aud twelve less than o" 1 2 .  Now the probable error of 
any one of the numbers in (2) being f 0% 10, the probable error of the difference of two 
of these numbers is f o! 14 ; so that the residual discrepancies aftcr making use of the 
correctiot~s a to the micrometer readings arc solnewhat less than might have been expected. 

I t  appears, then, that in the microscope H there is nothing to be feared from irregu- 
larity of the screw within the limits up to which it has been used, or within seven revolutions 
on either side of the centre of the field. 

The  same method of observation gave for the microscope K the following numbers- 

In order to correct for inequality of thc spaces, the numbers in the second vertical 
column must havc - 0% 8 3  applied, and the numbers in thc third column + o'I.75. 

Proceeding now as in the case of microscope H, \re gct for JL thc equation 

and the values of the quantities s are fouud as follow :- 
. r30= + .56 
. 2 . , 5 =  + .37 
. r ,  = + .41 
X , ~ =  + . 17  
z o o =  - ' 1 1  

to5= + .06 
5 6" = + .20 

r , =  - . 1 6  
.2. 7" = - . 3 0  
x,, = - .24 

Of these corrections, fourteen are less than 0% 14 and fifteen exceed that quantity. 



If  now we correct the microrneter readings by these quantities and the11 take out the 
differences, the following discrepancies remain. They ore arranged to correspond with the 
lines in (8).  

+ .26 + .06 + . I 4  (10) 
$. .29  + .07 + .oo + . 2 3  + . I O  + .07 + . 2 3  + . I Z  - . I 7  
+ .06 + . 0 3  - . 1 9  
+ .25 + .05 - -24  
+ . 2 3  + .04  - . o s  
+ .25 - . 04  - . 0 1  

Twelve of these errors exceed o" I I and t ~ ~ e l v c  are lcss than that quautity. There is, 
howevcr, a preponderance of + quantities in thc first column. This may be duc to the 
circumstance that the equations ( I )  arc not free frorn probable error. 111 fact, tliere is a 
discortlnnce between the results given by H and K, page 58, as to the rclativc tl~ngnitude 
of the three spaces. 

We have now tolerably satisfactory evidence that there is nothing to fear from the 
irregularities of the micrometer screws. 

The value of a revolution of either of the screwe which has been ueed up to this tinie, 
was detcrrnined from measurement of a space of one hundredth of an inch or 350 divisions, 
and since no quantities measured hitherto have been so great as this, the determination has 
sufficed. I t  becomes necessary now, however, to obtain the value of a revolution from the 
measurement of a much larger space. Accordingly a space of four hundredths of nn inch 
was chosen, being the foul. hundredths adjoining the line 6 on the foot OF. Now the 
value of this space is (see page 59)- 

s =  & [6.7] - zd.oo f o"104 
also [ 6 . 7 ] =  I -  l d . 7 8 f  od.092 
:. [6.7] = r$T I - od.71 -& od.037 

:.s = & I  - z d . p  & od.110 ( 1 1 )  

The space was measured ten times by each of three observers :-Captain Clarke, R.E., 
Quartcrrnaster Steel, nnd Corporal Compton. The scale was freshly adjusted to focus 
each time so as fully to bring out all error arising from i~ilperfect focusing. In each 
measure each line was bisected twice, and the mean of the two readi~lgs taken. The 
follo\\.it~g table shows the iudividual measures- 



For microscope I-I the mean results by the dicerent observers are r 393 . 7 r ,  1393 .79, 
13 3.75, while the general nman is I 393.75. For microscope K the individual means 

are 13 l? 8 34, 1386.56, and 1388.56, and the general mean I 388.49. Taking the general 
mean in each case as the truth, we get the following errors :- 

If f 6% 32 be taken as the probable error of a single reading, then the probable error 
of a single rneasureinent, as described above, so far as is due to bisections only \%,ill also 
be f 0" 32. The  errors of the first aud third observers (shown in the first and third 
columns under each microscope) do not indicate any increase of magnitnde due to focusing, 
but the errors of thc sccond observer do. We shall assume that this disposition of the 
errors is owing to chance. The sum of the squares of the thirty errors for H is 15.475, 
whence the probable error of one measurement is- 

and the probable error of the general mean 

f = f 0'1.090 
J 30 

For K the sum of the squares of the errors is 20.795 whence the probable error of one 
measure is 

and the probable error of the general mean 

so that the number of divisions of the two micrometers corresponding to the space in 
question, are- 

H . . . . . 1393c.75 f o"090 
K . .  . . . 1388c49 f o"104 

These quantities are equivalent to I - 2"71 f 0"110 

:. (1396.46 f 0.14) IL = I. 
(1391.20 0.15) k = I. 

and expressing I in n~illionths of a yard 



These results differ from those obtained at  page 64 by one division in I loo and one division 
in I zoo respectively. 

They difer also as to the anlount of error of measure apparently due to focal error of 
adjustment. Ilere we have the probable error due  to focal adjustment on a measure of 
I 390 divisions equal to 

f o r H .  . . . .  f J(T$z)~ - ( .3z j" -Y:+ 
-~ 

fo rK . . . . .  f J(.571)" (.34)"= f - 4 7 ~  

which gives for a measure of one thousand divisions a probable error 

E,,  = f O'?(jD 

E~ = f 0'3*0 

These quantities are smaller than those obtained at  page 63. 

We shall now give the rksults of the different comparisons in the following table. The 
first two columns contain the day and hour : the third and fourth, the observed micrometer 
readings and tetrperature of the bronze bar : the fifth column the corrections for errors of 
thermometers. The sixth, seventh, and eighth give the micrometer and thermometer 
readings, and the corrections to the latter, for the steel bar. The lines are arrangcd in 
pairs: the first line of each pair contains the mean readings of one observer, Captain 
Clarke, R.E. ; the second, the mean of simultaneous readings of the second observer, 
Quartermaster Steel, R.E. From the general description which has been given of the 
mode of observing, it will be understood that each number in the third and sixth columns is 
the mean of four micrometer readings, and each number in the fourth and seventh columns 
the mean of eight readings, viz., four readings of the left thernlolneter and four readings of 
the right thermometer. 

Dutc. I Bronze Bnr. 

Dny. 

. -. 

1865. 
Feb. 17 

,, 18 

3 .  9 ,  

,, 20 

IIour. bIierolueter bleusurrments. Obs" 
Temp. 

Curr" ta 
Therm*. 

Steel Bur. 
. . - . - - - - - 



Date. Uronzc Enr. 
I 

. - - 

I 
. _. . - - - -- - - - 

=a,-. IIour. 1 ?dicronetcr l lr iuurcn~wts .  I la I I , I I 
Temp. Therm'. 

. - --- ~- - -- 

" " I 
5 20p.m. 1350.50h+ 1378.28 k 43.14 -0.17 

'355.28h+ 1379.35 1' 43.15 1 
o n  1 3 4 8 ~ 3 3 1 1 + 1 3 5 7 ~ 9 0 k / 4 3 ~ 8 7 ~ - o ~ 1 i  

1351.501ri- 1359.25 11; 43.86 
I o 5 o p . 1 ~  1364.4oA+ 1336.03 11, ++ .oo  -0.17 

'1~65.60h+ 1335.68 k 43.99 

,, ,, I 3 47p.m. 1336.8011+ 1343.58 1 44.38 -0.17 

i 1337.9011+ 1342.65 k 44.41 

,, ,, 1 4 37p.m 1338.70h+ 1339.00 k 44.55 -0.17 
1339.88 h +  1337.00 k 44.56 

1 540.40/l+ 533.38 99.24 
i 

,, ,, : 5 opm. 7#.03bi- 76385 1 89.11-0.32 

1 745.6311+ 763.13 kl 89.08 

,, 28 1 1  +za.rn. 6o8.g81r+ 617.5qkyg-8y -0.25 
1 61?.03h+ 616.58 k 95.90 

, ,, 4 0P.m 6611.70h+ 682.08 /I 93e.32 -0.27 
668.48h+ 679.30 k 93.29 

, ,, 4 35p.m. 667.8311+ 672.73 k 93.60 -0.27 
668,95h+ 672.35 k 93.63 

M u .  3 . 4 op.m. 667.ooh+ 683.85 k 93.69 -0.27 
I 669.55 k +  684.18 !r 95.68 1 

,, ,, 1 5 20p.m.: 6yz,581r+ 692.75 11 92.77 -0.26 
! i 696.38h+ 6y2.68 k 92.79 

,, 4 ' I  I 1oa.m. 1042.48h+ 1101.10 k 74.53 - 0 . 1 ~  

1oq1.60It+ 10~7 .08  Ir 74.52 

,, ;, 1 1 ~  ~ IOOI ,  10.58.43/r+ 1068.51 1 74.88 -0.19 
i 1060.8oR + 1066.98 11 74.90 ' 0 30p.l". 1054.93 h +  1062.68 h 7 5 . 1 ~  -0.19 

j '  " 1 1056~~,51r+ro';o.yg Ir 75.20 1 
, -  I 

- 
Srccl Bar. I So.  



Swl Bar 
- - - - -. - - - 

Yo 

of Corn 

hhromekr ~fe8lllwmelnlr $2; , Ezy p n d  
I 

Dace. 
- - pp - 

Jlq I Hoar. 

Hrunre Bar. 
- -- - - 

Uicmmeter . c l u n n e I I U  / 1 



The mean of the results by the two observers in each comparisoll being taken, and 
the temperatures corrected for errors of thermometers, we get the results shown in the next 
table, where the order of the comparisol~s has for convenience been altered. 

Dote. Drollre D:II.. Stcwl llar. 
-~ - 

Nu. 

of Com- 
~ a y .  I  lour. ~ f i c m e t v  Meam~ren~enu. "bd 

1865. 
Mar. 11 

,, ,, 

,, ,, 

,, ,, 

Difference Temperature 
Difference of Length in of Length in 
Micrometer Divisions. Nilliontbn of n 

Remarks. 
rison. 1 Yard. 1 l3ro11re. Steel. -1- ' 

-- .- 
~ . n r .  
o 12p.m. 

o 40p.u. 

4 511.1~~ 

4 .351).m. 

I 

2 

3 
2 8 
29 
3O 
31 
32 
46 
47 
48 
49 
50 

9 
6 
7 
8 

11 

lo 
5 

15 
4 

COrrn lo 
I 'remp. 1 Therm*. 

I .-. - .~ .~ . - -.... 

103y.g81~+ 1043.43 11 
1040.45Ir+ 1041.63 k 

1040-281~+ 1043.58 k 
1039.1oh+ 1045.90 k 

~ o ~ ~ . z ~ ~  t 10~b.28 A 
1038.35h+ 1037.15 

io36.5811+ 1038.03 k 
1036.28h+.1035.78 k 

i~ icro~ueter &~euurments ,  

-- -- 
I I 

a ! 
~60.6811+ 969.15 h 4503 ;-0.13 
961.3011+ 968.73 k 42.05 1 

yjy.2011+ 973.63 k 
958.53/1+ 975.05 11 

y61.83h+ 975.80 k 
962.9511+ 973.93 k 

963.9011+ 973.15 k 
y64.65R+ 972.18 h 

81.2111 + 89.161~ 
73'~211 + 73'72k 

103.26h + 44'58h 
1.18l1 + 1'54h - 0.8971 + 5.331 
2'34h + 15,751 

- 1'78k+ rg'ygh 
10-ogh + ro.grk 
87.7611 + 66.62k 
79.03~ + 73'591~ 
80.821~ + 70'401~ 
75'4011 + 62.85k 

' 7*~'15h + 64'2.J~ 

672'3 ~h + 626.4yk 
722'81h + 695.84k 
717'25h f 696.54k 
714'52h + 696'45k 

.. -- 

O I 
41.36 1 - 0 . 1 ~  

41.38 1 

+ 135.83 
117.70 
117.75 

2.17 
3-53 

rq 'qq  
1450 
16.58 

123.04 
121.66 , 
120.53 
I I O ' I ~  

+ 108.72 

+ 1035.31 
1130.88 
1 1 2 7 . 0 ~  

1124.77 

:: 1 766,611 + 772'76k 

41.34 
41.33 

41.49 
41.50 

41.57 
41.60 

41.Y4 
41-94 

41-74 
41'75 

41.76 
41.78 

Both bars cold. 
I ,  > I  

,) ,, 
,, , I  

,, ,I 
I ,  3 ,  v 
,I 9. 

, I  i s  

, ,I 

I )  , I  

,, ,, 
,I ) I  

I )  I )  

725.4611 + 724'69k 
743'85h + 748.08k 
839'78h + 784.1211 
746'4711 + 720.41 k 
827'8511 + 84635k 
738.4711 + i40'83k 

38.69 3$.67 
39.87 39.66 i 40'14 39'93 
46-63 4 . 7 0  
46.58 / 44.7O 

13 

27 
26 
23 
24 
25 

-0.14 

-0.14 

-0.14 

46-28 
46.26 
46-23 
41.34 
41.23 
4 ~ . ~ y  
41'35 
4 1 ' ~  

789.761 + 765.491 

5++-74h + 537.8911 
545'7211 + 5 3 ~ ~ 7 3 ~  
569.9311 + 525'30h 
553-3211 + 557'54k 
557'00l1 + 563'97k 

12y1'17 43.69 
+ 1239.78 1 43.82 

-0.13 

-0.13 

-0.13 

44'68 
44.68 
44-71 

1 42'14 
I 41.90 

4 ~ . n ~  
41.61 
41'64 

19 

I) 99 

41.19 
40.41 
40.56 
40.67 

1156'03 / 42.97 
118y.35 j 42'78 
'294'46 1 39'76 
1169'33 44.38 
1334'67 39'57 
1179.28 I 41.22 

98.05 
98.60 

46.32 
46.28 

- 863.04 
865.29 

48 

49 

50 

85.16 
88.32 I 

88.42 9 )  

88.55 

, 
Bronze hot. Steel cold. 

*) , 
74.10 
74'21 

I 

93.44 
94'69 
94'75 
96.18 
96'33 
96.42 

>) 



Difference Tempemlw 
of Leu& ~n --- --. 

Mlerumckr Ulr  lblurl*. ~ l l l l ~ u n l h n  of a i nemark. 

riaon I Yard. Yntnze ( b ~ e l  
-- - - - -- - --- . 

700'381r + 707'Hgk 
708.24lr + 706.87k 
705'9911 + 7'8'49k 
g07'59h + 862.05k 

22 913'3611 + g31.2ok 
rg 936.65h + y56'ozk 
20 947.5511 + 952'70h 
21 946.051~ + y40.42k 
18 1008.71h + 101g.66k 
35 101y.8yk + 1032'12h t) 

1047.1 111 + 1 0 4 ' 1 2 k  I, 
lo77'97R + 1086.olR 
106g'z2h + 10gy'5?/t 
1115.611 + 1102.25k 

t 

40 265.80h + 146.51k - 
4T 231.9511 + 240'45h 
42 229'13/i + 248'23k 

Let no\v at the temperature of 40°, the Steel bar exceed the Bronze in length by n 
quantity z ; also let 

y = expansion of Bronze bar for 1" 

y' = expansion of Steel bar ,, 
then the difference of length when the Bronze hns the temperature t and the Steel the 
temperature t' will be 

+ ( t ' -  4 0 ) ~ ' -  ( 1  - 4 . 0 ) ~ ;  (16) 

and if the nctual observed difference of length under these circurnstnnces be 71,  there results 
from this observation the equation 

Proceeding thus with all the comparisons, we get the fbllo\\.ing syste~n of' equations :- 



1 . 1 9 ~  - 1.81 ?j - = + 120.53 = o 
1.35 !/ - 1.61 9' - 2 + 110.19 = 0 

I .++?/  - 1.64?/ - z + 108.72 = 0 

1 . 1 9 9  - 45.169 '  - z + 1035.31 = 0 

0.41 ?/ - 48.32.$ - z + 1130.88 = o 
0 . 5 6 ~  - 48.42 9' - z + 1127.02 = 0 

0 . 6 7 , ~  - 48.55 9' - z + 1124.77 = o 
2.97?/ - 5 3 . 4 4 ~ '  - z + 1156.03 -- o 

+ 2.78 9 - 5 4 . 6 9 ~ '  - z + 118g.35 = o 
- o.24?/ - 54.75 y' - .z + 1294.46 = o + 4 . 3 8 ! / - 5 6 . 1 8 g - z + 1 1 6 9 . 3 3 = 0  
- 0.43 ?/ - 56.33 9' - z + 1334.67 = o + 4 . 2 2 9  - 5 6 . 4 2 d  - z + 1179.28 = o 

3 . 6 9 9  - 58.05 ?/ - z + 1227.17 -- o 
3.82 ?/ - 5 8 . 6 0 ~ '  - t + 1239.78 = 0 

3 4 . 1 0 9 -  6 . 3 z d - z -  863.04 = o 
34.21 !/ - 6.28 - z - 865.29 = 0 

3 4 3 3 9 -  6 . 1 6 ? / - z -  873.03 = o 
34.709 - 6 . 1 6 ~ '  - z - 885.57 = 0 
35.00y  - 6 . 1 9 9 ' -  z - 893.G3 = 0 

40 .959  - 4 ,789 '  - z - 1122.63 = o 
41.05 Y - 4.83 9' - r - 1128.10 = o 
4 1 . 2 3 9 -  4 . 8 o y ' - r -  1'35.59 = o 
4 8 . 7 7 ~ -  3 . 6 8 ~ ' - Z -  1410.66 = o 
52.52 9 - 6.609 '  - z - 1470.48 = o 
53.03?/ - 5,489 '  - z - 1508.83 = o 
53.34?/ - 5.609'  - Z - 1514.85 = o 
53.41 9 - 6.249 '  - z - 1503.93 = 0 

5 5 . 6 4 , ~  - 4.99yT - z - 1613.96 = o 
56.02 ?/ - 4,649 '  - z - 1635.84 = 0 
57.189  - 4.76 J - z - 1667.09 = o 
58 .789  - 4.22 y' - z - 1725.10 = 0 

58.90?/ - 4.299 '  - z - 1728.93 = o 
59 .139  - 2.809'  - z - 1768.02 = 0 

41 .599  - 39.95 y' - z - 408.38 = o 
39.91.y - 38.51 y f -  .z - 376.60 = o 
4 0 . 1 6 ~  - 3 8 . 8 7 ~ '  - z - 380.57 = 0 

51.++y - 50.48 y ' -  z - 50032 = o 
4 8 . 4 ~ ~  - 4 8 . ~ 6 ~ '  - = - 450.29 = 0 

+ 4 7 . 8 1 y - q 8 . 1 6 y ' - z -  436.43 = o  
Proceeding by the mcthod of least squares, we should now form three equotiolls fro~n 

which tl1o.c values of z y y' would result which mnke the sum of the squares of' the 



rcsidunl errors a minimum. But we must first consider a peculiarity of the equations 
which mny render it desirable to treat them in a slightly different mauner. A1thoug.h the 
equations are all of the same form yet they nre 'divided into four groups distinctive in 
character. In the first thirt,een we have comparisons of two cold bars, in the remainder we 
have comparisons of a cold bar with a hot one, or of two hot bars, both of them situated 
in n cold roorn. We must therefore expect that the residual errors of the first thirteen 
equations will be very much smaller than those of the reluaining equatione. But we must 
not give less weight to these last equatious because of their being liable to greater errors, 
for the errors nre not wholly errors of observation. Here then we have an anomaly which 
leads us to pursue a course somewhat different fiom the ordinary one. The  first group of 
equations, it  will be seen, cnable us to ascertain the difference in length of the two bars 
a t  a certain low temperature, as 43" or thereabouts. I11 fict if we know the proyortioion 
of y,  y', we can ascertain the difference of length at a tempernture which can also be found 
out : let r be that temperature, and let the first group of equations be- 

( r ,  - T )  y  - (tl - T )  !/' - + ,!, = 0 

(4 - 7 )  y -  ( f ,  - r ) y l  - u +  / I 2  = o  

( t I3  - r )  y - (tlU - T) y' - 16 + n13 = o 

Let the inean of the temperatures be to t',; and of the observed differences of length let 
no be the menil : then u = no if 

(to - 7) y - (Po - 7) y' = 0'; 

or which is the same if 

!/ + Y' = 4 ( to  + t'") + < (f" - t',) -- 
?/ - y' 

Now an experinieiltal calculation gives ?/ = 32.8 y' = 2 1  . I ; tlius we get 

= 43O.75 
21 = 77 '43  

that is at 43" 75 the difference of length is 77 43, the steel bar being the longer. We 
shall now refer all our other equntions to the tempernture of 43". 75, thus a is eliruiuated 
and the equations become as follow :- 

- 2 . 5 6 ~  - q r . q ~ y ' +  957.88 = o (19)  
- 3.34!/ - 4 4 . 5 7 . ~ '  + '053.45 = 0 

- 3 . 1 9 ~  - 4 4 . 6 7 ~ '  + 1049.59 = o 
- 3.08 y - 4 4 . 8 0 ~ '  + 1047.34 = o 
- 0.78 y - 49.69 y' + 1078.60 = o 
- 0 . 9 7 ~  - 5 0  94y'  + 1111.92'= o 
- 3 . 9 9 ~  - 5 1 . o o y '  + 1217.03 = o 
+ 0 .63  y - 5 2 . 4 3 ~ '  + 1091.90 = o 
- 4 . 1 8  y - 5 2 . 5 8 ~ '  + 1257.24 = o 
+ 0 . 4 7 ~  - 52.67y' + 1101.85 = o 
- 0 .06  y - 54.30 j + 1149 .74  = o 
+ 0 . 0 7 y  - 5 4 . 8 5 d  + 1162.35 = o 



These equations represent comparisons taken nuder similar circumstances, they are con. 
sequently of the same degree of accuracy, and we shall solve them by the method of least 
squares. The  final equations are 

Putting A,  B, for the absolute terms of these equations, they become on elimination 

and restoring again the values of A, B, we get 

y = 32.9566 : Reciprocul of weight = . o o o o z ~  83 ( 2 2 )  
y' = 21 .1938 : ~3 9 ,  = .0cooz673 

The errors of the different co~nparisons resulting frorn these values o f y  and y' together 
with the value of z or u at  43'. 75, are as shown in the following Table :- 



Both cold. Steel hot. Bronze cold. Uronze hot. Steel mld. Both hot. 

... - .. 
i 

No. of 

. -. . .. - 

- 2 , y o  

35 -9.49 
36 -5.06 
33 +"" 
34 -0.24 
16 - 0 . 1 8  

I 
L 

Here we see that the errors of the comparisons when the bars are both cold are very 
much srnaller than when one or both of the bars are hot. Of the thirteen errors in the 
first group six are greater than 0.54, six less, and one equal to that quantity. Hence we 
infer that the probable error of u is about f o .  I 5. Now the absolute terms of the equations 
from which we have determined y, y', i re  a11 dependent on the adopted value of u, so that 
the errors in the three last co lum~~s  of the above Table are also affected by the probable 
error of u. But the errors in these columns are so very large in comparison with the 
probable error of u that we may lay aside this consideration. 

The  sum of the squares of the errors of the 37 equations is 592.95, hence the probable 
error of a comparisoa, one or both bars beiug hot, is 

I t  is not easy to accouut for the large errors. The  hcated air rising fiom the hot bar 
just under the observing microscopes often caused an irregular rcfi.action m d  apparent 
motion in the object viewed, similar to that observed in looking with a telescope a t  a 
terrestrial object on a hot day. This was sometimes troublesome, and may have pro- 
duced an error of as much as tnro nlicrolneter divisions at times, but not probably more. 
Also the exceeding freedom of the bars from being suspended, was another cause of a small 
amount of error, as carriages passing in the neighbourhood produced an oscillation of 
sometimes as much as f I . g  divis~on. But this hardly afl'ected the certainty of the 
bisections at any time. 

Another, probably more serious, source of error was an irregularity iu the distduce of' the 
copper tanks fion1 the bar at different parts of its length. The  avcrage distance was 
about ib of an inch, but the dificulty of making copper taulis tcn feet long perfectly 
straight involved some yariatious on that distancae. 111 order to remedy this, after the 
coilclusion of the observations just recordcd, thc boxes were taken to.pieces and the tauks 

D D  2 



somewhat improved ae to straightness. The tanks were then replaced at  a greater distance 
than before, namely, about <c inch. 

The probable errors of y, y', are,- 

y . . . . . . . . f 2.77 d.00002 183 = f a0129 
-- (24) 

y' . . . . . . . . f 2.77 J .oooo~673 = f .o i+3 

so that the final results for expansion are,- 

Erpans io~r  o f  Bronze B a r  = 32.9566 f .0129 ( 2 5 )  

Expansion of  Steel B a r  = 21 .I938 f . o l+s  

I f  we express these quantities us a fiaction of the bar's length we get the ordinary form 
of " co-efficient of expansion " thus,- 

Co-eficirnf of E.rpcrnsion cf B ~ . o n z e  = .0000098870 f ~000000003~1 

Co-eflcimzt of  E.rpansion of  Steel = -0000063581 f . W O O ~ O O O + ~  

In  the second series of experiments which cxtended over 12 days, viz., froni the 
29th April to the 10th May, the roller frames were restricted to a strictly vertical move- 
ment, so as to obtain the co-efficient of expansion under circumstances more similar to 
those in which the bars will be actually used. The bars then, it is to be understood, in 
the second series of' experiments were not swinging, but resting on two rollers, which 
admitted only of adjustment. for level and focus. 

The observations are given in the annexed Table :- 

Dak. I Bronze Bar. 

nay. I Hour. 1 i o e e  e r n  1 , j Corr" to 
1 eu~p.  Tl~erm'. 

1865. H. M. i P l o  
April 29 I I 5oa.m. 1040.85 11 + 1045.43 k 57 30 -0.09 

IO4YZO /l+ 1044.55 h 57'31 

,, ,, 0 30p.Ill. 1042'33 ?l+ l C H 2 5  h 57'30 -0'09 
1043'25 11 + 1044'20 k 57'29 

, ,, 3 35p.m. 1041.83 hi- 1044.93 h 57-27 -0'09 
1042.55 h + 1043'30 h 57.26 

,, ,, 4 2op.m. 1042.25 11+ 1046.60 k 57.28 -0.09 
1043.08 11 + 1046.08 h 57.27 

May 1 1092~10 IL+ 10~1 .48  h 54-33 -0.14 
10$J2'50 ?l+ 108~'23 h' 54.32 

,, ,, 4 0p.m. 1091.08 11 + 1089.05 h 54'41 -0.14 
1og2.40 h+ 1087.88 h 54.40 i 

Steel Bar. 

I 

Nierometer Neasurements. 1 ObS" to I Temp. Them,.  

No. of 
Cow- 

pnrison. 



* Thcre are some apparent mistnkes in the registry or rending of 0118 of the rnicrometcrs on tho Bronze Unr 
in this cornporison which cannot be i~urnvelled nnd tl~oreforc not snfely corrected. T l ~ e  com1)nrison is rcjectod. 

Date. Bmnze Bar. Swrl Bar. 
- - -- - . -. . . -- 

I 
I--- i No. of --, 

Cum- 
D U ~ .  I . I h l icronum Mruunnm.. 'IW I la 

I T r  
, ,I.brr ")., .icmuwter MWUW~IIC~U, I '0". lo p ~ i m .  

1 Ten~p. 'Them. : 

Taking now the means of tlie results for the two observers in each comparison, and 
correcting the observed temperatures, we form the next table. 

- -  - - ~ -. ... - - -- .. . . .- - -- 
1 

0 0  
I 

1 0 . 0  

IL+ 1313 'Y~ h 56.59 - O ' O Y  824.75 k +  l131.08 k y6..32 -0.27 
56.61, 826.10 lr+ 830.55 h1 y6.jj  , 

I 
h +  1314.0~ h 56-69 - 0 0  823.60 k + ~ ~ 7 . 4 ~  h 96'2 1 '-0.27 

823.90 18 + 834-05 hl 96.2 I 

-. 

y 

10 

919.2~ It+ 920.50h 75.96 1-0.1~ 1298.0.3 li+ 1:y8.~8 h, 61.04-0.19 \ 3 1 

, ,, 

,, 5 

, ,, 

,, ,, 

,, ,, 

,, 

,, ,, 

, ,, 

y l 9 ' g 8 / ~ t  918.25 h j j ' y j l  
12 noon! 923.23 11+ 8yXyj h 76.10 i -0 .1~ 

,, 10 10 30a.m. 1319.13 11+ 1318.40 h 56.86 -0'09 1363'95 h+ 1362.45 hi 56'83 -0.16 26 

11 1oa.m. 

11 5oa.m. 

3 45p.m. 

4 2op.m. 

I I  7L111 

11 48a.m. 

3 40p.m 

I Z Y ~ . O O L + I ~ ~ ; . ~ ~  h 61.oj: 

1 2 ~ 8 . 2 ~  1t+ 1zg9.b3 h 60.95 : - o . I ~  I 1 2  

I 

1300'0.3 11 + 1 zyy'go hi 60.94 : 
I 

1340.55 1i+ 1341'85 k 58.03 :-o.ly , ! I.{ 
1342'yj k +  ~j+o.yH h 58.03, I i  

I 
1339.60 A +  1344'7; k 58.04 - 0 . l ~  14 
1~41'y5 Id+ 1343.88 h 58.0.3 . ' 

! I  1336.30 A +  1345.65 h 58-07 ,-0.19 15 
1337.98 h t 1344.28 h 58.08 1 

1338.93 1r+ 1344'.~0 h 58.12 
1340.85 lr+ 1343'83 h,  58.12 : 
1 ~ 8 . 2 5  1350.08 h, 57.57 1-0.18 i 1 7  

1350.38 A +  1349.23 A ,  51-58 1 

, ,, 

I 

1348.60 ti+ 1349'6.5 h 5 7.65 -0.18 
1.350'70 11 1349.28 h 5j.67 

1~4y.90 li+ I ~ ~ + ~ . ? ~  h 5i.yj ' - 0 . 1 ~  

~29.28 1i+ 901.45 h 76'21 

923.80 A + 917.73 h !  76.03 i -0 .1~  

, 925.75 h+ 916.50 h '  76.02 

18 

19 

I I o m .  

915'50 h +  91.8'50 k 
915.98 Ii+ 915.28 h 

816.1oh+ 809.28 h 
8 I 9.75 11 + 809.93 A 

1350.95 11 + 1 3 ~ ~ 2 8  h 5 j 'yj 

I 
76.28 ;-omly 
76'28 1 

1 
81.38 /-0.27 
8 I .36 1 

1321.30 h +  1316.88 It1 56'85 

1 3 1 ~ ~ ~ 0  It+ ~ ~ 1 0 . 2 5  5 )  56.87 
1318.80 h+ 1319.53 h' 56.85 

I 

810.98 A +  818.85 1,  81.341-0.27 
811.70 h+ 815.83 h' 81.34 ; I 
492.33 517.15 9 6 . ~ 1  -0.27 
491.58 It+ 513'85 k 96-42 1 

I 504.93 k +  492.88 h 96.47 -0'27 
5 1  1'70 + 495'93 1' 96'45 I 
532.65 h +  531'1.3 h 95.06 -0.28 
533'35 11 + 530.05 h 95.06 1 

-o.og 

1368.95 k + 1366'15 hl 56.80 

la9 j 11 + 1 ~ 6 1 . ~ 0  4 56-85 
1370'65 Ii + 1357.05 h, 56-82 

I 

-0.16 17 



In the last group of coll~parisons the mean of the temperatures of the Bronze Bar is 
56O.590, and of the Steel 56O.453, whence, proceeding as before, we get T = 5C.84, and 
u the mean of the corresponding measured differences of length = - 72.85 ; so that at 
56'. 84 the Steel bar is shorter than the Bronze by 72.85. Our equations of condition 
will then be of the form 

y (t - 56y84) - y l ( t '  - 56O.84) + n + 72.85 = 0 ;  (26) 

they mill be found ns follow : - 
0 . 3 7 , ~  - 1 7 . 8 0 ~ '  + 363.27 = o (27) 
0 . 3 6 ~  - 1 7 . 7 0 ~ j  + 361.13 = o 
0 . 3 3 ~  - 1 7 . 9 4 ~ '  + 366.62 = o 
0.34.Y - 1 7 . 9 0 ~ '  + 368.55 = 0 '  

- 2 . 6 6 ~  - 27.91 y' + 675.65 = o 
- 2 . 5 8 ~  - 28 .14y1+  680.03 = o 
- 0.78 y - 39.23 y' + 854.94 = o 
- 0 . 7 0 ~  - 39.12 y' + 852.18 = o 
- 0.33!/ - 3 9 . 2 1 ~ '  + 8 4 1 . ~ 0  = 0 

- 0 . 2 4 y  - 39.10y' + 836.43 = o 

Difference 

Yard. 

Tcn~peraturc. 
{ ~ ~ ~ & h o ~ " , - - ~ - -  -- 

Ilronze 1 Steel. 
?f Comper~ron. Rssraaxs. 

Difference of 
Length in Micrometer 

Divi8ions. 

~ 

Bronze cold. Steel hot. 
3) )J 

9, J )  

Y J  5 )  

Y 9  

~ 3  ,S 

9 )  

,, ,, 
9, , 
YJ JJ 

9) ,, 

Bronze hot. Steel cold. 
,, YY 

JY Y J  

3) J 

Y9 ,) 
2 )  9 )  

) I  1: 99 

j j) 

,, ,, 

Both bus cold. 
, J, 

,, 
,, 

, 2 

9 3  

I 

2 

3 
4 

2 
7 
8 
9 

10 

1 I 

12 

13 
14 ' 

15 
16 

I 82.88 h + 181.43 h 
186.90 h + 174.75 IL 
175.30 IL + 193.18 h 
181.31 h + 189.62 h 
384.99 h + 371.20 h 
383.99 h + 377.68 
492.99 IL + 488.09 k 
497.41 16 + 480.23 k 
480.721~+482.49k 
480.24 h + 477.91 h 

379.1 I 11 + 378.54 h 
372.88 h + 399.82 h 
416.98 h + 424.30 h 
425.03 h + 427.41 h 
519.22 h + 535.36 k 
528.55 k + 526.82 k 

+ 290.42 
288.28 
293.77 
295.71 

1 7  
18 

857.36 h + 834.15 k 
841.34h+855.06h 

57.39 

I 

5;.21 I 7i.64 
57.20 1 74.54 

7348.41 

~y 817.42 h + 814.17 h 

L L  I 47.~311 + 40.14k 
23 1 49.26 h + 41.40 h 

39.01 IL + 53.64 h 
47.57 16 + 43.95 k 
46.24 h + 46.66 k 
53.74 h -I 39.38 

57.I7 
5 7 . 1 ~  

96.16 

74.78 
74.74 
84.75 
84.98 
96.07 
95.96 
96.05 
95.94 

60.85 
60.75 
57.84 
57.84 
57.89 
57.93 

1352.36 

602.80 , 54.18 
607.18 54.26 
782.09 56.06 
779.33 / 56.14 
768-15 ! 56.51 

96'19 1 57-48 

+ 763.58 

- 603.98 
616.02 
670.67 
679.55 
840.72 
841.32 

56.30 
56.32 
56.38 
56.40 
56.65 
56.67 

- 70." 1 5 6 . ~  

1300.67 57.76 

56.60 

75.76 
76.01 

7 6 . 0 ~  
81.10 
81.07 

72.26 
73.88 
72-96 
74.06 

- 73.74 

5 6 . 4  
56.55 
56.58 
56.76 
56.77 



These solved by the method of least squares give 
8633.30~ - 157*42J/ - 279487.85 = o (28) 

- 157-42 y + 9016.96 y' - 185636.93 = c 

writing A and B for the absolute terms of these equations, they becomc on eliminating y y' 

y + .om11587 A + -ooooozoz B = o (29)  
3' + .OC000202 A + - 0001 1094 B = 0 

restoring the values of A and B, we get these results :- 
y = 32 a7591 . . . . . .  Reciprocal of weight = . o m ~  159 (30) 
y' = 21.1594.. . . . .  ) #  9 J = *OOOIIO9 

The corresponding system of errors of comparisons is shown i n  the following 
Table :- 

The sum of the squares of the errors of the 20 equations, (shown in the two right. 
hand columns,) is I 24.38, hence the probable error of one comparison is,- 

The probable errors of y  y' are consequently 
y . . . . . . . . . .  f J ,772 ~/-0001159 = f O'ol9l 

y ' .  . . . . . . . . .  f 1.772 +'.ooor rog = f 0.0187 

Both Bars cold. Steel hot. Bronze cold. 
- 

E r r .  .:or, 

I 
-0.69 17  +o.Hy 

i 
I +0.53  1 9  -4.08 

I 
+ 1.24 2 0  -3.17 

I 

22 
23 
24 

Steel cold. B~~ouze  hol. 
- 

Error. Comp. 1 

I 
1 1  +3 .82  
12 
13 

+ o . 9 8  
-1.51 
-0.80 

+z .oy  
+ 3 . 1 1  

I 

2 

3 

-1.23 
-1.60 
-2.17 



SO that the finel rcs~llts for expansion are- 
E X ~ ) ( ~ I L S ~ O I Z  of Brorlze B(li. = :33.7591 f 0.0191 (33) 

1 9  Steel Bur = 21.1594 f O.olS7 
or in another fornl- 

Co-d/i'cie~lt qf E~parlsio~i cfBrorzze = .0000098277 f .~OJUOJII~~; (34) 
, l ), Steel = -0000063478 f .ooooooooac; 

Thc results to which we are conducted by the second series of experili~ents for 
expansion, show in the case of either bar a slrlaller co-efficient. In the case of the Steel bar 
the difference is immaterial, but in the case of the Bronze bar it is very sensible. The  
question now arises, is this difference due to the circumstance that the bars were not so 
free to expand as in the first experiments? If  so, expansioi~ must always be variable 
according to a~~ioi ln t  of friction of the rollers. 'An accun~ulation of oil and dust about the 
i~slcs in course of timc would producc a gradually dimillisl~ing rate of expansion. 

The  errors in the sccond series alc mnterii~lly s~ualler than in the first. This is, 
doubtless, owing in part t o  thc increased distiu~cc of the tanks from the bars as before 
explaiucd, and in part to the fact that the range of temperature was smaller. But there is 
this analogy Lctwcen the two systcn~s of residual ekrors, that in each case the errors are 
larger when the Bronze Bar is hot. In  the first series, the average of the errors of corn- 
parison, when the Steel Bar is hot is z .44, and when the B~aonze is hot 3.75 ; in the second 
series the corresponding averages are I .zo, 3.07. This leads us to the co~~clusion that 
thc co~nputed probable error for the Bronze Bar is in either series too small. 

Again, esamining the errors of the comparisons with Bronze hot in either series, there 
is an inclination to a predomiuance of + errors at  the lower temperatures, and - errors at 
thc higher temperatures. This  nay or may not be accidental, it may arise from a rate of 
exp:~nsion varying with the t e~upcra t~~re .  I t  111:1y bc interesting to see the individual rates 
of e:ipansion of the Brollze Bar that woultl suit the (liferent comparisons with Bronze hot 
:liid Stcel cold. They are shown in the following Table :- 

- 
, 

No. of 
~o,llpariroll,  'I'r1111wrnturc. C ~ c W e i e n t  or Expausion. 

No. of I 
Co,n ison,! Tcmpcrnture. Co-efficient of Expansioo. 

Tempelature of the cold bar :&bout 44'. 



Teruperatnre of tlie cold 11ar about 57". 

No. of I 1 C:ompnrison, Trmperatur~ I Co-efficient of F.apansiou. 

I I 

Similarly we may exhibit the co.efficicnts of expansion of the Steel bar, which would 
satisfy the equations of conditior~s, or comparisons, when the Bronze is cold nnd Steel hot ; 
T h e y  are as in the following Tables :- 

11 

12 

'3 

Cold Lnr about 42". 

I 
7t6 
76.0 
fY8 
76.1 

Compnrkou, Temperature. Co-efficient of Expansion. 

Of I I 

Cold bar about 56'. 

9 
6 
7 
8 

I I 
10 

It seems almost unnecessary to  remark that  final values for expansion are ~ ~ o t  to  be 
from these Tables, which nre merely illustrntive of the degree of precisio~l 

attained. T h e  final results renlain as already stated, equations (25, 33). 
ll423. E E 

I 

~00000y767 16 ~oooooy~oo 

-oooooy 7 85 
~00000y7 70 

Co-effieicut of Expnmion. 

-0oo006385 
.ooooo6367 
.ooooc6387 
~ooooo6364 
~000006341 
~c0c0063;0 

CoFd'Lon' Tcmperalur*. 

No, of I Cou,gri80n, Temperature Co-efieirnt of Expansion. 

I I 

.oooooy7y5 

.oooooy 7 7 y 

I 

5 
'5 
4 
14 
I ?  

3 

0 

85.2 
g8.3 
88.4 
88.6 
93'4 
94'7 

I 
C o ~ ; ~ ~ l l ,  'I'enlperature. Co-effiricot of Expansion. 

17 1 96.2 .oooooy~~ I 
18 ! 96.2 '000009858 
19 94.8 'caoooy 860 

0 

94'7 
96.2 
~6.3 
96.4 
y 8.0 
98.6 

.ooooo6328 

.ooo006350 

.ooooo6343 
~000006334 
.ooooo6357 
~ooo006360 

6 
7 
8 
9 
10 

.ooo006327 

.ooo00632 I 
~0000063 I 2 
.ooooo6363 
.ooooo63? 6 

I 
2 

3 
4 
5 

20 

~00000634y 
y6.1 ~000006343 
96.0 ~000006359 
96.0 -0oo006352 

.ooooo6357 

7t6 
74'5 
74'8 
74'7 
84'7 

.00000985 2 





are these- - 0 . 5 3  y - 18.8051 + 4 0 8 2 8  = o 
- 0 . 5 4 ~  - 18.02~' + 3ga-03 = o 
- 1 . 0 6 ~  - 10.01 y' + 241.18 = o 
- 1 .OsY - 9.68 y' + 234.24 = 0 
- 1 . 0 2 ~  - 7.50y1+ 187.03 = o 
- 0.973, - 7 . 2 4 ~ '  + 179.53 = 0 
- 0.98 y - 20.76d + 463.72 = o 
- O - g S y  - 20.52 J/ + 457.65 = o 

If here for y and y' we substitute the final value6 obtniued from the first eeriee, namely, 
y = 32.9566 and y' = 21.1938 ; the equations will be very far from antiafied, the d u a l  
errors being- 

- 7.63 
- 7.68 
- 5'91 
- 5.53 
- 5.54 
- 5.88 
- 8.56 
- 8.56 

Now this makes it clear that an entirely different value of y' is required in these 
comparisons. In order to obtaiil this value, substitute in the equations (35) y = 32.9566 
and they become- 

- 18.80 y' + 390.81 = o 
- 18.02~' + 374.23 = 0 
- TO-01 y' + ~ 0 6 . 2 4  = 0 
- 9.68 y' + 199.63 = o 
- 7 . 5 0 ~ '  + 153.41 = 0 
- 7 . 2 4 ~ '  + 147.56 = o 
- 20.769' + 431.42 = 0 
- 20.52 y' + 426.34 = o 

whence- 
1832.7785 ?/' - 38011.4188 = o 

.'. y' = 20.7398 
leaving the following errors of conlparisons :- 

- 0.90 
- 0.50 
+ 1-37 + 1.13 + 2.14 
+ 2.60 
- 0.86 
- 0.76 

with the probable error of the determination ofy' about f -02.1.. 



The change of rate of expansion here brought out in the Stecl bar fron~ zr . 1938 to 
20.7398 is, doubtless, owing to the circu~~istance that in these last colnparisons tile 
temperature of'the bar was not sustained. No current of warm water was r u l l ~ l i ~ ~ g  througll 
the tanks, and, consequently, the bar was steadily, though very slo~vly, cooling. At 
I I A.M. on 15th March the temperature of the bar was about 6z0, and by 5 P.M. on the 
16th i t  had cooled to 51". On the morning of the 17th it was again heated to above 65" 
and allowed to cool. 

This result would lead us to expect th i~t  if thc ratc of expansion of a bar be deduced 
fiom observations made upon that bnr while in a state of cooling, though only slowly, such 
deduced expansion is probably srnaller than the true value. 

The total number of ~nicrometer and thermometer readings i11 these expanbion experi- 
ments, not including any of the observations for determination of the errors of thermometers, 
is 2720 micrometer, 2720 thermonleter readings. 



XVII. 

RE-DETERRIINATION OF THE EXPANSIONS 

In a preceding section we have given the results of the experiments to which these bars 
were subjected in November 1837. T h e  method adopted is open to objection on accouut 
of the inevitable state of cooling of the hot bar, tending to produce a constant error, and from 
the results of the last section i t  would seein probable that the expansions then obtained are 
too small. I t  was therefore thought desirable to  obtain the expansions from the new 
apparatus. 

T h e  experiments or co~nparisons of the bars, hot and cold, extend over eleven days, 
between the 3rd and 16th of Novernher 1865, in all, 3 8  comparisons. Iu  the last two, 
61, being cold and 01, warm, tlle circulation of thc water was stopped, so that the bar was 
cooling slowly, a t  the rate of one degrec in twelve minutes. 

T h e  observations were conducted in the same manner, generally, as those described in 
the last section. There were, however, two points of difference that should be noted. 

1. T h e  boxes were covered with tire folds of blanket instead of one. 
2 .  T h e  hars had each three thcrinometers instead of two. 

T h e  outer thermometers were situated about 19 inches from the ends of the bars, the 
third thermometer a t  six inches from the centre. 

T h e  following table contains the results of the~comparisons. Each pair of liucs forms 
one con~parison ; the upper line in each pair being the mean of the readings of orie observer, 
Captain Clarke, 1t.E. ; the uuder, that  of the second (simultaneous) observer, Qunrtcr~unster 
Steel, R.E. I t  will be understood that cach nulnber in the columns headed I' Rlicro~neter 
Readings" is the mean of four readings, and each number iu the columns headed 
" Observed Temperatures," the mean of six readings. 
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Taking now the mean of the results of the two observers, that is, of each pair of lines, we 
get the quantities as nrrauged in the next Table. 



Let  the lengths of the bars 01, and 01, be expressed thus 

01,=a1 + (11 - 50)(2'.5 +YI) 

04 = (1, + ( t ,  - 50) (21 .5 + YZ) 
where 

2 I .5 + y, = expai~sioil of 01, for I" ~ahrenhe i t  
2 1 - 5  +y, = 9 9 01, ,$ 9 

No. 

I 
2 

3 
4 

i n ~ ~ ~ ~ ~ $ ~ ~ $ b " , B B  
O I 41'9.5 h t 40.20 k + 65-49 + ;.oY + '0.21 - 0.12 - 2.58 + 1-93 

44.76 h + 37'31 1' + 65-42 + 0.10 + 0.21 - 0.11 - 
39.86 h + 42'35 1' + 65'54 + 0.1 I + 0.25 - 0.14 - 
42.28 h + 39.96 h + 65'56 + 0.12 + 0.26 - 0'14 - 
37-80 It + 41.08 k + 62'89 - 0.58 - 0'30 - 0.28 - 

7 4 1 ' 0 o h +  37'37h +62'47 -oa.5X -0 .31  - 0 . 2 7  

d 40.09 11 + 40.33 A + 64.11 - 0.57 - o'fo - 0.27 - 
- 5'81 1 +1'72 

8 36.45 11 + 41-38 k + 62.05 - 2.26 - 1.92 - 0.34 - 7'31 +om64 
g 38.98 W + 40.78 k + 63'59 - 2.26 - 1 . ~ 2  - 0'34 - 7-31 -0-90 

10 531.84 + 531'57 i +847'74 t33.55 - 2'66 $36.21 +778.52 +0.78 

24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 

552'37 1' + 557'79 h 
459'34 11 + 464'4.4 h 
465'68 h + 463'42 h 
491'69 h + 478.81 h 
486.95 11 + 487.60 Ir 
454.34 A + 454'94 h 
453.04 11 -t 456.02 h 
479'57h +473'92h 
476.22 h + 472'56 k 
471'33 11 + 450.18 k , 
459.33 11 + 463.23 h 1 
47464 h + 485.65 k 
478.66 h + 472.93 h 
277.81 11 + 259'54 h 
"7.371 tz30.41h 

+885-01 
-736.43 
-740'67 
-773.65 
-776.89 
-724.71 
-724-69 
-760.10 
-756.34 
-736.97 
-735'46 
-765.54 
-758.59 
-428'34 
-372.90 

$36'48 
- 2.71 

- 1.23 
+34.56 

i-37'71 
-37.27 

+810.77 
-801.31 

-4.24 
+5'12 



Also let 
70 + z = a ,  - ad ( 3 )  

which is the difference of length of the barn (01, - 81,) when both are at the temperature 
50' F. So that when the one bar has the temperature t, and the other t l ~ c  temperature t,, 
the difference of length n is 

n = 70 + 2 + ( 4  - 4 )  2 1  .5 + ( I ,  - 50)  yI - ( t ,  - 50) y,  
-'. z  + (tl - 5 0 )  Yl  - ( f y  - 50)Y1 + 70 + 21 . 5  (1 ,  - I t )  - 1, = o 

Now let 

tl - 5 0 = f i  (4) 
4  - 50 = A  

70 + 2 1 . 5  (tl  - tr) - 12 = k 
then 

z + A Y l - A y t + k = o  (5) 
and each co~nparison will supply an equation of this fornl. 

We shall now write down the different equations, the quantities f ;  ./, k being given in 
the last table. 

z + 0.09 y, - 0 . 2 1  y, + r .g3 = o  
Z + 0.10 y1 - 0.21 y* + 2 . 2 1  = 0 

( 6 )  

z + o . l r y ,  - o.z5yt  + 1.45 = O  

z + 0 . 1 2  y, - 0 . 2 6 ~ ~  + I -43 = o  
z  - 0 .58  yl + 0.30Ya + 1.09 = o 
- 0.57 y, + 0 . 3 0 ~ ~  + 0 . 0 8  = o  

z  - 0 . 5 8  y, + 0 . 3 1  y, + I .72 = o 
z -  2 .26y1+ r . g ~ y , + o . 6 4 = 0  
z  - 2.26 y, + I . g z  y2 - 0.90 = o 

, 2 + 3 3 . 5 5  y, + 2.66 y, + 0.78 = o  
2 4- 3 3 . 3 6 ~ ~  + 2 . 5 4 ~ ~  - 0.27 = o  
z + 3 3 . 3 1  yI + 2.50yp - 1.62 = o 
+ 3 6 . ~ y ,  + 2 . 5 6 ~ ~  - 0.41 = o  

2 + 3 6 . 4 4 ~ ~  + 2.49 ya - I .68 = o  
z  + 36.42 y, + z .zoy ,  + 0.41 = o  
z + 3 6 . 5 7 ~ ~  + 2 . 1 1 ~ ~  + 0 . 1 5  = o 
-"+ 3 7 . 0 8 ~ ~  + 1 . 7 9 ~ ~ -  1 . 5 5  = o 
= + 3 7 . 1 4 ~ 1 +  1 . 7 v Y 1 - 3 . 4 8 = o  
z  + 37.44.Yl + 1 . 4 6 ~ ~  - 3.29 = o 
+ 37.38~1 + 1.39.Y~ - 3 . 0 5  = 0 

2 + 36.21 y, + 1.46 y, - 2.84 = o  
-" + 3 6 . 4 2 ~ ~  + I .45 yt - 4.16 = o  
z  + 36.38.y, + 1 . 2 9 ~ ~  - 2 . 1 5  = o  
z  + 36.48 Y, + 1.23 ye - 4.24 = o 
-"- 2.71Y1- 34.56yt+5.12=0 
2 - 2 . 8 2  yl - 34.71 Ya + 3.77 = 0 



The  last two of these equations we shall ornit in the deternination 01' y, y, for the 
reason that the bar was not maintained at  a constant temperature; we therefore reserve 
them for subsequent and special examination. 

We shall see that in these comparisol~s the apparent or residual errors are  lot materially 
greater, when one of the bars is hot and the other cold, than in the case of both bars being 
cold. We therefore proceed to treat the above equatiolls after the inethod of least 
squares. 

T h e  equations (5) multiplied in the ordinary nlanner give 

36z+(f, )JI1-(f, I?/,+( k ) = o  (7) 
(A) 2 + ( f;. ) YI - (Ji j ; )  .Y, + (fi k) = 0 

- ( A ) Z -  (fihl~i + ( f e 2 ) ~ a -  ( A k ) = o  

The  necessar-y multiplications and additions give 

These substituted in equations (7) give 

If we put A, B, C, for the absolnte terms, and express z .I/, y, ill tcrins of' these, there 
rcsults 

z + .1035871 A - .00299324 B + .00302667 C = o ( 10) 
yl - ,0029932 A + .0001381gB - .00009382 C = o 
y2 + .0030267 A - ~00009382 B + .ooo15381 C = o 



from which if we restore their numerical values to A, B, C ,  we get 

z = - 1.086 : Recip. of weight = .lo35871 ( 1 1 )  

y1 = + 0.0763 : ,, ,, = .0001382 
yt = + 0.0911: ,, . = .0001538 

Thew values of z y, y, substituted in the equations of condition give the following 
system of errors attached to the 36 comparisons :- 

BOIL Dars wld. 

November 3 
91 >, I :: :: i 
,, 4 1  

Error. 

01, hot. 

Date. -1 

The sum of the squares of these 36 errors is 55 56 ; hence the probable error of a 
single comparison is 

November 1 3  

:: ii 
9, 

9 ,  1, 

3, 1, 

,, 1 5  
9, 3, 

3, ,, 

:: ik 
,I YY 

and the probable errors of the determinations of ,y, y, 
y,. . . . . . f 0.875 d.0001382 = f o.olo:j . -- ('3) 
?/,. . . . . . f 0.875 4.0001538 = f 0.0109 

+ 0.611 
-0'69 

+ 0'33 
- 1.55 
+0.16 
+oa14 
+0'71 
-0'53 + 1.20 
+ 1.~8 
-0'28 

We have then finally the expansions of the two bars- 

Expansion of Ol, for lo Falw. = 21.5963 f o.0103 (14) 
Expansion of Ol, for lo  Fahr. = 21'5911 f 0'0109 

Or, if we put them in the shape of co-efficients of expansion 

Co-ej'icient of E.rpansion of 01, = '0000064929 f T I O O O O O ~ ~ ~ ~  (15) 
Co-eflcient of Expansion of Ol, = ' 0 0 0 0 0 6 4 ~ ~ 3  f WOWOWO:!:~ 



The rates of expansion a t  which we have just arrived are-in accordance with tht: 
remark on page 220, each larger than those obtained at  page'7g. In the case of 01, the 
difference i~ not very materiul, but in 01, it is of some importance. I t  should be remarked 
that the bars are in all respects similar one to the other ; there is no differcnce cither in 
form, dimensions, material, or time and place of constl-uclion; so that there is every reason 
to nssunie ri priori that the expausions should be equal. 

Returning now to the last two of the equations of condition (6)  i t '  i I th2ln we substi- 
tute the values we have obtained for z y, y,, the residual errors are 

which sliows that some other value of y, would result from those- comparisons taken by 
themselves. Adding the equations t,ogether we have 

2 - 2.47y, - 4 1 . 4 8 , ~ ~  - 3.69 = o 
substituting z = - I .086 : y, = + 0.0763, this becomes 

giving for the expansiou of 01, ~ 1 . 5 0 0  - o. 146 = 21 .354 a reshlt considerably in 
error, aud in the anticipated direction. 

On the evening of the 15th November, the rollers ou which the bar 01, was supported 
were jammed so as to prevent their revolutiou. The  object of this was to ascertain 
whether the friction so produced would on the heating of the bar the followiilg morning 
diminish thc expansion, as the bar under these circumstances would expand by sliding over 
the fixed rollers. The  errors exhibited in the two first comparisons on the 16th show that 
this produced no effect lvhatever. 

An examinition of the simultaneous lnicroueter readings of tlie two observers as 
recorded in the expansion experiments in this and the preceding section brings to light it 

certain amount of personal error. In each comparison the mean readings of each bar arc 
given in the form 

/ I  h + a'lc 
blb + b'k 

where a, a', 6, L', are each the mean of four micrometer readings ; the first two appertainiug 
to the observer A, the second two to the observer B. I t  will be remembered that a h and 
I,' k are simultaneous readings, as also are b h and a'k. If z be the distance of tlie zeros 
of the ~ilicroscopes, and u the length of the Lay, then, but for errors of observation, 



If the bar reniained absolutely undisturbed betwcen thc two pairs of observations 
these equations represent, that is to say, while thc observers change places, thcn wult l  
also 

u + a h + a ' k - z = o  
u + b t ~ + L ' I c - z = o  

hold good. But these do not always, as the bnr was sotneti~ncs rcndjustcd in focus 01 

otherwise, besides being possibly shaken in the readings of the thermometers which took 
place in the interval. In the ordinary comparisons where there is only one observer, the 
thermonieters are not rcad, nor the box containing the bars touched in any \yay, betwec~i 
the readin of the micrometers. 

IVo~v&t the personal error of the observer A in reading the line under the niicrv~iie~cr 
H be e, ; and the perso,nal error in reading the line under K, e., while e,, eB represent tllr . 
corresponding personal errors of B. Then we have 

e, + e. - e, - cB = ( 6  - ( I )  IL + (n' - 6) k = E 
\Ye now abstract this quantity E for ench coniparison, and place tlie~n in t l ~ c  following 

Tables :- 

BRONZE Ban 1st Series. 

B n o x e ~  Dan. 2nd Seiics. 

Date. I E. I Date. Dale. E. I 
1865. 1866. 

Fcb. 17  + 1.27 Feb. 25 
,, 18 1.31 ,, ,, 

, 2'71 ,, ‘27 

I 

I I I I ! 
I)nte. I E. Dnte. E I Date. B. I~IIC. L:. 

I 

-- 

1865. 
March 4 + 2.57 

,, 6 .3.92 
,, ,, 2.45 
,, ., ,j.o.? 
., , 1'64 

, 3.0; 

,, 'i 4.13 
, , 2.50 
? $  $ 9  ' 4'37 
,. .. .%.y3 
r ,  8 3.41 
7, ?. 3-21 
., ,, +?.91 

+ 1-62 
2.53 
4.61 

- -- - . . - -. - - 
! 

1865. i 
Mardl I) ! + 3.01 

,, I ,  I 3.33 
2'77 

,, 10 2'0.3 

., ,, I 2.9.3 
,, ,. I 2'27 
I, 1 1  2.82 

I ,, ,, . 2.13 
3 ,  I 2.79 
, :: j 
7, 3 ,  , + 1'5.5 

- - . 
I 

1865. i . lSG5. 
- ,  

1865. 1 
Al:~y 3 , + 2.34 Yay ., , + 2 . j ~  M:ty 9 / + 2.61 

3, ' 1'59 1, 1.7.; 
3 9  ., / 1'94 
,, 4 2.07 ,, , 2.97 ., , . .  3 3 9  
,, ,, i 2Vh, ,, , ., I 2.y4 
3, 5 1 2'53 3 ,  9, / . 2'57 ,* 
,, I + 2'45 ,# 8 1 +3'j.5 

- - - 

1865. 
April 9 9 '  + 1-78 

, 1'8.5 
2'13 ,, 2 8 ,  3.19 

3, 1 3.04 
1 1'75 ,, I l'ly 

, 
, ,  ,, 
,, ,, 

Mt~y 1 

0'77 
1.87 
1'08 
Z . I I  

March 3 ; 1.77 
,, I 3'08 
, 1; 2.50 
,, ,,I 3'12 
31 $ 3  2-43 
., , , 1+ze65  

I 

I )  2'73 

I )  I 1.98 
,, 3 , + 2'3.5 

I 

. 22 .. 24 

$ 8  25 

1.08 
1.13 
2'96 
1.45 

" " I 
11.23 
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STEEL BAR. 1st Series. 

STEEL BAR. 2nd Series. 

I Date. I 2. ,.late. li. I DUI. I ,,ate. I E. 
I 

Date I E. I Uatr  1 L I Datr. 1 E. I Date. / E. 

---- ~ -- -- 

18(ij. 
March 9 
,, ,, 
9, 

,, ib 
,, ,, 
,, ,, 
,, 11 

~- 

1865. 
March 4 

,, 
9, ,, 
, ,, 
,, ,, 
,, ,, 
,, 7 
,, , 
,, ,, 
,, ,, 
,, 8 
,, ,, 
,, ,, 

- - -~ 

1865. 
Feb. 25 + 2.42 
,, 1.87 
,, ii 1.70 
, .,, 2-67 
,, 28 1.67 
,, .- : 0.74 
., ,. 1-47 

fiIarcli 3 1.74 
, ,, 2'59 
,, 4 3'74 

+3.+3 
1.83 
2'22 
3.92 
3.03 
2-78 
2'91 

- 

1865. 1 

Date. 1 I%. I a .  I E. 

- 

f2.57 
3'66 
2.39 
4.01 
2.73 
1'75 
2'63 
1'28 
2'64 
2-81 
2'33 
3'88 

+ 2'93 

,, ,, 0.83 
,, , 1.67 

' " I 
2.38 

I, 9s , + 1'37 

I 

Feb. 17 
, 18 

:: 
:: 2i 
,, ,, 

,, 
. 22 
,, 24 

1865. 
May 9 

,, ,, 
a ,, 
,, , 
,, 10 
1, ,, 

1865. 1 

Dnte. 

+o.iG 
0.60 
1.39 
3.35 
2.89 
2.26 
0.85 
2-81 
3.1.5 
2.09 

:: 2'" 
, ,  ,, 

+2.66 
2'67 
2'55 
3.27 
1.04 

+ 2-53 

April 29 
,, ,, 

3 

,, 
M 1 

,, 

1865. 
Nov. 15 

r ,  , 
,, ,. 
,, 
,, /b 
,, ,, 
,, ,, 
r ,  3 ,  

+r 'g j  
0'35 
0.81 
0.32 
1.36 
0'18 
0'42 
0'41 
0'26 

+3'59 

+zm43 
2'06 
2'37 
1'97 
1.61 
3-29 

+3'33 

1865. 
May 3 
,, ,, 
v, ,, 
,, 4 
,, ,, 
,, 6 
,, 

+om60 
1.09 
1'39 
0.68 
0.90 
1'95 

-- 

+o.yy 
-0.08 
+0'59 + 0'24 
+oe76 + 1.16 
+oe16 
-0.73 

. 

18G5. 
Nov. 3 ,  f l . 13  

1 8  + 2'15 
,, , , + 0.97 
, ,  ,, ! +0'71 
, 4 1 + 1.46 

,, 1 + 2-03 

1'1% 

2.09 
+oeyz 

,, 3 + 1.98 
I 

18Gj. 
Nov. 7 

3 ,  n 

, 8 
,, ,, 
,, ,, 

,, 
1: 9 
,, , 
,, ,, 
,, ,, 

,, 
,, 6 
,, ,, 
,, 7 

,, I, 1.82 
, ,, 1-80 
., , + 1.65 

+ I  
1-50 
2-93 
5 1  
1'22 
2.61 

+ 2'55 

+oa8r + 1'21 

+ 0.82 
-0.13 

1865. 
May 5 

,, 
B, 

,, ,, 
,, ,, 
,I 
,, 8 

t2.46 
0'52 
0.16 
0.78 
0.98 
1.71 
2.27 
0'82 
0'89 

+2'09 

1865. 
Nov. 10 

,, ,, 
,, ,, 
,, 
,, 1'3 
,, 
,, 1)4 
,, ,, 
,, ,, 
,, 



From these tables it appears that the value of E is positi\.e in every instance in the 
case of the Indian Bars. In the case of either of the Iron Bars there ere three uegative 
values agaiust 35 ositive values. I n  the second series of experiments on either of the 
Indian Bars the vakes are rather smaller than in the first series. The nlean results are- 

1 E. I 1)ate. I E 

Bronze . . . . . . . . . . . ' .  e.  - e, + e, - eb = 2.34 
Steel . . . . . . . . . . . .  ; e, - e ,  + e, - e b =  2 . 1 0  

QI1 . . . . . . . . . . . . . . .  e.  - r,  + c, - es = 0.95 
012.. . . . . . . . . . . . . .  e . -  e , , + i ; - e s =  1 . 2 8  

Here two facts present themselves at  oncc,-(I) the amount of personal error eshibited 
in the case of the Indian Bars is twice as great ns in the others; ( 2 )  the error is the sclule 
in sign for all four bars. These might be accounted for on the liypotliesis tllnt the 
" bisection" of the observer A was always to the right of the bisection by the observer B- 
while the actual amount of difference varies with different lines. If we further suppose 
that each of the two lines on a bar produce the same amouut of personnl error, then since 
the micrometers measure in opposite directions, e. = - e,, eb = - q, nnd in the case of 
the four bars me have the results- 

-- -- 

If we filrther suppose thc two observers to have equal personal errors iu opposite direc- 
tions, then in the four different bars- 

. . . . . . . .  -- .... - 
I 

18GS. j 
NO". I 0  I +I'HB 

,, vi-0'3.3 
,. ,. + 2.4: 
,, ,, 1 +o:~K 
,, 13, +O 80 
,, , , : + 1 . 1 2  
,, 11'+0.86 
,, ., 1 -0.65 
,, ,, : + 1-16 

, + I ' d  j 
I 

1865. / 1865. 
Nov. 3 I + 1.00 Nov. 7 

$ 3  ! 1.27 ,, ,, 
1-80 ,, 8 
0'82 ,, ,, 
2-65 ,, , 

And indeed if we examine the observations as recorded, it will be seen that in al~uost 
every instance the H readings of the first observer nre less, and his K readings greuter, thau 
those of the second observer. Where this does not hold it is legitimate to suppose that tlir 
bar has been shaken or adjusted between the two observations. 

........... - . . . . .  

1865. 1 
NOY. 15 1 +-0.64 

I, ., + 0'3.3 
., + 0.72 

,, + I . I Z  
,, ik + 1.86 
, ,, + 2'20 
,, ,, +l.' .j  
, ,, ' -0.08 

+2'03 
1 
0.92 
0'62 

, 1-63 

In order to examine further into the matter, some special observatious \\.ere nlnde 
on*0l1 and 81, with the microscopes interchanged. 'l'he readings were mnde in the 
sanlc manner as in the expansion experiments. Ench ~ lu~nber  in the following tables is the 
mean of four readings, and the six lines in each group correspo~id to one visit to the bars. 

, 3-79 
, 1 0.82 ,, 9 ,  0.61 

,, 6 1 3.55 ., \ 0.79 
,, , 2.7'2 ,, ,, 1 1.12 
,, 71+1.06 :, 

!' I + 



- 

Date. i 
Cuptain Clurke, 1t.E. ! Qunrwr~nastcr Steel. E. , 

I I i .  

01, 

NOV. 30 
, , 
,, , 
,, ,, 
,, ,, 
,, , 

Dec. 1 
,, ,, 
,, .. 
,, ,, 
,, ., 

6 . 0 8 h +  g.18h 
5.62lt + 1 0 - o ~ h  
5.68h + 9.30k 
j.1011 + y.75h 
5.55 h + 9.75 k 
5 .0zh  + 9.52k 

4 .40h + 5.60k 
4.4011 + 5.85k 
4.2811 + ,5.y2h 
3 .48h + 6 .1ok  
3.75 h + 6.25 h 

6.80li+7.;roh 
6.021a +7.8oh 
5 .~011 +8.30k 
5 .85h t 8 . 4 0 k  
6.02 h + 8.37 k 
5 .30h +8.5ok 

3.70h +4.85k 
3.6711 +5.ooh 
4.7211 +4.87 h 
3 .75h +5.27 h 
4.0711 + 5 , 6 0 h  

,, .: I 3.6011 + 6 .1oh  

,, ,, ; o .78h -k  6 .80h 
,, ,, 0.75k + 6.5211 

o.50h + 6 .681~  
0 .981 + 6.901 
0.78 k + 6.58 h 
0.68h + 6.60h 

7.58h + 8 .12h  

+1.75 Hleft ,Kright .  
+z.og I 
+o.g7 8 

+1.67 , 
+ 1.47 
+1.04 

I 
+0.04 , ,, , ,  
+ O . I O  

i-1.19 1 
+0.87 1 
+0.77 1 

3.30h +5.07h 

1.80h+5.ooli  
1.52 h +5.25?1 
o.6ok +5.17 h 
0 .321  +4 .821  
0.42 h +4.87 k 
0.951 +5 .05h  

7 .78h +6.4511 
8.25 h + 7.07 11 
7.80h +6.75h 
8.62k +6.57 k 
6.75k +6.7tlh 
7 .72k+6 .67k  

,, ,, 
$ 3  1, 

., ,, . ,, 

$0.58 / 
$ 2 . 2 5  Kleft,Hrigllt .  
+ 1.62 
+1.28 ) 
f 1 . 1 3  1 

+ 1.08 
i -1 .45  1 
+1.4y  1 ,, $ I  

+ ' . I 3  
+ I 
+2.09 ( 
+0.60 1 
f ~ . o y i  

7.55 h + 8.00 1; 
7.83k + 8.2011 
7.55 k + 8.12 h 
7.521r + 8.3011 

3 ,  ,, 1 8 . 1 0 h +  8,4211 



. I11 the first of these tables, column headed E, there are as nlany positive as negative 
signs, and the average of the values of E is + 0.07. The result is not niaterially different 
whether 1-1 be to the left and K to the right, or vice versd. This value ia sensibly different 
from that obtained from the expansion experiments. 

In  the second Table contal~iing the readings of 01, it ap ears that E is in every case 
positive. The mean of the first r z  valucc, when H is on t g e left and K on the right, 
IS + I .og; and of the second rz, whcn I4 is on tlie right and K on the left, the 
mean is + I . 3 8 .  In these experirneuts tlle bar may safely be assluned to hnve remaiued 
nbsolutely unlnoved during the readings of each visit (or group of six lines), so that we 
can get the difference of readings of thc two observers for eoclr line ; taking the means in 
12 lines each, we get- 

Where each number is the nlean of 48 readings. Here the difference of the personal 
equations of the two observers is- 

Cal~tniu Clarke. 

4.75 11 + 7.78 A 

4.22 k + 7.44 11 

Lcfi Line. Riglit Liue. I'osition of ~ l i c r u m c ~ e r .  

+ 0.18 li - 1.14 k H O I I  the.lcft, I( r ight ,  

+ 0.16 k - 1.57 h I< on the lcft, H right.  

Thus it appears that the discrepancy arises almost entirely from the manner of 
bisecting one-the right-liue. The mean value of E from all these observations on 012 
= + I .ZI which agrees with the value derived from the expansioll experiments. 

But in the case of 01, we have fouud a diferent value. This leads us to conclude that 
a line may be read or bisectea differently at one time fro111 ilnothel.. That is to say, the 
line lnay hnve a diffcrent appearance to one or both observers nt different timcs. This may 
be the cnse actually, owing to very luinute particles of dust hangiug about the edges of the 
line, which are not easily dislodged. I t  is impossible to protect at all times the polished 
surfaces from dust, uor ought they to bc cleaned oftener than is absolutely necessary. 

The liues on the Indian Bars, which bring out the greatest amount of personal error, 
are fine and sonlc of them rather faint; the lines ou 01, 01, nre dark and strong, but they 
have straight parallel edges. The parallelislll of thek edges is certainly of more in~portance 
that the fineness of the lines. 111 the platinum metre, for instance, the lines are excessively 
fine, but they have no sharp parallel edges, and cousequeutly are most unfuvourablc for 

Qumknilns1r.r Slcel. 

4.93 1~ t 6.64 Ck 

4 .38 k + 5 .87  h 

observation. 

Pobitiou of hlicmrnrler. 

H o n  t h e  left, K right.  

I( OIL t h e  left, H rigl~t,. 



XVIII. 

DETERMINATION OF THE LENGTH OF 
THE INDIAN STANDARD 

I s  

'The Indian Standard Bar 1, has seven points on its upper surface distributed as shown 
in the diagram of OI,, page 81 .  They are marked with the distinctive letters A u c u E F H, 

thus 
-. . , 

A B C D E F H 

The comparisons made were the follo~ring :- 

[A.  B] with YB5 : [ A .  B] with [B.E]  : [B.D] with [D. F] 

[B'E] 2, - [B.E] ,, [c.F] [ D U E ]  ,, [c -E]  
[C .F] 99 Yar [c.F] ,, [F.HI [B.C] ,, [c .D]  

[F.H] ,, Y55 [U.D] ,, [C.E] [D.E] ,, [E.F] 

The observations are recorded in the usual form in the following Tables :- 

COMPARISONS OF THE DIFFERENT SPACES ON THE STEEL BAR WITH ONE ANOTHER, AND WITH 

THE STANDARD YARD Y,,. 

[A'B]-[B'E] 
I 

35.38 
34.29 
34.52 . 34.96 
34.52 
34.76 
33.81 
35.00 
34.17 
34.17 

Date. DiiTerence of Length in 
Micro~neter Divisione. 

-- 

1865. 1 
May 25 16.93 1 + 27.58 1 1 44.28 h + 41.63 1 

,, ,, 22.281~+21.57!1  4 3 . 2 3 h + 4 3 . 6 3 k  
,, , , I  1 8 . 4 3 h + 2 5 . 3 0 h 1  39.7811+47.25h 
,, ,,I 1 y . 6 3 h + 2 2 . y 1 k 1  z y . 1 0 h + 5 7 . 2 5 h  

23.65 h + 18-33 k / 45.00k + 40.28R 
2 1 . 6 8 I + 1 $ . 7 3 h  . ) ~ . 0 3 1 1 + ~ p - y 8 h  

,, ,, 1 23.65/1 + 16.23k 45 .22k  + 37.07k 
24.00 h + 15.87 k I 37.52 h + 46.22 k 
21.63 11 + 26.60k 1 49.57 h + 41.55 h 
24.88 h + 24-03 h I 5 4 . o o h  + 37.80h 

I 

27.35 h + 17.05 k 
z o . y 5 h + ~ 2 . 0 6 k  
2 1 . 3 5 h + ~ r . y 5 h  

9 . 4 7 h + 3 4 . 3 4 h  
21.35 h + 21.9516 
2 0 . 3 5 h 9 - 2 3 . 2 5 h  
21.5711 + 20.84R 
13.52 11 + 30.35 /i 
27.94h  + 14.95 h 
29.1"- + 13.77 k 



Datc. [c.F] 

35.18lr  + z z . 7 o k  
z 4 . 5 o h  + 24 .9oh  
29.20 h 4- 21.68 h 

Date. 

- -- 

1865. 
26 

,, ,, 
,, ,, 
,, ,, 
,, 27 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
, ,, 

i 
Diffweuee of Iangth In 
Micrometer Divisiuns. I [c 'Q]  -[B'E] 

- 2.7511 + 7 . 3 8 h  
- 1.40h + 6 . 6 8 h  
+ 0.22 B + 4.35 A 

,, ,, ! 
26.55 h + 28.57 h i 24.18 It + 26.48 k ;+  2.37 h + z.09 h 

JS ,,, 2 5 . 8 4 h + 2 8 . 8 5 h /  z 8 . 0 7 h + ~ 1 . 6 7 h / -  2 . 2 3 h +  7 . 1 8 h  
,, ,, 1 25 .85h  + 28.7oh 2 z . 9 3 h  + 25 .95h  / +  2.92h + 2.751 
,, ,, 1 28.08 h + 23 .77h  23.20 h + 23.28h 4.88 h + o .49h  
J B  ,, I 2 6 . 7 3 h  + q . 5 7 k  I 26 .18h  + 20.3zh I+ 0 . 5 5 h  + 4 . q h  
Y J  ,, I 20.73 h + 25.95k 1 22 .95h  + 21 .53h  1 -  2.22 h + q . q z h  

[c.P] 1 
-- . - --- - J 

60.8311 + 6 9 . 3 3 1  
' 

2y.23 1~ + 1 8 . 6 ~  I 31.60l.  + 40 ; o h  57.65 
62.78 h + 58.10k 24.52 h + 04.40 I ( j8 .26l i  + 33.70 k 1 57.36 

[C'E]'[~.D] 

33.95 
32.14 
32.84 
31.69 
72.86 

. j3.1Y 
32.20 
32 .40  
32.11 
31.40 

Date. 

1865. 
July 1 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
3, 3 

3.71 
4.22 

3.65 
3.55 
3 . ~ 6  
4.52 
4.27 
3.H3 
1.76 

J, ,, 1 29.47 11 + 27.57 k 20.32 8 + 24.73 11 I+ 0 .15  h + 2.84h 2'39 
29.72h + 20.76k 29.901~ + 14 .82k  1 -  0.18h + 5.94h 4.60 

60.55 h + 59.18 k 
60.87 h -1 60.13 k 
59.27 11 + 62.98 k 
58 -60  h + 63.47 k 
62.01 A + 58.15 k 
58.11 h + 61.18 k 
62.4311 + 55.93 h 
66.25 11 + 5 3 0 5  11 

[B.D] 
Difference of Lcngth in 

Mlcrometor Divisions. 

24-42 h + 24.47 h 
23.63 h + 23.85 11 
24.80 h + 25.51 h 
24.48 IL + 25.12 k 
23.51 h + 24.90 k 
25.43 h + 23.45 1' 
28.15 h + 19.95 k 
28.48 h + 19.12 k 

36.13 R + 34.71 k 1 56.47 
37.2411 + 36.28 k / 58.61 
34.47 18 + 37.47 k 
34.12 h + 38.35 h 
38.50 h + 33 .25k  

20.77 11 + 21.81 h 
2 4 . 8 8 1 ~  + 15.466 
15.441' + 25-73 k 
21.88 h + 17.88 k 
25.60 h + 15.64 k 
12.30h + 29.30k 
15.33 h + 25.05 k 
1 6 - 3 8 h  + 24.25k 
2 3 . 1 5 h t 1 7 . 1 4 k  
14.80 h + 24.57 k 

77.4011 + 81.33 k 
80.8311 + 76.57 k 
79.47 h + 80.83 k 
79.85 h + 77.98 k 
79.70 h + 78.47 k 
7 y . 6 2 1 ~  + 82.518k 
78.70 h + 86.25 h 
80.7oh + 82.37 h 
8 4 . 3 0 h + 7 8 . 5 2 h R  
77.03 h + 83.92 h 

5 7 - 3 5  
5 7 - 7 8  
57.19 

56.63 h + 59.52 k 
55.9511 + 6 1 . 1 1 1 ~  
64.03 I1 + 55.1011 
57.97 h + 60.10 k 
54.10 h + 62.83 k 
6 7 . 3 2 h  + 53.68 k 
63.37 lt + 61.20 k 
6 4 . 3 2 h  + 58.12 k 
6 1 . 1 g h + 6 1 . 3 8 k  
62.23 A + 59.35 k 

72.68 h + 37.73 k 56.14 
3 4 . 2 8 ~  + 35.98 h i 56 .01  
37.77 h + 32.93 k ) 56.39 

I 



I [ C .  
I Difference otIrngtlt in 

i c r o n e  i i i n  1 [' ' EI - [D ' .I 

Difference of Length in 
Micromcier Diwsion.. I[D ' s] - [n ' D] 

22.601~ + 26.67 k 
28.27 It + 21.60 h 
17.3oh + 31.03h 
21.27 h + '27.35 k 
22.40 h + 25.30 k 
23.15 h + 24.88 k 
2 5 . 3 0 h + 2 3 . 8 5 k  
28.98 h + 20.47 k 
21.80h + 27.28 k 
25.23 h + 24.17 k 

1865. 
M a y  27 

9 ,  ,, 
,, ,, 
,, ,, 
,, ,, 
,J 

,, ;9 
,, ,, 
,, ,, 
,, ,, 

z 

1865. 
July 1 
,, ,, 
,, ,, 
,, ,, 
,, 
,, ,, 
,, 3 
,, ,, 
,, ,, 
,, ,, 

26.18 h + 14.71 k 
18-38 h + 21.37 h 
28 ,231~ + 12.45k 
~ 8 ~ 0 0 1 i  + 13.26 h 
23.30 h + 16.75 k 
17.401~ + 21.69 k 
1 8 . 5 2 1 ~ + 2 1 . y 5 A  
16.55 h + 24.11 k 
25.62 h + 14.92 h 
21.49 h + 18.35 k 

48.78 h + 41.38 h 
46.65 h + 42.97 h 
45 .53h + 43.48k 
49.27 h + 40.61 h 
45.7011 + 42.05k 
40.55h + 46.57 h 
4 3 . 8 z h + 4 5 . 8 o k  
45.53 h + 44.58 k 
47.42 h + 42.20 k 
46.78 h + 42.52h 

.. 
Date. ['ID] 

3 2 9  
3 1 . ~ 9  
32.41 
3 2 4 7  
31.92 
3I.17 
32.27 
32'43 
32'3O 
31.76 

62.6811 + 55.58 W 
61.27 Ii + 57.08k 
63.78 h + 55.05 h 
59.45h + 58-78 k 
62.57h + 55.ozh  
68.92 h + 53.17 
64.00 h + 60.67 k 
62.1311 + 61.58k 
6y . y8h  + 54.33 h 
58.8811 + 63.18 k 

Difference i r t e r  of i i o n  Length in 11' "1 - [' ' 'I 

1865. 
May 29 
,, ,, 
39 9 ,  

,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, ,, 

2.70 h + 2.83 k 
0.63 h + 5.82k 
3.72 h - 0.13 k 
1 .18h  + 2.23k 
3.57 + 2.17k  
2.17 h + 2.26k 

-1.551~ + 6.73k 
1.81 + 3.44k 

-1 .17h + 6 4 5 k  
0.2411 + 5.15k 

64.1oli  + 51 . y5k  
60 .1gh + 57.13h 
58.85 11 + 59.22 k 
60.151~ + 57.73 k 
60.85h + 56.13k 
72.35 h + 48.Soh 
65.47 18 + 58.00 k 
65.57 h + 55.55k 
71.4811 + 52.07k 
59.78h + 61.47h 

4.41 
5 . I5  
2.86 
2.72 
4.57 
3'53 
4.14 
4"9 
4.22 
4.30 

47.78 h + 44.75 k 
45.71 11 + 47.20k 
45.15 A + 44.28 K 
44.28h + 45-88k  
42.62 h + 49.95 k 
43-30 h + 49-32 k 
43.98 h + 48.25 k 
45.53 IL + 46.22 k 
4 6 . 5 5 h + 4 4 . 5 7 k  
46.521~ + 44.65 k 

45.0811 + 41.92 k 
45.011 h + 41.38 k 
41.43 h + 44.41 11 
43.1011 + 43.65 h 
3y.0.511 + 47.78 !' 
41.13 11 + 47.06 R 
45.53 h + 41.52 k 
43.72 11 + 42.78 It 
47.7211+38.12R 
46.28h + 3y.50h 

- 1 . ~ 2 1 ~  + 3.63k 
1.12 h - 0.05 h 
4.93 h - 4.17 h 

-0.70h + 1.05 h 
1.72h - 1.11 k 

-3.43 + 4.37 
- I  .47 11 $ 2.67 k 
-3.44A + 6.031; 
-1.50h + 2.26b 
- o . y o h  + 1.711; 

1.77 
0.85 
0.59 
0.28 
0.48 
0.76 
0.96 
2.08 
0.61 
0.65 



Differencs of length 
in c o m e  i i o  I[D "I - [E ' 'I 

-- - 

i I 

3 1.60 

7 

Date. 

1865. 
June 22 
,, ,, 
,, ,, 

:: ds 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, ,, 

Date  1 T p .  1 [...I I ( DiEmncc ofhngth  
in ricrumner D i r i . i u .  Iyu- [ B  'I 

Temp. 

6 g 4 8  
62.60 
62.74 
62.82 
62.83 
62.87 
63.06 
63.15 
63.27 
63.33 

[A*.] 

P 

8 2 . 5 2 h  + 8 1 . 6 5 h  
7 3 . 3 3 h  + 89.85 k 
79.7011 + 82.23k 
78.43 h + 83-58  h 
86.801b + 76.32 k 
8 5 . 8 2 1 ~  + 76.301( 
74.8811 + 86.57 k 
83 .45A  + 7 7 . 5 7 k  
77.4711 + 8 1 . 7 7 h  
77.7811 + 81.05h 

1865. 
April 8 
,, ,, 
,, , 
9, 9, 

,, 10 
,, ,, 
,, ,, 
,, ,, 
,, 11 
,, ,, 

June 1 
,, ,, 
,, ,, 
,, 2 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, 3 
,, ,, 

y m 

97.63 h + 1 o z . 7 7 h  
88.32 11 + 1 1  1 .63h 
97 .42h  + 101.45 h 

100.53 Ii + 96.87 k 
1oo~o31 i  + 98 .93k  
96.8311 + i o1 .08k  
92.75 h + rog.32k 
y 6 . j ~ l i  + 101.0jh 
~ 8 . 2 7  h + y7.72k 
98.57 h + y 6 , y g h  

o 

47.33 
47.27 
47.33 
47.35 
47.85 
48.03 
48.25 
48.40 
48.88 
4 9 . 0 ~  
61.04 
61.17 
61.23 
60.83 
60.79 
60.76 
60.75 
60.72 
59.85 
59.81 

Diflerencr of Iaupth 
in ~ m u e  i i i n .  - Y b ~  

25.68 h + 28.83 A 
17.00 h + 36.451' 
23.65 Ii -t 28.72k 
27.57 h + 25.28 h 
23.42 11 + 27.451' 
24.25 li + 19.98k 
22.48 11 + 20.65 k 
26.18 11 + 1 3 . 3 z h  
21.03 It + 16.goh 
15.12 It + 22.87 k 
29.83 Ii + 3 5 . 7 0 h  
29.ool i  + 36 .50h  
32.30 h + 37.38 h 
39.83 A + 30.80h 
35.77 h + 35.23 k 
36.43 h + 37.40 h 
32.62 11 + 34.05 h 
35.05 h + 32.30k 
39993 h + 31 .4ok  
38.10 h + 33.601 

24.88 1 + 28.28 k 
16.8011 + 39.11-h 
22.4811 + 29.62h 
30.82 11 + 21.52 h 
24 .85h  + 25 .68h  
26.00li + 17 . z?k  
22.32l1 + 20.07 h 
2 3 . 9 2 1 ~  + 14.68k 
20.65 h .I- 16.83 h 
15. j7  It + 21.38k 
28.22 h + 31.37 k 
2 8 . ~ 2 8  + 30 .72k  
34.02 h + 29 .55k  
30.70h + 34.02h 
35.53 It + 29.22k 
37.38 h + 29.27 k 
32.88 h + 27.33 k 
34.87 h + 26.75 k 
i 8 . 6 0 1 ~  + 26.73k 
3 8 . 8 0 h  + 2 7 . 9 z k  

- 

15.1111 + 21.12h 
14.99 ?. + 21.78 k 
1 7 . 7 z h  + 19.22 k 
a z . ~ o h  + 13.29 h 
13.2311 + z z . 6 1  k 
1 1 . o 1 h  + 2 4 . 7 8 h  
17.87 11 + 18.75 h 
12 .8 j l i  $ 2 j . j o k  
r o . 8 o R  + 15.95 k 
'30.79 h + 1 5 . y o k  

28.89 
29.31 
2 9 q j  
28.20 
28.58 
28.55 
q . 1 9  
2 H . g ~  
39.29 
29.24 

0.80 h + 0..j5 k 
o.nol i  - 2.67k 
1.1711 - o . y o k  

-3.2511 + 3.76 h 
- 1.4311 + 1 . 7 7 k  - 1 . 7 5 h  + 2 .76k  

o.161i + 0.58 k 
2 .26h  - 1.36h 
o.38li + 0.07 k 

-0.4511 + 1.49 k 
I , 6 1 1 ~  + +.g;j k 
0.7811 + 5 . 7 S h  

- 1.72 h + 7 . 8 3 h  
y . 1 3 1 ~  - p 2 h  
o . 2 4 h  + 6.01 k 

- 0.95 h + 8.1311 
- 0.2611 + 6.72 k 

0.18 h + 5.55 h 
1.3311 + 4 . 6 7 k  

- 0 . 7 0 1 ~  + 5 . 6 8 h  

I .08 
-1 . y ;  

0 . 2 1  

0 . 4 2  
0 .28 
0 . 8 1  
0 .59 
0.71 
0 .36 
0 .83 
4 .74  
5 .24  
4 .88 
4 .69  
4.99 
5 .74 
5 .16 
4.57 
4 .79 
3.98 



Date. 
- 

1865. 
Julio 27 

, ., 
,, ,, 
, ,, 

, ,, 
,, ,, 
, 20 
,, ,, 

Dale  1 e m  1 [c.F] 

Temp. 
--- 

o 
63.80 
63.79 
63.77 
63.78 
63.78 
63-50 
63.49 
63.47 
63.30 
63.32 

y% c 

- - 

1865. 
Juno 24 

,, ,, 
,, ,, 
,, ,, 
, ,, 
,, 26 
,, , 
, ,, 
,, ,, 
,, ,, 

[...I 
-- - -- 

55.22 11 + 58.83h 
55.67 h + 58.67A 
49.92 h + 6 4 4 h  
56.72 h + 5 7 . 3 9  
55.68 h + 60.33h 
55.25 /I + 60.65k 
61 .271 t 5 3 . 9 2 h  
57.65 h + 58.23k 
62.97 h + 56.97k 
58 -15  h + 62.4.5k 

Difference of Length 
in Nicrumeter Divisions. ["'I 

.-- ~p ~ 

['''I - Ys5 

55.32 
56.09 
56.75 
56.06 
56.04 
56.15 
55.58 
55.92 
54.64 
55.57 

y,: Difference of Length 
in Micrometer Divisions. 

63.53 
63.61 
63.72 
63.82 
63.89 
63.72 
63.77 
63.87 
63.99 
64.04 

y 5, 

55.6311 + 51.05 k 
51-67 IL + 55.67 h 
5 3 ' 0 3 / ~  + 55.95k 
52.6011 + 5q.gzh  
54.23 h + 53.60k 
54.231~ + 53.92 h 
5 4 . 2 3 1 ~ + 5 4 . 4 5 h  
55.43 11 + 53.70 h 
54.68 A + 57.93 k 
57.0511 + 57.38 h 

25.08A + 23.93k 25.6oh + q 5 . 0 5 h  
25.68A + 20.65 k 
20.52 11 + 26.77 h 
19.13 h t 24.60h 
18,83/1 + zy .18k  
21.92 h + 24.93 k 
21.431~ + 28.50h 
21.38 8 + 29.42h 
za.0011 + 30.38 h 
29.68 h + 21-90 h 
59.70h + 56.05h 
54.20 h + 60.13k 
57.8511 + 59.10h 
58.73 h + 56.75 h 
58.55h + 58.13h 
58.93h + 57.80k 
61.5811 + 56.30h 
60,4311 + 55.83K 
60.60h + 57.48 11 
55 .07h + 62.10h 

1865. 
May 31 
,, ,, 
,, ,, 
, , 
,, ,, 
,, ,, 

June 1 
,, ,, 
,, ,, 
,, ,, 
,, 29 
,, ,, 
, ,, 
,, , 
, 30 
, ,, 
,, ,, 
, , 
,, ,, 
,, , 

126.68 h + 140.13k 
130.62h + 1 3 ~ . 1 5 h  
13o.ozh  + 136.32 h 
129.37 11 +135.87 h 
13z .ooh + i33.22h 
127.23 h +137.27 h 
127.02h +136.45h 
127.98h + 134.43k 
l zg .85h  + 1 3 ~ . 0 6 k  
130.85h + r g r . o z h  

99.07 h + 98.37 1 
99.55 h + 95.87h 
89.00h + ro6.13 h 
92.88 /L + 102.03 k 
93.90h + 101.01 h 
92.43 1 + 101.63h 
96.68 h + 97.08h 
95.85h + 96.438 
86.81 h + 106.5311 
94.0611 + g8.1oH 

o 
61.21 
61.22 
61.28 
6 1 . ~ 5  
61.41 
61.41 
60.79 
60.74 
60.84 
60.90 
63.33 
63.43 
6 3 . a  
63.38 
63.15 
h3.13 
63.09 
63.11 
63.07 
63-08 

27-61 h + 41  7Uk 
31.0711 + 39.28/1 
q1 .021~ + 30.1gk 
36.49h + 33.841~ 
38.1oh + 32.21h 
3 t 8 0 h  + 35.64h 
30.3411 + 39-37k 
32.13 It + 38.ooh 
43 .04h + 25.53h 
36.79h + 32.92k 

Difference of Lencth 
in Micrometer oiviiiunr Iyu - ["'I 

0.5211 + ~ . ~ z k  

- 0.41 It + 7.78k 
4.00 A + 3.00 h 

- 3.11 A + 9.03h 
4.1211 + 2.43h 
1.45h + 6.73 h 
1.026 + 6.73 h 
7 . 0 4 h - 0 . 5 3 I r  
2 .22  11 + 4.53 h 
8.29 Ir - 0.96 k 
1.1oh + 5.07 R 

1.31 

5.89 
5.58 
4.74 
5-22 
6.53 
6.19 
5.18 
5.38 
5.83 
4.92 

0.82 
-0.02 

0.75 
0.93 

-o.rg 
-0.50 

0.03 
-0.35 

0.40 
1 - 0 2  

0.63 
1.22 
0.97 
0.86 
0.45 
0.45 

-0.15 
0.52 

3 . 4 2  h + 19.88 k 0.26/1 + 0.77 h 
2.5.42. /1 + 21-92 k 1 - 4.90h + 4.85 k 
20.3011 + 22.50K 1 - 1.1711 + 2.10k 
i o .88h  + 35.94k 7 . ~ 5 1 ~  - 6.768 
22.43 h + 24.58 k - 0.51 h + 0.35k 
22.531~ + 28.03 h - 1 .101~  + 0.47 h 
21.28 11 + 29.48 h 
28.52.11 + 24.32 h 
36-85 R + 24.22 H 
58.601~ + 55-87 h 
57-05 h $ 56.50 h 
58.98h + 56.45h 
57.53 h + 56.73 A 
58.1811 + 57.42h 
58.081~ + 58.08h 
~ J . I ~ / L  + 56.17K 
62.33 k + 54.13 k 
59.65 k + 5;.78k 

oeroh - 0.068 
- 6.5211 + 6.06h 

2.83 h - 2.32 h 
I . I O ~  + 0.18k 

- 2.85 h + 3.63 h 
- r . 13h  + 2.65h 

l . o o h  + 0.02 h 
0.37h + 0.71 k 
o.85A -0.28k 
o . / c ~ / L  + 0.13k  

- 1.9011 + 1.70k 
0.95 A - 0.3oh 

55.25h + 60.67 h - 0.1811 + 1.4311 



In  order to obtain from these comparieone-160 in number-the mcmt probable values 
of the different intervals, let y be the excess of the expaneion of a yard of I, above that of V, 
and at  6z0 let 

[ A . D ]  = 'Y ,  + 30+.r1 ( 1 1  
[ A , " ]  = + Y, + 15 + x2 
[ a . ~ ] =  $ Yas + 5 + 9.3 

[A.EI = ; YM + 25 + * ,  r 
[ A - P I =  $ Y,+ 15 + X ,  
[".A] = 17: YM + 70 + xo 

Then we have equations of the following form:- 
%. of q l u l i 0 U A  

[ A S B ]  - Y,, = X ,  + ( t  - 62) y + 3 0 . .  . . . .  10 ( a )  
[ B . E ]  - Y6, = -I, + 1', + (I - 6 2 ) ~  - 5 . .  . 30 
[c.P] -Y,, = - x , + x , +  ( t - 6 z ) y  . . . . . .  2 0  

[F 'H]  - Yb6 = - X5 + T o +  ( t  - 62)y + 5 5 . .  10 

[A.B] - [B.E]  = Z X ,  - X , +  35 . . . . . . . . . . . .  I 0  
[n-E] - [c.F] = - x1 + x2 + xj - x6 - 5 . . . . .  zo 
[c.P] - [P.H] = - Xa + Z X 6  - Xo - 5 5 . .  ..... 10 

[B .D]  - [c.E] = - XI + XJ + Xa - Z4 - 35 .... I 0  

[c.E] - [ D . F ]  = - Za + X2', + X, - S, ........ 10 

[B.D]  - [ D . F ]  = - .'C1 + 2 .T3 - .T5 - 35 . . . . . .  I 0  

[B.c] - [ c . D ]  = - X I  + 2.T2 - .2:, - 5 . . . . . . .  I 0  

[D.E]  - [E.F]  = - .%a + 2 .2; - .r5 + 30..  . . . . .  1 0  

The 160 equations multiplied through according to the method of least squares give 
finally- (3) 

0=+6j0~00+~080.56y+1j.96,~~+146~4~.~,- 3.36% -137.zjx~-14.60 
o=- 29.07+ 17.96y+zo.o so + 10 .Q - 3 0  Xa 

0=+158.34+ 1 4 6 . 4 2 ~  + I  30 . I * ,  - 70 .xr - 20 .%- 60 .r4 +30 x6 
o=-1oo.20- 3*36y+10 .r,, - 50.2‘~ + I I O . %  -20x3 -50 .z, 
o=- 73.97 - 2 0  .rl - 2 0  .r, +8o.~g- 2 0  x, -20 x, 
o=- 78.84- 1 3 7 . 2 7 ~  - 60 a; - zo .~ .~+Izo  .2; -50 x5 
0=+138.46- 14.60~-30 zo + 30 %; - 50 .% -20.5- 50 .r, + 1 2 0 r ,  

By the solution of these equations we get 



If now \vc substitute these ~ralues of y .z., a., . . . .  x, in the first seventy of equa- 
tione ( 2 ) .  we get the following systcm of errorb of the comparisons of the diff'crent yards 
on ls with the yard Y,:- 

The  substitution of y a, . . . .  .z., in the ren~aining ninety equations of ( z ) ,  gives 
the following system of errors of the comparisons of the different subdivisions of the bar 
one with another. T h e  first four columns appertain to the yard spaces ; the fifth, sixth, 
and seventh colun~lls to the two-feet spaces ; and the last two colulnns to one-foot spaces :- 

Arranged as the errors are here, in groups, it appears that some groups are not wholly 
frce from a suspicion of constant error. For insta~lce, the two yards LB. E] [c. F] when 
compared with the Standard Yard Y,, do not exhibit the same difference of length as when 
compared directly one with the other. 

Thc sunl of the squares of the 160 crrors = 103.97 ; heuce the probable error of one 
co~nparison 

And the probable errors of 5, and y- 



Combining equations (1)  and (4) we get for the true lengths of the varioua intervals 
the following :- 

And for the lengtb of the whole bar [A .HI = le 



XIX. 

DETERMINATION OF TIIE LENGTII OF TI-IE 
INDIAN STANDARD FOOT 

AND ITS SUBDIVISIONS. 

This bar is of the same dimensions as OF described at  page 14, but is of steel. The 
lines marking the inches and smaller subdivisions are drawn on gold pins let into the bar. 
The extreme inches are subdivided into tweutieths. T h e  I 3 inch-lines are marked u, b, c ,  d, 
e,A g, k, 1, m, n, P. 

This bar was compared with the scale OF (entire length) 10 times at  about the tem- 
perature 53°, and 2 0  times at the mean temperature of about 64''s. 

The six-inch spaces [u .g [ d .  1 [ g .  I ) ] ,  were then compared amongst themselves I 5 
times ; the five-inch spaces /; A, , mere coinpared together ro times ; the four- 

c .g mere compared together lo times; and finally the three-inch 
, [d .g ] ,  were compared together ro times. The comparisons of 

precisely as explained in the case of OF, Section 1V. 

The  comparisons are given in the following Tables :- 



COMPARI~ONB OF THE OILDNANCE STANDARD FOOT WITH THE INDIAN STANDARD FOOT. 
I. 

Date. 
1865. 

. - -. 

Temp. OF IF 

April 18 1 519.50 
,, ! 52.66 
,, 52.87 :: , 1 1 0  

, 19 1 52.82 
52.88 

I >  53.05 
, ,, 53.08 

,, 1 53.14 

B 69-47 b + 7 1 3 1  k 1 0.80 h+ j.02 k $05 
,, 8 65.01 72.25 1t+71.50 k / 1 . 7  I 1 . 7  II 2.58 
I )  71.65 /1+71.32 h 1 0.10 h +  3.50 h 2.87 

71.82 h+71 .55  h I 2.48 h+ 1.55 It .<.21 
71.80 h+71 .6 j  k 1 1.90 h+ 1.38 h 2.61 
63.32 h + 8 1 . 6 o h  I 0.85 /I+ 1.92 R , 2.21 

. 

Difference of Lungth ' 
in ~ i r r u n ~ c t e r  ~)iviriuop. . IF-F 

14-95 11+l j .15  k i X . ~ O ? I + Z O . ~ Z  h ~ . 7 5 1 i +  4.21 k .~.57 
23.45 h+ 26.32 h 1 27.17 /I + 15.97 k -3.77 h +  1 0 . ~ 5  k 5.27 
23.9% k+z3.27 h ' 21.65 A f 2 1 . 5 5  h 2.27 IL+ 1.72 h 3 . 1 8  i 22.87 h + 2  .pl k l 23.)2/ t+ 19.15 h -0.65 1r+ 4.77 k 3.29 

I ,  , 
July 5 

)) ,, 
I >  , 

,, 
,, G 

,, 
., 
,, 
,, !i 1 
., 
, 
,, 

- . . . . . - .- . . . -- - 
I-- 

53.15, 
63.21 
63.36 
63.53 
63.68 
63.85 
64.04 
6 4 2 4  

, 64.42 
' 64.55 

64.73 
64.77 
64.86 
64.96 

2.75 h +  2.25 k 3.98 24-15 h+20.001 

j ,, 65.12 

1 1 . 4 0 h + 2 ~ . 7 j  h 
25.15 h+z6.07 1 
o h + o  
2 0 . 9 5 h + 2 9 . 3 z h  
26.25 h+z4.07 k 
24.77 h f 24.87 k 

72.07 h+77.50 k 
70.85 h+78..52 k 
73.30 h+76.27 k 
68.87 ?r+791o  k 
68.20 h+79.80 h 
68.15 h+79.60 h 
6 8 . 1 7 ) + 7 8 . 9 5 h  
69.10 I1+79.65 IL 
69.47 h+77.55 k 
70.42 ?1+77-95 A 
71-92  11+75-77 k 
75.27 h+71.75 h 
71.72 h +75.40 k 
$2.52 Ii+73.00 h 71.20 h+71.05 k I 1 . j 2  A +  1.9.5 k 2.61 

22-65 k+az.97 k 2.50 l e +  3.10 h 4.46 
2 1 - j o 1 + * 8 o h  1 ~ 0 l + ~ . p h !  1.90 
1 . ~ . e h + n g . 6 o h  
22.45 h+21.80 h 
24.52 h +  19.70 k 

7 1 . 1 5  A+i5.32 k 
70.52 It+75,07 k 

6 . 5 5 h - o . a R h  , 4.99 
3.8011+ 2.27 h ' 4.84 
0.25 h+ 5.17 k ; 4.33 

0.92 ?L+ 1.18 k 2.47 
0.33 1 ~ +  3.45 k 3.02 

70.97 /1+74,27 k ~ . j j  h +  2.00 h 3.45 
70.32 / I+ 74.30 k - 1.45 h +  4.80 h 1.68 
66.30 h+78.25 h ] . yo  h +  1.55 k 2.75 i 69.15 It+74.45 h -1.00 h +  5.15 k : 3.32 
6 9 . 1 5 h t 7 3 . 5 5 h  / - 0 . 9 1 h +  ~ . 4 0 k ,  3.53 
68.65 k+74.65 k 0.45 h+ 5.00 k ' 4.35 
69.07 I t+ 74.57 k 0.40 h +  2.98 A 2.70 
69.40 h+75.42 h / 1.02 h +  2.53 h 2.83 
72.47 h+70.40 h -0.55 A+ 5.37 k 3.85 
74.05 I1+70.25 h 1.22 h+ 1.50 h " 1 7  
67.90 h+75.52 h 3.82 h- 0.1% A 2.94 



IV. 
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Substituting the valuee of h and k in the last four Tablee, they become- 

VI. 

VII. 

VIII. 



a46 

IX. 

Let the excess of the scale IF above OF be expressed by 

IF - OF = .r + y (t - 62) (1) 
.r being the difference of length at 6z0, and y the difference of expansion of the two 
bars for I" Fahrenheit ; theu the first of the above tables supplies us with 30 equations, 
which, treated by the method of least squares, resolve themselves into 

30.r- 40.15 y -  103.01=0 (2) 
- 4 0 ~ 1 5 x + g 6 0 . 3 ~ 6 y + z ~ 0 . 7 3  = o .  

If we write A and B for the absolute terms 

s + 0.035309 A + 0.001476 B = o ( 3 )  
y + 0.001476 A + 0.001 103 B = o, 

which give us finally for .c and y, 

z = + 3 27 . . . . . . . . Recip~ocul of weight = , 0 3 5 3  
- 

(4) 
y = - 0.1245 . . . . . . . . 7 9  ) > - a 0 0 1  J 

These values mbstituted in the equations of condition give the following system of 
errors :- 

Aprr1 18, 19, 20 I July 5, 6 j Jdy 7, 8 
I 

-1.12 + 0.65 -0.93 
-0.84 , +0.08 +0.74 
+ 1 . 2 2  -0.37 1 +0.04 
+ 1.07 1 +0.38 t o . 2 7  
+ 0'43 + 0.29 -0.18 
-0.06 1 -0.31 + 0.3 1 

+ 0.48 -0.54 +O.OI 
-0.61 -1.39 , -0.34 
-0.47 +0.25 1 +on25 + 0.03 +o.ro 1 +0.64 

I 



The spm of the squares of these e r m  is 1 0 . ~ 6  ; hence the probabk error of a 
single comparison is 

and the probable errors of .r and y 

We have then, at 6z0, the difference in length of the two scales 

IF - OF = + 3.27 & 0,079; 

but by equation (7) page 77, the length of OF is 
$Y,, - 0.36 f 0.1013; 

consequently, the length of the Indian Standard Foot at 62" is 

Let the values of the spaces [a,g],  ['.PI, [d TJ be as follows :- 

And referring to Table VI., let $ [ a . p ]  - z,, be the distance of the microscopes in 
the nth comparison or line, while the quantities entered in that line are a,, b,, y ,  ; then we 
have the following :- 

in all, 45 equations. These solved give- 

whence 
.% = - I .  65 . . . . . . weight = 30 
X = - l . . ) j  . . . . . .  ,, = I 0  



The sum of the squares of the errors of' the equations is 8.279 ; hence the probable 
error of an equation is 

and the probable errors of .z., and x 

f ,366 = * .06, .To. . . . . . . .  ------ 
J 30 

We have then for [a .  g ] ,  [g .p] ,  and [d .  l ]  in terms of [a .y]  the following,- 
[a.g]  = & [ a . p ]  - 1.65 f 0.067 (15 )  
[ g . y ]  = & [a.p]  + I .65 f 0.067 
[ d . q  = 4 [n.y] - 1.47 f 0.116 

Again, to determine the errors of the lines b, c, d, e , f ,  with respect to a and g ,  let 
[a.b] = 4 [a .g ]  + .T,, (16) 
[a.c] = [cc.g] + xc 
[a dl = 2:- [a .g]  + r, 
[..el = + [a .g ]  + ..c, 
[ a . f ]  = $ [a.g]  + xf 

and proceeding as at  page 48, we find ultilnately from the numbers in Tables VII, 
VIII, and IX, 

whence 
xb = - I. 38 . . . . . . .  weigkt = '-Po 1 r 
S, = + 0.21 - 1 8 0  . . . . . . .  > P  - T5 
X 5 = + I . 0 1  . . . . . . .  ,, = L p  

.2', = + 0.02 . . . . . . .  ,, = LRO 1 I 
- 1 8 0  + = + 0 . 1 7  . . . . . . .  ,, - ~i 

Finding next the values of the z's, and substituting in the equations of condition, we 
find the errors and the sum of their squares equal to 11.1015. Hence the probable error 
of an equation is 

whence we have finally- 
[a-b]  = 4 [a.g]  - I .38 f 0.074 
[a.c] = :$- [a .g]  + 0.21 f 0.093 
[a .d ]  = 3 [ u . g ]  + 1.01 f 0.068 
[see] = -2 [ a - g ]  + 0.02 f 0.0% 

[n . fJ  = 3 [ a - g ]  + 0.17 f 0.~74 
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T o  obtain these intervale in terlns of [ n  .!/I me must nlakc use of the first of 
equatione ( I 5 ) -  

[n .  61 = [ a - p ]  - I .65 f .07.i (21 
[ a . c ]  = +J [ n . p ]  - 0.34 f .OW 
[ u . d ]  = i3s [ u . p ]  + 0.18 f .ON 
[ u . e ]  = ,4$ [ u . p ]  - I .08 f . lo3  

[ ~ . f l  = & [u.!)] - 1.20 f ,093 

But we have seen that nt the temperature 62' Fahre~ilieit- 

[ a , p ]  = 4 Y,, + 2.91 & 0.13s  

and substituting this iu equations (z  I ) and ( I 5 ) -  
[u-61 = ,+Y, - 1 .41  f .oi( i  

[ a . c ]  = 26- Ys5 + 0.14 f .098 
[ a . d ]  = &V1, + 0.91 f .o83 

[ a . e ]  = & Y,, - o. 1 1  f ,112 

[ a . f ]  = 355 Y,, + 0.01 f . lo8 

[d.g] = ,s, Y,, - 0.19 f .w5 
[ d . l ]  = ,$ Y, - 0.01 f .131 

These are the definite values of the different spaces. The errors are very small, and 
the central six-inch space on the scale [ d .  11, is doubtless the most precise ever laid off. 



XX. 

COMPARISONS OF 

THE OLD AND NEW INDIAN STANDARDS 
AND 

01 

THE old Indian Standard B, or, as it is designated in the " Account of the 
Measurement of t l~e  Lough Foyle Base," I,, is a bar similar in general construction to the 
Ordnance Survey Standard O,, but is not so strong : it is barely an inch in breadth, and 
only two inches in depth-supported on rollers at  one-fourth and three-fourths of its length : 
it is painted white. The dots are in excellent preservation. 

This bar was compared with 0, (a bar similar in every respect to 0 , )  in 183 J ,  by the 
late Lieutenant Murphy, R.E. ; and again, in 1846, it was compared at  Southampton with 
0,. Taking into account the difference of 0, and O,, the results are as follows :-(See 
" Account of the Measurement of the Lough Foyle Base," page 96.) 

1831 . . . . . . . . . . . .  I, = 0, - ~000801 inch. 
I 846 . . . . . . . . . . . .  1, = 0, - .000865 ,, 

or, using the millionth of the yard as unit of small quantities, 

No direct experiments on the value of the expansion of 1 ,  have ever been made, so that 
there is some uncertainty on this point. We assume it in the comparisons now to be 
recorded, as equal to the expansion of 8,. 

With respect to the expansion of O,, it appears from page 93 that it is less than the 
expansion of 01, by o. 0446 f .o236. Now the direct experimects ou the latter bar give 
for its expansion under 1" Fahrenheit 21 a 5763 f ,0103. Hence the expansion of 0, is 
21.532 f ,026. For Is and I, we take the results of the second series of experiments, 
viz., 21 159 f ,019 and 32,759 f .o~g.-(See page 216.) 

I, was compared with 0, twenty-one times ; I, with 0, twenty times ; I, was compared 
with I* ten times ; and I, with I, th~rteen times. Of these last, one comparison appears to 



be in error just nine micrometer divisions. As this is a case without a parallel, it ia 
assumed that one of the micrometers wae read ten divisions in error, and thie comparieon ie 
rejected in gett.ing the mean result. 

Tables I., II., III., IV., contain the comparisons, with the correction for temperature 
to reduce the differences of length to what they would be at 62". 

Meau Tempernture 63" 18. 

I 1  2 

Date. I b  Tcmp. 

I 

IS 

Equpaleu(s 
1n 

mllon(hs 
of n Ynrd 

227.84 
226.87 
229.43 
227.85 
229.24 
230.03 
230.18 
231.45 
231.67 
233.21 
238.60 
231.26 
339.22 

1865. ( 1 
June 5 , 60.16 , 123.68 11 + 129.12 A 

IB 

87.10h+104.45k 
87.50h+103.87h 
98.43 /I+ 90.68 h 

102.73 h+ 8 6 - 1 3  h 
86.901~+ 99.47h 
94 .17h+ 
92.37 h +  89.371 
87.98 h +  93.47 k 
92.97 h +  
92.81 /L+ 
83.63 h +  85 .62h  
89 .1oh+ 87.40k 
78.43 h+ 87-75  h 

I b  

243.37 11 + 234.03 h 
240.00 h + 236 o o  k 
235.18 h + 241.70 k 
237.42 h + 237.22 It 

242.85 h + 231.13 h 
243.62 h + 228.43 k 
236.10 h + 234.38 k 
229.97 h + 241.80 h 
225.08 h + 245.93 h 
232.75 h + 237.78 k 
241.77 h + 226.82 h 
236.38 W + 230.22 h 
234.53 h + G 1 . 7 5  h 

Date. 

1865. 
June 8 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, 9 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, 10 
,, ,, 
,, ,, 

- -. -.- - -. 

67.72 Ii+74.y8 k 
72.87 h+63 .93  k 
68.47 /1+67.1/ l 

Ditferenee of 
Length in Mlerometer 

Divieiuns. 

156.27 h +  129.58 k 
1 5 2 . 5 0 h + r j z . 1 3 h  
136.75 h +  151.02h 
1 ~ 4 . 6 ~ / 1 +  151.09h 
155.95 h+131 .66h  

89 .32h149 .45h+139 .11  k 
143.7311+ 145.01 h 
141.99h+ 148.33 h 

8 7 ~ 4 8 h 1 3 2 . 1 1 / 1 +  158.45h 
8 5 . 2 o h 1 3 ~ . 9 4 h +  152.58 h 

158.14l t+ 141.20k 
147.28 It+ 142.82 k 
156.1oh+ I++.OO h 

Cor- 
rection 

for 
Temp. 

- 7.63 - 8.31 
- 9.09 
- 9.99 
- 1 0 . ~ 1 ~ 1 8 . 8 0  
-11.90218.1; 
-12.46 
- 13.36 
-14.48 
-15.83 
-18.41 
-19 . j6  
-20.66 

Temp. 

6 c 6 8  
62.74 
62.81 
6 2  89  
62.93 
63.06 
63.11 
63.19 
63.29 
63.41 
63.64 
63.76 
63.84 

117.63 ?L + 128.10 k 
119.42 h + 122.97 h 
123.30 h + 117.83 h 
119.48 h + 120.18 h 

,, ,, 
,. ,, 
,, 6 
,, ,, 

69.45 h+59.98 1 
67.97 li+58.73 k 

1~1-h 

220.21 
218.56 
220.34 
217.86 

21;(.72 
216.09 
217.19 
217.38 
220.19 
211.50 
218.56 

60.57 
60.68 
60.95 
61.12 

,, ,, 
,, ,, 
5, 9, 

,, 7 
,, ,, 

53.85 h+57.85 k 89.05 i - 0 . 3 ~ .  88.66 
51.51 h+61.45 k 90.07 /-0.33 89.7+ 

I 

61.30 
61.44 
61.64 
62.26 
62.38 

115.42 11 + 118.77 h 1  69.30 h+56.28 h I 118.55 h + 116.13 h 61.52 h+63.88 k 
111.68 h + 106.05 h l  59.23 11+64.51 h 
101.95 h + 116.40 k ' 4 4 . 2 5  lr+65.33 h 
103.47 11 + 113.42 k 52.92 h+56.58 h 

46 .12  / i+62.qgh 86.61 '-0.26 86.35 
57.03 11+52.25 k I 87.11 1-0.21 86.90 
62.45 h + 4 1 . 5 4 h  i 82.87 ; - 0 - * 3 ,  82.74 
57.70 h+51.07 IL 86.70 I + O . I O ;  86.80 
50.55 h+56 .84h  85.62 +0 .14;  85.76 i I 



IV. 

111. 

Dew. Temp. 

-- 

,, ,, i 64.28 

Mean Temperature 133'. 56. 

I 
I 

I IEquilalentj COT- : 

O1 i 
; 1)if inncl  of I m 1 rc:tion i f 8 - e  IS Lrug t l~  in llicrumetur ,fllllonths I for '- I 

 division^. I f '  d .  T q .  

,, 16 
,, ,, 
,, ,, 
,, ,, 
,, 16 
,, ,, 
,, ,, 
,, ,, 
9, 17 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, ,, 
,, 19 
,, ,, 
,, ,, 
,, ,, 
., ,, 

! 64.07 
64.13 
64.17 
64.20 
64.13 
64.13 
64.09 
64-11 
63.77 
63.68 
63.61 
63.59 
63.55 
63.46 
6935 
62.35 
62.34 
62.31 
62.19 

- 

193.93 h + 201.25 h 
195.35 h t 202.38 h 
202.45 h + 198.83 h 
200.37 h + 201.65 h 
200.38 h + 198.70 h 
203.~0 h + 198.45 h 
199.70 A + 206.08 k 
194.75 h + 211-22 k 
198.08 h + 204.35 h 
197.83h .t zo5.43h 
213.93 h + 203.53h 
207.12 11 + 214.52 h 
209.57 h + z12.63R 
212.70 11 + 213.82 k 
202.77 h + 219.92 h 
206.38 + 221.80 h 
219.52 h + 231.42 h 
216.63 h + 226.03 k 
221.60 h + 224.48 h 
226.10 IL -t 219.20 h 
230.88 h + 222.92 h 

I 
-p- 

60.99 
60.74 
59-31 
61.24 
59.85 
62.72 
63.61 
63.73 
61.85 
62.63 
62.65 
64.62 
62.74 
64.23 
61.62 
63.45 
67.34 
61.50 
63.87 
62.17 
65.78 

- .- .- 

169.18 IL+ 149.55 h 
158.92 h+ 162.61 k 
165.40 h+  161.48 k 
165.23 k +  159.98 h 
167.92 h+  156.10 k 
161.08 A +  162.58 h 
162.92 It+ 163.08 h 
164.48 A +  161.58 h 
160.93 h+ 163.92 h 
163~40h+161.32 h 
170.50 h+168.35 1' 
171.82 It+ 168.78 h 
164.35 h +  179.12 h 
165.82 It+ 180.10 h 
164.62 h+ 180.77 k 
168.78 It+ 179.82 h 
190.45 ?I+ 176.07 hi 
192.75 h +  172.82 h 
186.28 h +  179.70 k 
183.00 h +  184.30 k 
184.27 h+187.oo h 

i 

24.75 11 + 51.7oh 
3643 h + 39.761 
37.05 h + 37.35 h 
35.1411 + 41.67 h 
32.46 11 + 42.60 h 
42.82 11 1 35.87 k 
36.78 h + 43.00 h 
30.27 h + 49.64 h 
37.15 h + 40.43 A 
34.43 h + 44.11 h 
43.13 11 + 35.18 h 
35.30 h + 45.74 k 
45.22 11 + 33.51 h 
46.88 h + 33.72 h 
38.15 li + 39.15 k 
37.60 11 + 41.98 h 
29.07 11 + 55.35 k 
23.88 I1 -k 53.21 h 
35.32 h + 44.78 k 
43.10 11 + 34.90 h 
46.61 11 + 35.92 h 

I I .- .-~ -~ 

+ 0 . 8 ~ '  61.86 I +o.X5, 61.59 
$ 0 . 7 7 '  60.08 

63.oq 
+0.81 160.6h 
+ 0 . 8 2  63.54 
+ 0.79 64.40 
+0.79 64.52 
+o.78 62.63 
+o.78; 63.41 
+o.66( 63.31 
+0.62! 65.34 
+0.60! 63.34 
+o.591 fj4.82 
+ 0 . ~ 8  62.20 
+0.54 
~ 0 . 1 3  
+o.13 
+o.13 
~ 0 . 1 2  

$o.oy 

63.99 
67.47 
61.63 
64.00 
62.29 
65.85 



T h e  ~ n e a n  of the quantities in the last coluil~n of' 'l'ill~le 1. is 8 6  so, Ic2vi11g th~a 
following errors :- 

the sum of the squares of which is 33.99. Hence the probable error of the mean i s  

and therefore 
I, - I, = 86.50 f 0' I.1 ( 2 )  

T h e  mean of the quantities in the last column of Table 11. is (omitting the last co~il- 
parison b u t  one, for the reason specified above) 2 I 8 .58 ,  Icaving the-follo~virig errors :- 

T h e  sum of the squares of which is I 3.48. Therefore the probable error of the Ine:ul i s  

Date. I Error. 
I - - .  

consequently 

1865. 
June S 

,I I ,  

,, ,, 
I, I, 

,, >, 
, 9 
I ,  ,, 
,, ,) 
>, I> 

1: 1s 
I ,  I ,  

+ 1.6; 
- 0.02 
+ 1.76 
- 0.72 
+ 0.22 
- 0.46 
- 0.86 
- 0.49 
- "39 - 1.20 
+ r.60 
- 0.02 



The mean of the quantities in the last column of Table 111. is 63.28, leaving the 
follolving system of errors :- 

The sum of the squares of which is 63.06. Hence the probable error of the mean is 

consequently 
I, - 0, = 63.28 f 0.2~; (4) 

Again ; the mean of the quantities in the last column of Table IV. is 195.36, leaving 
the following system of errors :- 

Dnte. 

- - - - - 

1865. 
June 14 

,, ,) 
,, 15 
, *I 

I !  I, 

i 
,, ,, 
P I  I )  

7 

Error. 

- 1.42 
- 1.69 
- 3.20 
- 1.25 
- 2.62 
+ 0.26 
+ r.12 

+ 1.24 
- 0.65 
+ 0.13 
+ 0.03 

Ilote. 

1865. 
June 17 

., ,, 
, ,, 
I >  I #  

:: ib 
,, I n  

, 
)I I >  

,, , ,  

The sun1 of the squares of' which is 55.84. Therefore the probable error of the mean is 

Error, 

- 

+ 1.96 + 0.06 
+ 1.54 - 1.08 
+ 0.71 
+4.19 
- 1.64 
+ 0.72 
- 0.98 
+ 2.57 

Date. 

1865. 
June12 

,, I ,  

1 I ,  

,, ,, 
, I  ,, 

:: ii 
, I  r ,  

I )  ,I 
I ,  ,, 

consequently 
1, - Ol = 195.36 f 0.20: 

The probable errors of these results should be slightly increased on account of the 
probable errors of the adopted rates of expansion. The difference, however, is doubtless 
insensible, exce t in the case of I*, and even here the nearness of the mean of the tem- ? peratures to 62 will reduce the residual uncertainty to an insignificant amount. 

Error. 

+2.60 
t 2.71 
- 2'97 
- 0.01 
- 1.48 
+ 0.89 
+ 1.94 + 2-15 
- 0.30 
+ l e 3 J  

Dnte. 

1865. 
June20 

, ,  , I  

I '  > I  

,. ,, 
) I  I )  

21 
>, >, 
I )  ), 
) I  ,I 

Error. 

+2.18 
- 0.28 
- 1.53 
- 1.38 
- 0.09 
+ 0.00 
-1.64 
- 2.13 
- 0.21 
- 1.84 



The four results - equations (z), (3), (4), (5)-at which we have arrived are not 
independent ; that is to say, thcre is a relation amongst them which but for errors of 
observation should hold good. For inetance, (4) - ( 2 )  and (5)  - (3) give 

and thus by a rare chance the four results are perfectly harmonious. 
Again, it is equally remarkable that the relation of I, and O,, here brought out, agrees 

all but precisely with the mean of the results of the comparisons between these bars in 
1831 and 1846 as shown in equations (I). 

This is all the more satisfactory when we remember that I, has been subjected to a 
good deal of travelling, having been used in India during the interval I 83 1-1846, and 
subsequently sent from this country to Russia, where M. Struve compared it with several 
other geodetical standards. 



XXI. 

B ) B<TERRIINATIOr\T OF THE LENGTI-I OF TEIE 
KUSSIAN L~OUBLE TOlSE 

P. 

This bilr is of rvrought iron, an inch and a quarter squarc in scction. I t  is an c~ld-  
1lie:tsure (ci bo l~ f r . )  ; the terminal cylinders being of hard steel, and presenting at  cither entl 
a small convex surface, a quarler of an inch in diametcr for the co~~tacts.  The radius of' 
curtature of these extreme surfaces is about 1 .75 inch. The bar is contained in n woodcn 
case 4.25 inches in breadth :und 5 inches deep (external nleasurements), fro111 which thc 
ends of the bar project. The bar is supported at 4 and $ of its length, not on rollers, but 
by passing through brass collars affixed to the box. One of the collars is round, the other 
square. In  order to fit the circular collar, the bar is at  that part t lwlzetl  ill the forrn of n 
cylinder. This collar is in two pieces ; the upper semicircle can be pressed do\vn by means 
of n clamping screw, which projects through the box above, and so the bar is prevented fi.0111 
sliding longitudinally. The square collar fits the bar without play and without tightness. 
T\YO thermometers are let into the bar near the two points of support, they project upwards 
through the top of the box, their tubes being vertical. Each is protected by :t snlall 
wooden case screwed to the bar box ; this case has n glass front whir11 is f'L~rthc~. covered 
\vIicn the thermometers are not being read by a (vertically) slidiug c ~ v c ~ . .  '1'11~ whole 
length of the bar is carefully wrapped up in a cotton covering, ant1 the sl~occ I~ctween thc 
bar and its box is also entirely filled in with woollen material. 'Thus the bar is well 
protected from sudden changes of temperature. 

In Plate X, figures I, 2, 
aaa . . . . . . . is the box containing the bar. 
dd . . . . . . . are the projecting extremities of the bar. 
ee . . . . . . . . are the covering boxes of the thermometers t r .  
W . . . . . . . are hnndles by which the box is carried. 
c c .  . . . . . . . are iron plates fastened to the bottonl of the box, and I)$ whicl~ it 

rests on the supports. 
a . . . . . . . . is the clamping screw by means of which the bar is hcld finnly in 

the circular collar. 
I11 order to support the box aaa properly during the con~parisons of this bar \sit11 OT, 

a lank ff was constructed of mahogany, ten feet in length and eight inches in breadth. 
~ R i s  plank rests imnlediutely (figure I )  upon the carriages gg. Towards the extremities 
of the plank it is fitted with two (vertically) sliding brass frames kk I1 seen in detail in 



figures 2, 3. kk are brass cylindrical rods connected by the cross pieces N above and 
below, forming a rigid rectangle; upon the upper cross piece, which is provided with 
flanges, the bar box rests. Motion in a vertical direction is con~rnunicated to this frame 
kk 11' by means of the steel rod h l ~  which has a collar i working in a brass plate screwed 
to the u per surface of the mahogany plank. The thread of a screw which is cut on the 
upper enx of b / r  works in the upper iece I ,  so that on turuing the ~nillcd head /A &low the 
fian~e, kk ll' is moved up or down, al P the weight being borne by the collar i of the steel rod. 

In order to secure a vertical motion free from all shake, the steel rod is lield below, 
liear tlie milled head, by a strong bent plate of brass rnln screwed to the lower surfnce of 
the plank. Thus it appears that when the bar-box is held upon these two sliding frame0 
either end can be raised or lowered with a perfectly steady motion for either lcvclling or 
focusing. 

Figure 2 shows one of thc microscopes for reading the thermometers. Blocks 
(figure I )  arc fastencd to tlie mahogany plank ; to these again plates of brass @/3 (figures I ,  z)  
are screwcd, but so as to admit of each in its own pla~ie revolving round the screw which 
holds it. The  niicro~copcs 6" ore as described-at the top of page 7 ;  the brass slides on 
to which they are fitted, slide on to the pieccs PB. 'I'hus by the ~uovemcnt of li, rouud 
thc screw which holds it, the microscope o" can be adjusted over the therr~iometer tube, and 
by means of its own brass slide the microscope can be brought over the end of' the 
ulercurial column so as to get it for observation precisely in the centre of the field. 

In  order to compare the Russinn bar with O T  it is necessary to use the contact 
apparatus. The  mode of affixing it will be seen in figure 4. A strip of mahogally r l n ,  

four inches broad, is held fast to the box an by means of tlic iron rings or bands rr 
(strips of iron bent into the form of a rectangle of 5 inches by 7 inches) which have 
pinching screws ss above; when these screws are loosed, the rings can be taken away. 
T o  the strip nn is fixed a block ?L' which has a brass plate py screwed to its upper surface. 
This brass plate carries the contact apparatus C. I t  is lield down to it by three vertical 
screws ZLVV, of which two only appear 111 tlle drawing, as two of tlre three, those two  lear rest 
the extremity d of the bar, are in line perpendicular to the bar. These last two screws 
pass freely through slotted holes in the plate pp, and screw into a loose strip of brass q 
below the plate ; a groove being cut out of the illahoga~ly CIL' to admit the piece of brass q. 
This piece being loose, when the two front screws vo are unclam ed it will be seen t l~a t  the P coiitact piece admits of a rnovement in azimuth roond the t ~ i r d  screw 21, the motion 
being communicated to it by means of the antagonistic screws w,  of which only one 
appears in the figure. 

In order to compare the bar P with two lengths of OT, three niicroscopes were 
erected on the stone plers, H on the left pier, A on thc centre pier, and K on the right 
pier; the micrometer head of A to the left. The  bar O T  (in its box) was then placed on 
the carriages and brought under H and A ; it (the bar) was then most carefully levelled, 
and the microscopes adjusted to perfect focus with their zeros over the terminal lines of the 
toise, the axes of the nlicroscopes being at the same time made perfectly vertical. The toise 
was then removed (by the running of the carriages along the rail) to under A and I<. The 
~llicroscope A remaining untouched, the bar is again in this positiou made truly level, while 
its left line is a t  the same time kept iu focus of the lnicroscope A. Then Ii is adjusted as 
to  foci~s and verticality over the right line of the toise. Now sup osing these operations 8. accurately performed, the foci of the three microscopes will be foun In one horizo~~tal plaue, 
and it remains to bring them into alignment or into a vertical plane. This is donr by 
stretching a very fine thread of india-rubber to its full extent, and fixiug its extremities so that 

11423. li l i  



the thread is bisected by the cross-hairs of the outer microscopes H and K. While the 
thread remains in this position the middle microscope is adjusted by the movement of its 
mst-iron stand until the cross-hairs bisect the thread. 

These ad.justments are then gone through a second time and perfected. 
The height of the box of the Russian bnr renders it necessary to remove the middle 

microscope A before that bar can be placed under H nnd K. This makes it needful that 
we be certain that if the lnicroscope A be removed from its gun metal tube or liolder 
(by releasing the springs behind) and returned again to it, it  will take almost exactly the 
same position i t  had before. Repeated trials proved satisfactorily that this could he relied 
on within five divisions or so, which is abundantly accurate. For if the microscope, or 
rather the point bisected by its cross, should be out of place as much as a thousandth of 
an inch, or zg divisions in a transverse direction, such displacement would not produce 
any sensible error in the comparisons ; while a displacetilent in the direction of the bar's 
length is quite immaterial. 

Another adjustment is that the transverse wires of the ~nicrometers, perpendicular to 
the motion of the screw, must be perpendicular to the length of the toise, or parallel to the 
transverse lines on the platinum disks. Thus in the microscopes H and K we have 
the means of adjusting to the proper position in azimuth each of the contact pieces, so 
that the transverse lines shall be perpendicular to the length of the double toise. 

It was assumed a t  first that the proper points of the terminal disks of the doublc toise 
a t  which the contacts should be made, were theh centres ; and several comparisons were 
made before this was found to be an error. For thc intentional length of the bar is 
doubtless the distance between those tangent planes to the slightly convex dislts which 
are perpendicular to the length of the bar,-or, thc b:u. being horizontal, the vertical 
tangent planes ~vliicli arc also perpendicular to the bar's length. Now from the nature of 
the construction of the contact apparatus, as has been already explained, when the two 
parts are mounted together on their brass stand, the needles made prccisely level, nncl the 
semi-cylinders at  the same height, the contact of the convex surfaces is exactly half-TV,~S. 
between the upper and lower horizontal surfaces of the se~ni-cylinders, and here the 
common tangent plane is by constructiou vertical. When the contact pieces are brought 
into contact with the disks of the toise, the needles being accurately levelled, and the 
contact made at  the centre of the disks, the points of contact on the semi-cylinders are 
above the mid-depth, that is, are sensit~ly nearer the upper than the lower horizontal 
surface of' the semi-cylinders, indicating that the tangent plancs at  the centres of the disks 
are not vertical, but converge (down\rards), ancl that very nearly equally at the two 
extrernitics. I11 fact thc proper point of' contact on either of thc disks-that is \ ~ h c ~ l  the 
contact is precisely half-way between the upper and lower horizontal surfhces of the 
semi-cylinders-is above the centrc of the disk, at  the distance of about one tenth its 
diameter. As  this determination is one of great importance it was considered necessary 
to have some separate and independent test, and to effect this a piece of sheet brass 
was cut out in the shape of a right-angled isosceles triangle ; the edges containing the 
right angles mere made pelfectly straight, and the angle a ~ e r f e c t  right angle, SO far as 
could bc ascertained by any mechanical tests. The brass plate pp (figure 4) mas then made 
perfectly level by lnenns of the small level of the colltact appamtus, and one edge of the 
brass triangle being made to rest upon the horizontal   lane, the other edge, truly vertical, 
was brought against the disk. The  point of contact was ~recisely as indicated by the 
contact of the semi-cylinder. Further, on examining with a microscope the bright surface 
of the disks, there is, at one end unmi~takeabl~,  an appearance of zomr, as though the 
contact had been habitually at  a point above the ceut're, and dlviding the vertical diameter 
in the proportioil of about fbur to six. 

There remains of course some little uncertainty as to the pec i se  point mherc the 
contact should bc made, but this within very narrow limits ; and between these limits the 
contact was always kept, though frequently varied during the observations. 



The observationn have beeu made, in about equal proportions, by three observers. In each comparison two observers took part, the second obser\.cr B in each m e  also booking 
all the readings. 

The ma~~ller  of making a co~ilparisoil will be best uuderstood if the operations be 
tabulated thus :- 

Order. ! Uhcrver. i Snturc of Operation 
. .  I . . . . .  

1 B 
2 1 A, B 

3 1 A 
? ( B 

A, B 1 
I 

6 1 B 
7 1 A 
S ; A, I3 
9 I 

10 
11 1 I, B 
12 A 
13 1 B 

I ' A 
I 

16 ; B 
17 A 
18 B 

: __ -  

Reads t l~er l l lo~eters  of P ... ... ... ... 
Adjust P under H and K by t b  traxuwelw aavs  of m n i v  ~ $ 1  

elevating or focus screws (h fig. 1) ... ... 
Rends H t,wice and K twice ... ... ... ... 
Reads tllo t l~er~nomete~r;  ngltin ... ... ... . . 
Rel~lovc p fro111 the c:~rriirges and substitute 0 T, adjusting i t  under 

H arul A. 
Reads thermo~nct.elo of 0 ... ... ... ... 
Rcatls Ii twice and A twice ... ... ... 
Run 0 T under A :und K ;lud adjust for oLscr\.ntion ... ... ... R e d  A twice mid K tnice ... ... ... 
Reads A twice alld K twioc ... ... ... ... 

... Run 0 T under A and A and ncljust for olrvrvtion 
Reads H twice und A twice ... ... ... ... ... Rends t l r r r n o u e h s  of 0 T ... ... ... 

... ... ... ... H and K ... ... 
Remove 0 T from wriages  and substitute P, adjusting i t  under 

Draws back needlee of the contact apparatus from contact, oorrtxta7 ... tlie levelling of needles, and renews the c o n k t  a t  each end ) 
... Rends tlreruiorneters of P ... ... 

... ... ... ... : : :) P 
Reads H twice and K twice 

... ... ... Reads tl~ermometers of P ... 
N.D.-P is lefi under the ~uieroxopes uulil next comparison. 

No mention is made here of the removal aud replacement of the microscope A. At 
the commencement of the operations, the bar P being under the microscopes, A is of 
course away. 

Its replacement forms part of the operation 5, immediately on the removal of P, and its 
removal forms part of the operation 14, immediately before the removal of 0 T from the 
carriages. 

The operations abo.cle specified occupy from 20 to 25 minutes. I t  will be seen that 
they involve two rneasuremelits of P, and two measure~nents of z 0 T. 

The subjoined table shows the readiugs as recorded in one comparison or visit. 
2 0 ~ ~  DEC~IBER 1865. 12H. 4OM. 

Thenun. 
P 1 O T  Therm". 

C. P. 
H A K 

7.26 96.9 1124.0 

7.13 27.0 1123'5 

7'25 27.1 1123'0 
27.1 1123.1 

44'85 
44-82 

No. 38. Observers: Cnpt. Clarke, RE, Corporal Corupton, R.E. 



We may here recount the different ~rljustments which requirc frequent renewnl in order 
to exclude constant error. 

I .  The axes of revolution of the thrce microscopes to be vertical. 
2. These nxcs to be in one vertical plane. 
3. The outer foci of the n~icroscopes to he in n horizontal plane. 
4. Ordnance Toise to rest symmetrically on its rollers. 
5 .  The steel needles of contact apparatus t9 be horizontnl. 
6. Thc point of contact to be a t  mid-depth of semi-cylinders. 
7. The  point of contact to be half-may brtmeen the parallel longitudinal lines of the 

contact apparatus, and so the tangcnt plane a t  the point of contnct parallel 
to the transverse linc on contact apparatus, or perpendicular to the bar's 
length. - 

8. Each piecc of tlie contact apparatus to bc level transversely. 
9. No particle of dust to intercept contacts. 

10. The  bars to be adjusted to sharp focus. 

These different adjustn~ents were exanlined and renewed as often as practical)le, so 
that from no one of them, nor any combination of them, can a constant error conceivably 
nrise. 

In order to verify our received value of the interval between the lines on the contact 
apparatus, a series of measures was made precisely sin~ilar to that recorded at  page 144. 
The  results were as follows :- 

The  lliean af the measures by H is 710.99, which in millionths of a yard = 565.72. 
'The mean of the measures by K is 708.22, which in n~illionths of a yard = 565.65. 
'I'hese inay bc considered very satisfacto~.~ checks upon the value, 565.62 of 3, equatic~a 
'719 Page ' 3 3 -  



T h e  thermometers of the Russia11 bar nre divided to d c g 1 . e ~ ~  centigrade. T h e  clcnle is 
very small, 70" of the scale being cxactly 3 inches in len th, so t l i ~ t  each degree is only 
,-Yir of an inch in length. One dcgrec Fehrenheit ou this sctl 7 e would only = 4 = i12 inch, 
whilst in the tlierlnonlcters used in our own bars one degree on the scale is about : of on 
inch-more than eight times as large. This  rendcrs it neccssary thnt the errors of' tllc 
thermometers should 11e vcry accurately obtained, nnd that thcjr should he read very ohell 
in the comparisons. For, nccording to the detcrniination of 31. Struve, nt pagc 49 of the 
first volume of his account of the Iii~ssian Arc of Meridian, the absolute expansion of P for 
one degrce centigrade is I 1.253 f '017 ~liillionths of its Icnmth, or which is the same thing 
26.651 millionths of n j.ard fbr each degree Fahrenheit. Eonseqtient~y, no error in the 
rending of the therrnometcrs of , :, ,; of' 1111 inch on the scale would be equivalent to an error 
in the length of the bar of i1"46 26.65 = 5.60. This scrvcs to show how nlilch depends on 
the accuracy of the readings .of the thermo~~lcters and the dctc~.~ri i~l :~t io~i  of thcir errors. 

These thermometers, which are nun~bercd 7 and 12, werc conipnred wit11 tlie standards 
3241 and 4142 both beforc and after the comparisons nt thc vicinity of the normal tclupern- 
ture, and ill order to shon the degree of accuracy att:linablc in rcading thc thcr lnon~cter~ 
we shall here givc the rcsults of the comparisons. 'lie Russian thermomctc~.~ were sus- 

ended in the water trough, thcir tubes being accurntcl~- vcrticel ns proved by n plurl~b 
Ene, and thcir bulbs a t  mid-depth of the water, a l ~ i l e  the standards nr osual were in n 
horizontal position. In order to  allow of the Russian thermometers 11cing propcrly rcad, a 
rectangular aperture was cu t  in the side of the water trough, and this filled with a sheet of 
plate glass. A microscope was then mounted in a horizontal position for rending tliesc 
thermometers : the manner of nlounting the n~icl.oscopc was tllc same ns in Fig. 2, P1. S., 
described already. In  order to render the ohservinc througl~ this microscop'e possiblc, the 
water trough was mounted upon trestlcs 14 inches hrgli. Tlie standards were rend as ust~al  
wit11 thc long vertical microscope. I t  \\.as foul~d that the therluolnetcrs 7 und 12 coultl be 
read with tolerable certainty, and that an error of half a tenth of a degree iu a single rcuding 
was scarcely probable. 

\Ire now give the results of the observntious :- 

I Corrected 
( Rorsinn. Sk~ndnrdo. Corrections to 1lvrdings of True Tc~i~perature. Errors of 

~ - - - - - . . . . . 



The second, third, fourth, and fifth columns are the ~neans of the actual readings of the 
four thermometers ; ench line is the meall of four comparisons, with the exception of the 
first, two lines, which are each the mean of' five comparisons. 

Suppose, now, as there is no sufficient evidence to the contrary, that the errors of 
thermometers 7 and 12 are constant within the range of temperature exhibited in these 
observations, and that the discrepancies in the last two columns are due to the unavoidable 
errors of observation ; then the error of thermometer 7 is-in degrees centigrade- 

and the error of 12 is 

while the probable error of a single determination in either thermon~eter (represented by 
the mean of 8 readings) is about f o .  2.2. The mean of the two thermometers should 
then in the long run give the true temperature with a probable error of f .0046 of a 
degree centigrade. This corresponds to a probable error of f 0.22 of a millionth of a 
yard in the length of the bar. T o  this should be added the probable error of the mean of 
all the absolute temperatures given by the two Standard thermometers in the above 
observations; but this, being a very much smaller quantity, we neglect. 

The errors of therlllonleters 7 and 12 were also obtained immediately previous to the 
comparisons at q 4 O .  

We shall now consider the reduction of the observations. 111 the accon~panying 
diagram 

let the dots Z, Z, Z, be the zeros of the microscopes H A K ; 0 T  O'T' the extremities of 
OT in its two positions. In the first position h and a, are the readings (reduced to the 
proper unit) of H and A ; in the second position a, and k are the readings, reduced, of A 
and K. Referring to the table, page 259 ,  IL and k are the means of the fourth and seventh 
columns - 1000 (the reading of centre of field) reduced, a, a, are the means, reduced, of 
the fifth and sixth columns. Let also h' k' be the means - 1000, reduced, of the second 
and third columns. Then we have 

Again, when the bar P is under the microscopes, if IL' k' be the reduced readings of 
H and K, then cr being the value of the contact space 

zhzk = P + U + Ib' + k' (z) 



Therefore taking the difference of ( I  ) and ( 2 )  and putting 1, for the length of the Ordnance 
Toise at the observed temperature 

P + r -  2 T 0 = h - h ' + k - k ' + u ? - u ,  

which we shall write thus, sil~cc a = 565.85, 

P - z T o  = n - 565.85 (4) 
Let the length of the Russian bar be expressed generally by the equation 

and the length of the Ordnance Toise by the eqnation 

To = a, + (?, (to - 6 2 )  

then 

P -  zT,= a  - z a ,  + /3(t  - 6 2 )  - ~ / 3 ~ ( t ~ -  6 2 )  (5) 
where t is the temperature, reduced toFnhrenheit, of thc llussian bar, and t,, the temperatun 
of the Ordnance Toise. 

For conveniellce in our flubsequent reductions put 

a - 2 a o = . r -  312.35 

e - ~ P , = y  
Substituting these in ( 5 )  

P -  z T , =  .2.+y (to - 6 2 )  + P ( t -  to) - 312 .35  (8) 
Subtracting (4) from (8) we get 

Or putting, 

t o - 6 2 = f  ( 1 0 )  

253 .50  + @ ( t  - t o )  - n = k 
we have finally 

x + f y + k = o  
Each comparison will supply an equntioll of this form, and these equations bcing 

treated according, to the method of' least squares, the values s and y are determined, auct 
thence the difference ( a  - z g) of the lengtll P -  2% when both bars are n t  62". 

The results of the different conlparisons are shown iu the first of the follo\ving tables 
gives the means of the micrometer readings and the corrected lnealls of the 

thermometer readi~lgs. 
Thc second tab!c contains the differellt steps of the reduction (which will be 

understood from the headings of the different columns) up to the values off  and k in 
equations ( 1 0 ) .  
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255.7011 - 38.780 
248.55) - 30.4oa 
255.33h - 34.73<1 
257.1311 - 26.48~~ 
254.50h - 6.4oa 
252.48h - 30.10~ 
256.4311 - 41.58~ 
257.23A - 25.53~ 
250.~511 - 28.10~ 
259.8811 - 13.90a 
262.4311 - 29.53~ 
259.701i - 38.43' 

274.loh - 41.08a 
266.53k - 36.303 
267.2011 - 40.80~ 
285.43W - 46 .43~  
282.13h - 39.43a 
273.8811 - 32.030 
283.1511 - 5 2 . 7 5 ~  
282.23h - 26.58~ 
270.60h - 30.55a 
278.50h - 2.48a 
290.43/1 - 38.28a 
274.651 - 33.000 
287.1011 - 33 .98~  
~88.~31h - 33.20U 
z84.8gh - 41.48a 
3oo.ooh - 47.40a 
go1.1olr - 46.93n 
290.0511 - 46.3oa 

226.501~ - 14.33a 
215.0311 - 13 .08~  
zog~+o/i - 7 . 0 0 ~  
205.30h - r5.98a 
118.2311 - 1 5 . 0 5 ~  
z13.601~ - zg.g.?a 
218.25h - 29.48~ 
213.95R - 1y.65a 
215.808 - 27.15n 
214.20h - 41.63a 

- - - I -  

104.7~b + yy.858 
94.456 +10+488 

100.858 + 96.108 
1oz.y3/i + 99.088 I 18.137 64.65 
y4-6br + 10+..3nh i 18 .17~  64.71 
y8.yoh + ~3.888 18.258 1 64.86 

106.40l1 + yo.88k I 18.164 1 64.70 
99.231' + 98.258 118.219 64.79 
96.1011 + 99,388 ; 18.283 1 64.91 
99.75h +117.03h ' 17.816, 64.07 

107~251i +108.338 / 17.861 1 64.15 
99.7511 t 106.53) 1 17.996 I 64.39 

i F 
~ 9 . 1 8 ~  + 260.218 6p22 
30 .90~ + z63.3o?i 1 64.42 
35 .48~  + 253.808 1 64.62 
27.j8a + 257.588 64.47 

' 7-60. + 256.ook 1 64.66 

114.43h +107.858 
11o.yo1i + 11o.gg8 

16.813 62.26 
16.799 I 62.24 

6.641 i 43.95 
6.721 1 &.lo 
6.739 w.13 
6.816 44.27 
6.920 44.46 

,, ,, 
,, I ,  

,, 19 
, ,, 
,, ,, 

64.82 
64.60 
64.74 
64.81 
63.93 
64.15 
64.39 

62.13 
62.18 
62.17 
60.81 
60.96 
61.11 
60.69 
60.83 

1 60.85 
60.49 
60.68 
60.80 
60.37 
60.52 
60.52 
60.08 
60.19 
60.25 

42.94 
43.72 
43.99 
4 . 1 9  
4 . 1 9  
44.40 
4 . 5 8  
44.36 
44.54 
&.;3 

I 

30.70a + 25a.308 ; 

42.53" + 256.708 
26.930. + 252.18k 

. 28.18~ + 256,588 

64.9511 + 76.688 
6.?.6811 + 71.53h 
82.781 + 86-3oh 
80.8511 + 82.-+58 
80.60/1 + 80.y5h 

, 

1o+.o8Ii +r~y.ook 1 16.808 62.25 
128.9311 +128.7~1i , 16.01s 60.81 

,, 20 
,, ,, 

27 .13~  + z70.008 
29.434 + 266695h 
39.530 + 261.1~8 

43.58a + 257.501~ 
37.40" + 266.108 
41.48a + 265.688 
47.0.p + 275.781 
39,530 + 278.69 
33.28a + z80.73k 
53.78a + 279.708 
26.15a + 27930R 
30.28a + 291.488 
2 . 6 5 ~  + 288.73R 

39.28" + 276.7811 
33.43a + 289.558 
34.50~ + 284.388 
3 2 . 6 5 ~  + 290.53h 
41.43a + 28g.088 
47.48a + 286.838 
4 8 . 1 0 ~  + 281.558 

125.43A + 129.65/1 
r27.981~ + 122.zXh 
124.35/1 + 132.308 
116.6811 +138.33h 
120.6511 +134.458 
126.8311 + 133.78h 
132.20h + 130.438 
125.48h $- 133.68k 

78.6511 + 88.208 6.835 ' 44.30 
82.3.9 + 80.658 6.919 ; 44.45 

45 .85~  $ 293.958 

14.zoa + 215.838 
14 .80~ + 204.508 
8.2oa + z03+0k 

15.85a + 205.458 
15.60" + zz6.708 
30.38a + 222.188 
29.98a + 214.958 
20.13a + 230.658 

1 27.03~ + 223.408 
41.yoa + 218.888 

16.061 1 60.91 
16.173 : 61.11 
15.958 I 60.72 , 16.023 1 60.84 

; '6.004 1 60.81 
15.819 i 60.47 
15.913 i 60.64 
16.007 , 60.81 

I 

1z5.13Il + 143.088 1 15.776 ; 60.40 
127.93h +143,83R 15.834 ' 60.50 

,, ,, 

128.25h +141.83h 
135.1511 + 14.708 
139.60h +139.738 
140.1oh + 138.43k 

75.2511 + 87.651 
63.13h + 84.938 

i 
82.2311 + 77.908 1 6,995 1 44.59 

15.831 60.50 
15.661 60.19 
15.698 60.26 
15.709 60.28 

6.189 ; 43.14 
6.538 i 43.77 

1 I 





It is unnecessary to write down the equations of condition as they are obtnined at a 
glance from the last two columns of the second table. The final equatious in r and y 
are- 

40 .r - 1 6 8 . 9 0 0 ~  + 559.22 = o ( 1 2 )  

- 168.90 1. + 3288.987~ - 5929.10 = o 
or putting A and B for the absolute terms- 

5 + .031921go A + .001639291 B = o (13) 
y + ~00163929 A + .000388228 B = o 

whence 
x = -  8. I 3 . . . . . . Reci),~.ocal of weigltt = 03 I 922 (14) 
.?I = + 1.385 ,9 ,, = .000388 

Substitilting these values in the equations of condition we get the following system of 
errors :- 

The sum of the squares of these errors is 99.19, consequently the probable error 
of a single comparison is 

2/99.'99 = f 1.089 f 0.674 40-2 (15: 

Date. 1 Error. ( Dale. 1 Enor ( Dale. En.01.. Error. 

1865. i 1865. lSG3. 1 1865: 
I 

and the probable errors of r and y 
.% . . . . . . . . f 1.089 4.03192 = f 0.105 (I6) 

y . . . . . . . . f 1.089 J.000388 = f 0.021 

combining equations (6) and (14) we have for the relative lengths of P and To when they 
are both at the temperature of 62" 

P - z To = a - 2ctO = - 320.48 (17) 
But taking into account the probable error of s the precise result we have obtained is 

P =  2T0- r +  245.3;f 0.195 (18) 
We have seen that the probable errors of the determinations of the corrections to be 

applied to the Russian thermometers correspond to a probable error in the length of the 
bar of f 0.22. Also the probable error of a is f . lo8 ; hence 

.. . 

P - 2 To = - 320.48 f d ( .  22)- ( (. 108)" ( .  1195)" (19) 
or 

P = 2T0 - 320.48 f 0'313 (20) 

Sept. 12 + 1.84 Sept. 15 - 1.69 Sept. 26 - 1.70 
I 0.00 , , - 1.136 , 27 - 8 

,, ,, - 1.50 

,, 14 - 1.29 ,, ,, - 1-21 ,, + 0.64 
,, ,, + 0.19 ,, ,, + 0.04 ,, j19 + 0.86 
,, ,, + 3.07 ,, 26 - 0.93 ,, ,, + 1.58 
,, 15 , - 1.42 ,, ,, + 0.05 ,, ,, + 0.76 
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+ 1 .73  
+ 2.99 + 1 .79  
- 1.1y 
- 1.46 
- 0.23 + 0.90 
- 2.65 
- 1.211 
- 0.20 



We may now express P in terms of Y,, for from equation ( 16), page IH, 
z To = (4.26335024 f * m y )  Y, 

whence 
P = 4.263029 76 Y,, 

T o  get the probable error of this result we must remenlbet that the probable errors of' 
z To and of u are connected and not independent, and we must proceed w at  pages 134, 
'35. 

The  expressioll for z To - u is found to be 

The following table contains the arrangement of this formula in its independent parts 
and the corresponding probable errors : 

T o  these it remains to add the probable error of r, equation (16), and that resulting 
from the comparisons of the Russian thermometers. Thus the square of the probable crror 
of P in terms of Y, is 

(058)' + (074)' + (094)' + (196)" (088)' + (368)' + (128)' + (107)' + ([95)' 
+ (220)" (560)' 

Therefore, finally, P and Y,, being both at the temperature of 62" Fahrenheit 
P = (4.26302976 f -oooooos~) Y, (21) 



FINAL RESULTS. 

TEAT FEET STA hTDA RD BARS. 

Between the comparisons made amongst the five bars O,, OI,, I,, lB, I,,, there exist 
~aelations such as make their absolute lengths ~nutilally dependent, for 01, and I, have both 
been compared with Y,,; 0, has been compared with 04, with I,, and with I, ; I, has been 
conlpared with I, and 4,. The differences are as follow :- 

Now, let the most probable lengths of the bars be,- 

01, = ]$ Y + x, 
I,= 15"Y + S d  

o1 = y Y + xs 
I , =  Y Y + . z ;  
I , =  y ' Y  +2', 

then these values substitutecl in equation ( I )  give the following- 



Solving by the method of least squares, we get- 

T h e  values of r,, s,, .r,, .r4, z,, which satisfy these equations, are- 

.(., = + 22.32 
3, = + 69.38 
xs = + 5.17 
x4 = + zoo. 84 
-r, = + 17.43 

And the residual errors of equations (3) are-- 

+ 1.24 - 1.23 + 0.31 
- 1.24 + 0.93 - 0.31 

+ 0.3' 
Thcse errors are greater than we should have been led to  expect from the probable 

errors of the seven quantities exhibited in equations ( I )  (for these probable crrors see 
the pages referred to). Tlie inference is, that  in some, or perhaps all, of the direrent 
series of comparisons-seven in number-expressed ill thcsc equiltio~is, all unknown source 
of error, consta~i t  or inconstant, has existed. 

T h e  sum of the squares of the errors (6) is 5.741 3 ; hence the probnblc error of oue 
equation is- 

*0.6~~2/5*3 = & 1 . 1 4  
7-5 

and for .r, . . . . x5 the  resulting probable errors are- 
- 

TI  O r l j  . . . . . . & 1 1 _ ( \ / 1 !  = & 0 - 9 s  
'5 

But  the i lon~ber  of supernumerary equations here is altogether too small to  give rclinble 
probable errors t o  the results. \\'e therefore oiily adopt these last nui~lbers (7) ns 
nppro.rimnte, and with this reserve state tlie final lengths as follows :- 



01-dnance Intermediate Stnndczrrl . . . 01, = (3.33335565 f . W O O O O ~ ~ )  Y,, 
Ordnance Survey Slandard.. ... . .. . . . 0, = (3 ,33333850 f . OOOOO~ lo) Y,, 
Indian (Steel) Standard .. . .. . .. . .. . .. 1, = (3.33340271 f . O O ~ O O O W )  Y,, 
Indian (Bronze) Standard ....... .... . I, = (3.33353417 f . 0 0 o o o i 3 ~ )  Y,, 
Old Indian Standard B .  ... . .. . .. . .. . . I, = (3.33331590 f . ooooo~s?) Y,, 

THE TOISE. 

The unit of length in which the greater part of the European Geodetical Measurements 
are expressed is the Toise, the actual standard being the bar known as the Toise of Peru. 
This standard was constructed in 1735 for the measurement of the Arc of Peru by MM. 
Bouguer and de la Condamine.' I t  is a flat bar of polished iron, I . 5  r inch in width, and 0.4 
inch In thickness, notched at the ends, as in the figure below, which represents the Toise in 

plan (curtailed). The length is measured from the face a c to the face b e. The projec- 
tions a d, bA serve to protect the surfaces a c, E, e, from accidents. The temperature at 
which this bar represents the Toise is- 

The coefficient of its expansion has never been determined by direct observation. 

* "Nouv nvions emport6 uvec nous, en 1736, urre rcgle do fer poli, dc dix-sept lignes de largour sur  quatre 
" lignes e t  dcmie d'bpnisseur. ;\I. Codin, :lid6 d'nn ttrtistc hnbile, :~r.oit ~ n i s  toute son attention B njuster 
" In longueur de  cette riigle sur celle do la  Toisc italou, qui a St6 fixCc cn 1668 nu pied de I'cscalier du grand 
" Chilelet do Paris. J e  prCvis quo cct uncien btnlon, L i t  nssez gross i t rcrne~~t ,  e t  d'ailleurs expos6 aux 
" clrocs, a u r  injures de l'i~ir, ii l a  rouille, nu cont:rct de toi~tes les lnesures qui y sont prSscntCes, e t  B la  
'' n1aliguitS de tout mal-intontioun6, no seroit guc're propre $ vCrifier d ~ n s  In suite ln Toieu qui alloit servir h l a  
'. mesure de In Terre, et dovonir l'originnl auquel les autrcs devoicl~t t t r e  comp:trCes. I1 me parut donc 
" trks-nbcessairo en emportant une Toisu bieu vhrifi6e, d'en laisser i P:iris une autre de m h e  maticre e t  de 
" mtme forme, h laquello on pQt  avoir recours s'il arrivoit quelqu'l~ccident S In n5tre pondunr un si long voyage. 
" J e  me chargeai d'office du soin d'en faire fairc uno toute paloillo. Cetto seconde Toise fut construite par le  
" ~ I C U I O  ouvricr, e t  avcc les mPmoa pr6cautions quo la  premihre. Les deux Toises fureut compar6es ensemblc 
" dilns une du nos nsserubl6es, e t  l'une des dcux resta en d6p3t S 1'Ac:idfmie; c'est la m2me qui u kt6 depuis 
" p o r t k  ell Lupponie pnr 11. de Matcpertuis, c.t qui r L  Ct6 employdo B toutes les op6rations dcs AcndC.miciens 
" envoySs :nl cercle l)olaire . . . . . . . . . . . lo dogr6 13  nu dessus do O ; et  c'cst pr6cisCmcnt 
'' celui clue le t h e r ~ n o m ~ t r c  de M. de Heauwrsc~ mnrquoit h l'aris en 17.33, lorsqiru notre Toise do fcr fut 
'' dtalo~~rli'e SUI. cellc du L'l~itelet par 11. Godin.-Jlestcre des Trois prerniers Dryrds  dtc ilfiridien duns  1'fZimi- 
" sphere Azcstrnl, p a r  JI.  dde 1ct Condanline; 3 Pnris, 1751, pp. 75, 85. 

" 1.11 'l'oisc du Pbrou c t  cello du 11ori1 ou d u  cercle polairo sout parcilles outre clles. Cc sont des rlgles plntes 
" do fer poli, dont In liirgeur lotnlo est de 17 S 18 lignes, e t  1'Spaisseur do 4 lignes envirou ; leur longueur d'un 
'' cttb cst ile 2 pouces pcu 11ri.s de plus do G pieds ; clles sont couptes S claquo bout sur uno lnrgeur de 8 9 
" liynes, et c'est l a  d i~tnnce entrc les viver nriltes do ccs cntaillcs qui  n 6th p r i ~ c  pour 11~ longueur de la toise : 
" les deux talons exc6dnut d'cnvirou U I I  pouco h chaque extrCmitC, scrrent >L gnrantir lea aretcs des entnilles de 
" tout d o c .  . . . . . . . . . . Ces deux toises ont Cti: faites en 1735 par Lnngloi~ ; cello du Pbrou, 
" sous la direction do Godin; 1:~ seconde, sous 1s direction de Lacoudarnine, qui avoit alors le deaseiu de la  lnisser 
'' cn dSptt i I'AcadClnie, pour avoir U I I  rnodClu do cello qu'on ernportoit nu Pfrou, e t  y avoir recours en cas qu'il 
" arr iv i t  (luelquc uccidcrrt h In pren~ii.re."-Base du Syst2me JlLtrique Dieimal ;  tome t~oisie'vne, 1). 405. 



3. 
The  two direct copies of the Toise cf I'eru with which we are concerned were mnde by 

Fortin, of Paris ; one in 182 1 for RI. Struvc, thc other in 1823 for M. Bessel. We shall 
here denote these bars by I:', and P,. The authority of the former rests on the following 
certificate of the Bureau des  Longifuries, signed by Arago :-- 

" J e  sousignb, membre dc I'Institut ct du bureau des longitudes, 
" certifie avoir conipari: la l'oise en fer construite par Fortin et  
" destinke B Monsieur Struve, i la Toise du Pbrou, qui est con- 
" servQe dans les archives de I'Ohservatoire Royal. Les deux 
' L  toises m'ont paru parfaitement &gales ; le comparateur dont je 
" me suis servi n<auroit fait connoitre une diffbrence de la 
'' deuxcentiCu)e partie d'un milli~nktre. 

" Paris, le 14 lVovcn~brc 1821. AR.I CO." 

This copy is preserved in the Observatory of Dorpat. 

The authority of Bessel's Toise is stated i n  the following certificate :- 

'' L e  31111c Aott  1823, nous avons conlpar&, Jh.. Z.ina~.v.l.\-s et 
' I  moi, la toise en fer quc Mr. Fon7,r.v a construite pour 
" Mr. BESSEL de Kiinigsl~erg, i l'btalon eu fer de I'Observatoire 
" connu sous le noln de Toise do l'hrou. I1 nous a scmbli: 
" que la Rbgle de Mr. BESSEL est plus courte que 1'4talon de 

l'observatoire de &-,.. de ligue (de un douze cent soixante- 
" dix-hiiitiCn1e de ligne). 

I;: .Ill ~ c o .  Z.IHRTJI.I.VX. 

This copy is prcservcd in the Observatory of Kiinigsberg. I t  appears to be too short 
by 0'. 00078, or as it has generally beell talten 0'. 00080. 

The Toise of P e w  at  16O.25 C . ,  being 864'~oooo, me have, at the same temperature- 
I 

F, = 864. ooooo 
F, = 863.99920 

The Standard to which all geodetical measuring apparatus in Russia are referred is a 
bar two toises in len.g.tl1, ci bct~fs, designated M. Its leugth was ascertained by lneans of the 
toise F, and an auxll~ary toise H, whose length was also obtained from F,. These com- 

arisons are givcn at  pp. ~ x x v ,  LXXVI, of the Introduction to R.I. Struve's account of the 
kussian L1 Arc of Meridian of 25' 20' between the Danube and the Northern Ocean.'' Two 
of the toise bars coinpared at  Southampton, viz., the Hussial~ P and the Prussian T,, have 
been compared with M. Of the first of these Struve remarks :-" P a Gtt5 confectionnL h 
" l'atelier de l'Observatoire central en 1850, pour accornpagner le nouvel appareil, destini: h 
'' la mesure des deux bases les pl~is septcntrionales. En effect P n servi, en I 850, pour la 
" mesure de la base d'Alten au Finmarlten norvbgien, et en 185 I ,  your la Inesure de la 
'I base d'ofver-Tornen, en Lnponie. En 1852, cet ;talon a 6t6 envoy6 en Bessarnbie pour 
" &trc enlployk B la lnesure dc la base de Taschbuunr, la plus mCridionJe de toutes. L a  
'' m&me annCe, 1852, cet &talon a &t& remis entre les mains du gCn6ral Wrontschenko 



4' pour servir h lu uncsurc tlcs diffGrentes bases des o Aratious gbodi.siqucs de la Russic mihri- g 6 1  dionale, eutreprises de la part du DGp6t topograp iqur. 11 se trouve h l'cpoque actuelle, 
1' 1859, elitre les n~ainv du colonel Wassilicw, dirigeant les operations trigonomAtriqucs 
11 qui Iongent le WTolgx," p. LXXVI.  This bar P, then, which has been compared at  Soutli- 
ninpton, is one of great rn~portancc. 

Of the Prussian toise, which M. Strure calls B', as being a copy of Bessel's toise, he 
rmnrl;s :-'' Le Gouvernement l'russien envoya h Poulkova, cn I 852, line co ie B' de la Y toise de l'observatoire de Kiinigsberg B, ernp1ogi.e par Bessel dans ses experiences du 

pendule et dans sa mcsure de degrks, toise qui depuis a servi d'uuitd pour toutes les 
op&rations g6odAsiques de Prusse. Cette copie B', en fer avec des boutons saillants cn 
acirr poli, est presque exactement (.gale ii la dite toise de Bessel 5, 1s diffbrcncc ktnnt 

" B - 8' = 0~00019,  d'apr2s l'iuscription gmvGe sur 8'. Ce 8' a 6th directcmcnt 
" cornpart B (kl, $ l'aide d'uue toise auxiliare b6 . . . . . . .  L a  co~nparaison a 6th eflcctuGe 

CII clktcr~i~inant alternativelnent 6' - H ct  PJ - (B' + H)." 
The following table coiltains the results of the conlpnrisons of thesc bars by M. Struve, 

taken from page Lxxrrr of the work named above :- 
-- 

The  Prussian ant1 Belgian toises, Nos. lo and I I ,  \rere colnpared in I 852 by General 
B:tcyer wit11 Besscl's tcisc. The coinparisolls will bc fou~rd in the \\.orl< entitled " Conyjie 
'I 7.c1idu tles Oph.a!io~ls ds la CO)IL~IL~SS~OIL inslitu(:c 1n1r M. It! ~Winist).~ (le 1u Guerre, pour 
': itolonner les 1.ckle.s y ir i  ont c'tc?' enzploybes . . . . . . .  ti k~ vresto.e t l e s  bases gbod~s iqz~~s  
I' Lelges." Bruxelles 185 j. The results, page 49, are 

I Errcur probable de la 

~.ol,,Rlleur erprim;e Tcnlperatllre' l on~ueu r ,  en ullitds dc la 

Kom de I'italon. 1 liyncs dr la 'raise dc ( de l ' i t+m 1 cin~'$"i!f~~'e 
Fartin, csllc-ci axant la d&termlnP, 

tenlphrnture + 1.3O.o It. / 118aum. 

I 

1 1 

Toise No. 10 = 863.850674 + 0.0091284 t (2) 
Toise No. 11 = 863.850213 + o.oog1560 t 

-- .- ..- ... . . . . . . . . . .  . .-~ -p- -. ~ ~- - - -~ 

\.$ere t is the temper.ature Centigrade. For t = I 6". 25, which is the same as I 3" lieau~uur 
or 61".25 Fahrenheit, 

....... 

Toise No. l o  = 863. g g g o ~  I f o . o o o ~ o g  (3) 
Toise No. I I = 863.998998 f O.OOOI 19 

General Baeyer expresses his results thi~s, PaFe 36:-'I Mesurkc avec la toise de 
" Bes~el, la copie No. 10 est bgalc i\ 863'. 99901 avec 1 erreur probable f ol .  0001 I .  Slruve 
" a mesurG la long~ieur de cette copie i l'aide de la toise russe de Fortin, et  il I'a trouvke 
' I  &gale A 86j1. 99914, avec l'erreur probable f o z . o o o ~ o .  D'oh il suit que la toise de 
" Bcssel, 1nesurCe avec la toise russe, egale 863I.99933, tandis que le certificat dc cettc 

1x7 - Li4 
I 

1 .  j2talo11 primitif i Gonts . . . . . . . . . . . . .  
. . . . . . . . . . . . . .  

y. Copie ;1 bouts de la toise de Bessel . . . . .  10 

$0 



I' n16nlc toisc Iui assigne UI IC  lo~)guc:~r  de 863'.99920. L a  diffcrencc c>t  d o ~ l c  de o'.oo21 3, 
'I nvec I'eneur probablc f 0'. ooo I j. 

" L a  toisc No. I I est p r i~c ia i .~nc~~t  &gale nu No. 10. Sa  longueur est donc, d'ill)ri*s la 
toisc russe, dc 863'. 999 14, nvec I'el-rcur probable f ol.ooo I 6. Sa dPterminntion d'aprt'.~ 
la toke d c  &,.ssel compurte I'crreur prol)al)le f 0'. 0001 2. 

"La toisc ~.ussc cst tlonc de o'~o001 3 plus longue quc  cellc de Kiinigsberg. Cette 
' I  belle coincidence pro~11.e quc lcs coniparaiso~~s dcs tlirerses toiscs ont ttO .&tea nvec une 
" grande prtcision, e t  ne laissent rien i dlhsirer ail point de vue des op6rntions 
" g6odL;siqi1es." 

T h e  results in cquation (2) were obtnined on the assun~ption of Ressel's toise being 
rcprescnted by the equation 

where t is the temperature Centigrade. This  rate of expansion was deter~nined by Brssel 
himself between the yews 1835 nnd I 837. A n  earlier investigation of the expnnsion of the 
same bar lend him to the result 

from either forlnuln when 6 = 16O.25, F, = 863 .99920. 

From the comp:uisons of the P r ~ ~ s s i a n ,  Belgian, and Russian toiscs with the Ordnance 
toise (TI, TI, and. P with T,,) give11 in sections xr, xu,  xxr, of thc prcscnt work, n.c hnve 

all the bars being a t  the teniperature of 62" Fahrenheit. I t  will be necessnry t o  reduce 
these equations t o  what they would be  if all the bars were a t  6 1'. 25 instead of 62". oo. 
There is no difficulty in this, and indeed the differences of length nt the lower ten~pcrnture 
have a slightly smaller probable error in each case, though the difet.cncc is scarccly 
sensible. For  the temperature 61". 25 the above equntions becon~e 

Such are the differences of length of the Prussinn, Belgian, and R i ~ s s i n ~ ~  bars as 
coinpored with the  Ordnance toise n t  Southnmpt~n ,  a t  the temperature of  

13" Renumur = 16'. 25 Centigrade = GI" 25 I;;rlr~.enheit. 



The continental compariso~ls which we have referred to above,, give the following 
equations-in which we use the letter PC to signify the length of the tozse, that is the Toise 
of Peru at I 3' R. 

F a =  PC ' (7) 
F, = PC - 0~oo080 

N = z F, + 0.01249 f 0~00070 

P = N - 0.01809 f 0~00019 

2 Tlo = N - 0.01421 f 0,00020 

TI, = F, -0 .ooo19f  o.ooo11 

T,l = F, - 0~00020 f o~oooIz  

Now 1l.00 = ,&, Q = 2467.03 millionths of a yaid. Making this substitution in 
equations (7)  and adding to them equations (6) we have the following system : 

These equations trace the connection between the Ordnance toise and the Toise of 
Pew through the intervention of six other bars. Now let 

F, = PC + .rl (9) 

F, = PC + .r2 
N = z P C + . r ,  
P = z a r + . r ,  

TI" = PC + X6 
TI, = a + x, 

To = PC + x, 



Substituting these in (8) they becolile 

We now solve these equations b y  the method of least squares ; but  without attemptiug 
t o  assign weights, we shall ascertain the values of s, .r, r, .T, .r, r, x, which give the sum 
of the  squares of the errors a minimum. T h e  resulting equations are- 

+ 5x1 - 2.5 + 6 1 . 6 2 = 0  ( 1 1 )  

+ 332 -.T5 - XC + 1 . 0 1 = 0  
- 2X1 + 3XJ - .Z4 - 25'; - 110.50 = 0 

- + 2X4 - zr, + 366.15 = o 
- .r2 - 2.r, + 6r5 - x7 + 225.11 = O  

- x2 +ax, -  .r, + 156.82 = o 

- 2.vk - .zj - .2;; + 6.r7 - 953.89 = o 

Putting A, A, A, . . . A, for the absolute terms of these equations, we get- 

zg6r,+zooAl+ 96 A,+352 A,+ 336 A,+ 160 A,+ 128 A,+r60 A,=o (12) 
296x,+ 96 A1+200 A,+240 A3+ 256 A,,+ I 36 A,+ 168 A,+ I 36 A,=o 

296x,+352 A1+240 A,+880 A,+ 840 A,+~oo A5+320 Aa+400 A,=o 

296x4+336 A1+256A,+840 A,+IO* A,+402 A5+366 .4,+4;6 .i,=o 
2g6r5+16o A,+ I 36 A,+4oo A,+ 402 A,+239 A,+ 169 A,+zoz :i,=o 
296x,+128 A1+168 A2+320 A,+ 366 -4,+169 Aj+335 A,,+zo6 :l,=o 
296.~,+160 A1+136 A,+qoo A,+ 476 A , + ~ o z  L45+206 A,+276 A;=o 

from which the actual values of 3, . . . . .r7 are fou~id to be- 

.%., = - o 07 = - 2.05 (13) 
X, ='- 1.90 .r,, = - 2.65 

r, = + 30.65 .r7 = + 153.42 
.TI = - '4.33 

ar ar 2 



\tTe havc now by the solution of ten e q u a t i o ~ ~ s  contailling seven unknown quantities,- 
these equations expressing the results of ten series of comparisons between seven bars of 
one or two toises in length nmongst themselves and the Toise o_f' Pvru,-btained the 
difcrcuce in length between that  Standard and  he Ordnance 'l'oise a t  6 r O .  25 Fahrenheit. 
By equations ( 9 )  and ( I  3) we liuve- 

In order to  cstimate the probable error of this result, we must substitutt: tlie values 
just  obtaincd  of'.^, . . . .7., in cquations (IO), and we get  the  following sjsstem of  errors :- 

I t  appears froin this Table  that  the discrepancies among thc different series of 
comparisons specified thcrein are re~narkably small ; the largest not amounting to the 
niilliol~th part of a yard. Five of them arc grcater, and five less, than f o. 30. 

I ,Ippnrent I:rrors expressed iu 1,arls 

i of the Y nrd and Toise. 
Con~ysrisons. - . .- - -- - 

9 .  i 5 
I IOU0000 / BG4 

From the last of the cquatious (12) we gather that  the weight of the delerminatiou 
of r, is somewhat greater than unity ; that  is to  say, our r e s u l t i u ~  value of To has a t  least 
as much weight as if i t  had been tlircctly conipnl.et1 with thc 'Toise of l'cru. This  is on 
the  supposit~on of all tlic ten series of co~npnrison Lci~lg cqually good : and we further get  
for the probable error of the value of To, something less than f 0.30. B u t  the number of 
equations is not sufficiently large to  admit of ~ n u c l ~  precision, and we shall adopt f o 50 as 
a quantity which the probable error of  our result does not excecd. Hence- 

A t  61O.25 F . .  . . . . . . To = Q + 153.42 f oaao ( 1 5 )  

-- . - - - - . - - - - 
! 

Struve's Toise with Toise of Peru ; by Arago ... ... ... ... ... -0.07 

Bessel's Toisc with Toise of Peru; by Arago and Zahrtllla~ln ... + 0.07 
Russian Nor~ i~a l  Bar with Struve's Toise ; by Struve ... ... ... ... "' / -0.03 

Russii~n Normal Bar \\.it11 its first copy P ; by Struve ... ... ... -0.35 

Prussian 'I'uise, No. 10, wit11 Russian Nonn:d Bur ; by SLrure ... ... +o.31 
Prussinn Toise, No. 10, wit11 Behsel's Toise ; Ly General Bneyer ... $0.32 
B e l p i : ~ ~ ~  Toise, No. 11, wit11 Besscl's 'I'oisr ; by General Baeger ... ... 1 -0.26 

Prussiirr~ Toise wit11 Ordnance Toise, at  Soutl~nurl~to~l ... ... ... -0.95 
Belgian Toise with Ordnance Toise, nt Soutl~:r~llpton ... ... ... ... + 0.26 

A t  page r 41 we find that  both bars being a t  62'. oo Fahrenheit, To = 2 .  I 3 I 675 I 2 Y,, ; 
a t  6r0.25, we easily find from the data, pages 142, 143, 

- 

-0~00003 

+ 0~00003 
-O.OOOOI 

-0~00014 

+ 0.0001.3 
+0.00013 

-0~00010 

-0~00039 

To = (2.13167584 f o.ooooooni) Y,, (16) 

i +0.00010 

Rusfiian Bar p wit11 Ordnance Toise, at Soutlianll~ton ... ... ... +0.35 ! + O . O O O I ~  

'I'akiog the expansion of Y,, as 6.5145, (see pngcs go ant1 227) t l ~ c  difference of length 
of Y,, a t  62O.00 and of the same bar at 61O.25 is 4.886 : putting, therefore, in the last 
ccluatiou Y,, - 4.886 in place of Y,, we have- 

T, = (2. I 3 166543 f ~~oooo(rnei) Y,, (17) 



where T, is at  the tclnperature 6 1". 2 5  Fehr'. and Y, at  the temperature 62' .  00. This 
equation combined with ( I  5 )  gives finally for the To.isc of Peru, 

= (2.13151201 0.0000005+) Y,, (18) 

The corresponding values of tlie other toises resulting from the values of x,  .T, .... t., 
equations ( 1 3 )  are as in thc first colunin of the followiog Table :- 

There remains yet another determination of' the value of the Toise in terms of the 
Yard,-that resulting from the comparison of the Indian Standard B (which we have 
called I,) with a double Toise ri traits. From these comparisons which were made between 
the years 184; and 1850 by M. Struve, at  Poulkova, he arrived at the rcsult that at 
6 2 ' .  00 Fahrt. the length of the Indian Bar was 

the toise of Fortin being at  its normal temperature of 6 1 " .  2 5  Fnhrt. From this we get- 

I I 

,raise 
F~~~e~?'~Pd;llt~~%8 \r,ilue mslgncd I \'slur esr~gned 

i of Equations (8) by hl. Arago. by hl. btrt~\e 
I 

We have shown that the length of 1, is 3 . 3 3 3 3  I 590 Ym, both bars being at  6z0, hence 

F, = 6 = 2 . 1 3 1 5 1 5 9 5  Y% 

Value migned Temp' 

1728.01~49 
1727.Y9UO 
863.99934 ..................... 

Fa 
FB 
N 
P 
T,, 
TI, 

863.99997 
863.99923 

1728.01242 
1727.99419 
863.99917 
863.99893 

by General Ulre)er of Bar. 
I 

86~.ooooo 
8 6 3 . ~ ~ 9 2 0  ......... ......... 
......... 863.99901 

863.99900 

C 

16" 25 
, 

B. 

B, 

1, 



This value of the toise is 1 . 9 4  millionths of a yard greater than that we have found from 
the compnrisons of the Ordnance toke with the Russian, Prussian, and Belgiau toises. 
The stated probable error of Struve's dcter~nination of the length of 1,  with reference to his 
normal bar N is f o1.ooo++ or f I -09 millionths of a yard, which is about the same as 
our estimated probable error of 1, with respect to Y,,. The difference 3 .94  is a small 
quantity when we consider the intricacy of the operations necessary to obtain the ratio of 
thetoise and jard. We shall make no further use of this value of & ; merely regarding it 
as an entirely independent corroboration of the result stated in equation (18). 

THE METRE. 

The metre is by definition 443.296 " lignes " of .the Toise of Peru.* Putting then fl 
for the length of the metre 

Substituting the value of pT: from ( 1 8 ) ~  we get the length of The Mebe 

fl = (1 ,09362355  0~00000028) Y,, 

Fronl the observations recorded in Section IX. for the deternlination of t,he length of 
the Ordnance metre, it has been shown that its length is 

1'093753161 Y5s 
both bars being at  62" Fahrenheit. But i T  both bars be at  61'. 25, we get 

* " Nous avons trouvb par cetto mbthode r t  pur des calculs toujotn.~ Caits par diff6rens ct~lculaieors, que la 
" comparaison dc I'arc intcrcept6 cntre Dunkelque e t  hlontjouy, c t  l'nrc rncsru.6 nu Pbrou, donne pour l'apln- 
" tissement do la terrc . . . . . . . . . . . . . . . . D'a1~r2s cctte donn6e nous nvons calcul6 c t  toujours 
" par diff6rentes mbthodes lo quart dl: m6ridien en cmployant I'arc intercept6 e n b e  Dunkerque e t  Rlontjouy, 
" et il on rbsultc que lo quar t  du mbridien est de 5130740 de~ni-modules ou do 2565370 modules, quantitb ilont 
(' la dix n~illionii.me 11:lrtie eat 0.5 13074 demi-modules ou o .256,537 modulos. Nous sommes done d'uvie, et voila 
" en dcux n~o l s  lo rtsumQ de tout notro trt~vail, que, pour t i rw 110 I'olldrntion qui vicnt d'Gtre faite en France e t  
" on Esyagne, Ic rbsultnt le plus nature1 ot Ic plus vrai pour l'unitb de mcsurr, il convicndra d't tallir  cetto unit6 
" nolr~mbc 111P/1.~, e t  qui est la  d i a  milliouii.mo pnrtic du quart du ~~rer idi rn ,  de 0,25653; module; co qui puisque 
' I  le n~odule rst, comme nous I'nvous dit  au commcnccmcnt do cc rnCmoirc, I s  doublo toise, rcvicnt, sclon les 
" ancicnnes mesures, B 3 pied3 I 1.296 lignes, en cmployant lu toiso du 1'6roi1, B 13 dcgrba du t11crmomi.trc i 
" mercure divisi. en 80 parties." 

" L a  Con~misaion, en auivant I'esyrit du systi.nle mbtriquc propost pnr l'Acad6mic e t  adopt6 par In loi, a cl~oisi 
" la tempernlure de la glace fondante, ou ce quc nous nomrnons le zero do nos thcrrnomiil~~es; tcrupbrature con- 
" fitante. C'cst ilonc h cotte ieml16rature quo 1'6tnlon de plntinc a bt6 lcndu Qgnl h 4431.296 do la toiso du 
" Pbrou, cetto loise btnnt supposbe h 16)0, comme il a bt6 itit ci-dcssus."-Base du Syste'tnc Alb/rique Ddcir,~al, 
Torn. iii., 11p. 432, 433, 642. 



for the length of OM. Now the length of Y,, at  6 I". 25 is less than the length of the 
same bar at 62' by 4.886 : putting therefore in the last equation, Y, - 4.886 instead of 
Y,, we get 

1 .09374844 y,, (21) 
as the length of OM at 61'. 25, while y,, is nt its norn~al temperature of 6z0.00. 

Also from equations (5 ) ,  page 172, we tind that both bars being at 6 1'. 25, the R c y ~ l  
Society's Plalinz~m Mrhe exceeds the Ordnance metre by 9.98, that is, its length is 

I t  would appear from the description given in the Buse dl1 Sy.sle',lte Ne'trir ur DA.i~~ral, 
that the platinum bars which were to represent the metre at the temperature o t' melting icc, 
(oO.oo C. = oO. oo It. = 32O.00 F.), were laid off from the Toise qf Peru at 13" Reaurnul., 
allowance being made for the contractiou of the bars, according to the rate of expansion of 
platinum as ascertained by Bordn. A t  page 326, tom. iii., Borda states his results thus : 
that tlie expansion of platinum for one degree of the thermometer of Reclurnur is ,,kfifi. 
According to this the correction to the length of the platinum metres at 16'. 25 C. = 13" H. 
would be- 

which in parts of the yard =o.ooo153zo. 

Nothing is known as to the construction of the particular platinum metre wc are 
considering ; but it can only be assumed as most probable that it wns constructed in the 
manner described, allolvance being made for its expansion under I 3" Reaumur. We niust 
therefore deduct from the length of tlie Royal Society's inetre at I 3" R., o .  ooor 5320, 
which leaves 

I -09360522 Y,:, 

Now according to M. Arago's verification of this bar it is less than a ~nctre by 17.59 
thousandth parts of a millimetre, that is by 19.24 millionths of a yard. Hence, finally, 
adding this quantity, we get the value of The Metre as deduced from the Royal Society's 
Platinunz Metre- 

fl = I .  09362446 Y,, 
N o  probable error can .be assigned, as there is no way of estimating the accuracy of 

M. Arago's measurement. 
Comparing this with the value obtained through the toise, equation (zo), we find thc 

diffcrcnce is only o .  91 millionths of a yard, an agreement equally remarkable and 
satisfaclory. 

We shall now for convenience bring together all our results in the following table; 
taking the value of Y,, from equations (24) pilge 162. 





A P P E N D I X .  
- - 





FIGURE OF THE EARTH. 

The semiaxes of the spl~eroid resulting from the investigatiou of the Figure of the Earth in the 
Account of the 1 '~ i i~c ipa l  T , * i ( ~ t ~ g l t l ~ t i o i ~  of Oveat Br i ta ia  and Irelc~tid are expressed iu feet of the 
Oidnance Survey ten-feet Stnndard Bar 0,. They are moreover dependent on a numerical ratio of 
this bar to the Toise of P e r u  deduced from blr. Baily's comparison of the platinum metre (h traits) of 
the Royal Society with certain division lincs on the Royal Astronomical Society's tubular sa le ,  
combined wit11 comparisons by t l ~ e  late Lt.  hlurpliy, R.E., between this last scale and the tell-feat 
Standard 0,, nnd another series of comparisons of 0, with 0,. Fro111 these different compnrisons the 
lengtlls of thc meire and toise were concluded to be- 

Metre = 3.28087463 feet of 0, 
Toise = 6.39454378 feet of 0, 

the second of these nurubera being simply computed from the fiwt by the legally defined ratio 
(443296 : 864000) of the metre and toise. 

Altl~ougli this determination of the length of the toise had a considerable rZ pj-iol-i probable error 
as depending entirely upon observations on a bar so diflicult to observe as the platinum metre, still i t  
happens to be exceedingly near the t ~ u t h ,  for the true length of the toise is now knomu with 
remarkable precision, the Belgian, Prussian, and Russian Standards giving almost the saine result, as 
will be seen from the foilowing table :- 

Whence the following entirely independent values of thc toke in English feet :- 
~ s t .  Through the Russian Standard .................... 6.39453216 feet. 

2nd. ,, Prussian ....................... 6'39453703 1, 

3rd. .. Belgian ,, ..................... 6.39453215 j~ 

1 Length in Lines of the Toise of Peru ot 
Geodetic Standards i 13'11. = 16".2j C. = 61'25 F. i Lengb aa determind at 

at ! nccording to Soulhampton in feet 
13'n. = 16O.25 C. = 61°.25 F .  of the Standard Yard. 

1 11. S Y U V ~ .  I General Baeycr 1 
I 

By combir~ing the different comparisons made both in England and on the Continent on these 
bars, by the method of least squares, the final value of TIIX TOISX is- 

.... Russian double toise li27'99MO 
I'russian toise. . . . . . . . . .  863.999'4 
Belgian toise . . . . . . . . . .  . . . . . . . . . .  

6.39453348 feet : log = 0.8058088656 

. . . . . . . . .  
- 

12.78902289 
963.9990 1 

863.99900 1 6 . 3 ~ + ~ 2 - + i j  
I 

from which the greatest divergence of the three separate results above is  only half a milliontl~ of a 
toise, a difference corresponding to ten feet in the earth's radius. 

The length of Trr~: J f s ~ ~ t l : .  deduced from the above by the fixed ratio of the inetre and toise is -- 

3.28086933 feet : log = 0- 5159889356 
0 0 



The length of the Ordnance Standard 0, at  6 f l . 0 0  F. in feet of the Standard Ynrd is- 

IO.OWOI 1 5 1  feet. 

The data of the probleu of the Figure of the Etwtli are as follow, to commence with tale French 
arc from Forn~entera to Dunkirk :- 

The latitude of Formentera, as here given, is taken from the observations of RI Biot recorded and 
computed in tlie 3rd volume of his '< Trait6 El6mentui1.e tl'det~o~aomie 2dysiqti~,)' sce page 509. With 
respect to tlie latitude of the Pantheon, the n~ean of 4532 observations gave 48" 50' 48",86 (" Bme t lzb 

Systdn~e Me't9,iquc De'hnnl;" ii., 413)  : this station is according to Delambre'a geodetical connectio~~, 
560.99 toises or 35".38 nortll of the south face of the Imperial Observatory in Paris. 111 the eight11 
volume of " A?t~triles (ZC l)Obs~rt~(itoi~.c I)~~peri(c l  t7e P(i~*is," page 317, we find several recent :~nd 
closely agreeing detern~inations of the latitude of the south face of the Observatory, of which the mean 
is 48" 50' 11".71. Adding 3511.38 to this would give 48" 50' 4 7 ' I . o ~  for tlie Ltitudc of the Pantheon; 
instead therefore of simply using the observed latitude of the Pantheon, we use the mean between 
this and the transferred latitude of the Observatory, viz., 48O 50' 47//.98. The latitude of Dunkirk 
is that obtained from Ramsden's Zenith Sector ; i t  agrees veiy closely with M. Leverrier's new 
determination (ilwnnles, kc., viii., p. 256) 51' 2' 8O.90, 

The distance of the parallels of Dunkirk and Greenwich, deduced from the recent extension of tllr 
triangulation of England into France in 1862, is 161407.3 feet (of 0,) wllich is 3.9 feet greater tllan 
the distance deduced from Captain 1<ater1s triangulation, and 3 . 2  feet less than the distance calculated 
by Delambre horn General Roy's triangulation. This agreement of three entirely independent 
operntions is highly satisfactory. The following table sl~oms the data of the English arc arith tile 
distances of pnrallels in standard feet from Forrnentera :- 

Stations. 

Fomenters.. . . . .  
Montjouy ........ 
Barcelona ....... 

. . . . .  Carcaasonne 
. . . . . .  Pantl~eon.. 

. . . . . . . .  Dunkirk 

The latitude assigned in this table to Saxavord is not the directly observed latitude, which is 
60" 49' 38".58, for there are here a cluster of three points whose latitudes are astronomically 
determined, and if we transfer, by means of the geodetic connection, the latitude of Gertl~ of Scazu to 
Saxavord we get 60° 49' 3 6 " . 5 ~ ,  and if we si~nilarly transfer the latitude of Bnlta we get 
60' qy' 36".46. The mean of these three is that entered in the above table. 

from Formentern 
from ~reennidh .  in Standard Feet. 

- 

.. . . . . . . . .  
98267 I .oq 
988701.92 

1657287.93 
37 10827 . 1.3 

4509790.84 

0 , r ,  

38 39 53. I 7 
41 2 1  44.96 
41 22 47.90 
43 1 2  54'30 
48 50 47.98 
51 2 8.41 

. . . . . . . . .  
153673.61 
154616.74 
259172.61 
580312. 41 
705257.21 

Formenters ...... 
Greenwich. . . . . . .  
Arbury . . . . . . . . .  
Clifton:. ......... 
Kellie LRW . . . . . .  
Stirling . . . . . . . . .  
Snxnvord. . . . . . . .  

......... 

. . . . . . . . .  
272639.0 
722864.3 

1742021 ' 4  
2 1 8 6 1 z z . ~  
3415618.5 

0 I ,I 
. . . . . .  
51 28 38.30 
5 2  13 26'59 
53 27 29'50 
56 1 4  53.60 
57 27 49'12 
60 49 37.21 

. . . . . . . . .  
45;11911.3 
'4943837.6 
5394063.4 
6413221.7 
6857323.3 
8086820.7 



For the Indian Arc, in Longitude 77' 40', we have the following date: 

The data of the Rus~ian Arc, (Long. 26' 401,) taken from M. Struve's work are as below : 

Stntiona. i huonomlcnl Latitudes. 

- -  - 

For the Arc meuured by Sir Thomm Mnclear, (Longitude I tl" 301,) we have- 

Distance of PaRUcls 
in feet of 0, .  

2 

IFitance of Pndlels 
in Standard Feet. 

> -  - 

! 0 I 

If I 

Stutione. Astronomicn~ ~ ~ ~ i ~ ~ ~ ~ ~ ,  

. . . .  Stnro Nekrasso\vkn. 45 20  2-94 
Wodolui.. ........... 1 47 I 24.98 
Ssuprunkowzi ........ 1 48 45 3-04 
Kremenetz .......... 50 5 49'95 
Belin . . . . . . . . . . . . . . .  52 2 42.16 

. . . . . . . . . . . .  Ncmesch / 14 39 4.16 
Jacobstadt.. . . . . . . . . .  1 56 30 4-97 
Dorpat.. . . . . . . . . . . . .  1 58 22 47'56 

And, finally, for the Peruvian Arc, in Longitude 281" o' : 

Punom . . . . . . . . . .  1 8 9 31.132 
l'utcl~npolliam. . . .  

. . . . .  1)odtgoontah i I 2  59 52.165 

i 1756:;h0, 0 

...... NamthaLad 5 53'562 2518373.4 . . . . .  Daumergida I :8 3 15.2yz 359"/84..3 
Tsknlkhern . . . . . .  21 5 51.532 469i324.1 

Distauce of Pudlr.16 
in Tokes. 

- - 

.......... 
964'5' 136 

Hogland.. ........... 
Kilpi-maki.. ......... 

. . . . . . . . . . . .  Tornea.. 
. . . . . . . . . . .  Stuor-oivi 

Fuglencss ........... 

Slntions. 

......... Tarqui . . . . . . . . . . . . . .  -3 4 32.068 ........ 
Cotchesqui . . . . . . . . . .  o z 31'387 I 13 1036'3 

. . . . . . . . .  
IO29'74'9 
175656~. o 
2518376.3 
3591788.4 

Distnnce nPParnllels 
in Standard Fcrt. 
- - .- .- - - - 

.......... 
616529.81 

60 5 9.84 
62 38 5.25 
65 49 44'57 
68 40 58'40 
7 0  40 11.23 

Distance of Parallels 
in Standard Fwt. 

. . . . . . . . .  
8115oj'7 

1526386.8 
1631583.3 
1678375'7 

194973.124 1 1246762'17 
271724.510 j 1737551.48 
302943 '52' 2448745' '7 
53 1753 ' 042 1 3.+00312.63 
637483.911 1 4076.+1r.28 
7 ~ 7 6 4 . ~ 8 4  476242 1 '+3 
842.~03.102 5386r3j.39 
988016.669 1 6,317yo5.6i 

rrjo810.973 ' 7486789'97 
13310.32'877 8530517'90 
147786'78.3 1 925i911~06 

Distance of Parallels 
in Feet of 0,. 

. . . . . . . . .  
811506.8 

1526385' 1 

1632581.4 
1678373'8 

Stations. 

N. Eud ............. 
Heerenlogcment Berg . 
Royal Observatory .... 
XwnrtKop . . . . . . . . . .  
Cnpe Point .......... 

Asbonomical Lntit,ldes. 

0 I 8 ,  

29 ++ 1 7  '66 
31 58 9 . I I 

. 33 56 3 20 

34 13 32.13 
34 21 6.36 

. . . . . . .  1 i 1 1 p u  
4197329.5 

2 7 11 2 6 2  , 5794689.0 
Knlian:~. . . . . . . . .  29 30 48.322 77.558'i.o 1 77558319 

5794%:;. ; 



There is no necessity here to explain the manner of applying the method of least squmes t o  the 
Figure of the Earth. Let the polar se~ninxis be 

and  upp posing the earth to be all ellipsoid, let* 

=I + (v + QV cos 2 W + zs in  z W )  sin roo (2) 

5 90 
where n is the ratio of the difference of the equatorial (in longitude w east of Greenwich) and 
polar semiaxes to their sun]. Let  x, x, x, x, zz( be the corrections to the observed lntitudes of the 
southern point9 of the five arcs, then the correct~ons t o  the latitudes of the other points will be as 
follow :- 

............... Formentcrn. ... ... ... ... ... XI 

. . . . . . . . . . . . . . . . . .  hlontjouy - 0.822 + 0'971111 - 0 . 2 2 1 ; ~  - 0 . 2 2 1 ; ~  - 0.00392 + tl 
Barcelona ................. - 4.179 + 0'97;014 - 0'2235V - 0'2235W - 0.00392 -I- 1.1 

Carcnssonno ............... - 6.118 + 1.637511 - 0 . 4 5 0 ~ ~  - 0'4501fv - o.ooi9z + .rI 
.................. Pantheon - 7.831 + 3.664711 - 1 . 5 2 9 ~ ~  - 1 . 5 2 9 0 ~  - 0.02672 + .a'1 

Dunkirk . . . . . . . . . . . . . . . . . .  - 6.554 + ' 4 , 4 5 2 9 ~  - 2 . 1 0 4 5 ~  - 2.10421~ - 0.03672 + xl 
. . . . . . . . . . . . . . . .  Greenwich - 4.536 + 4'612011 - z.z.310~ - z.230710 - 0.03892 + a,, 

Arbury . . . . . . . . . . . . . . . . . . .  - 4.157 + 4 .8808~  - 2'45282) - 2 . 4 5 2 4 ~  - 0.04282 + z I  

Clifton . . . . . . . . . . . . . . . . . . .  - 7.86, + 5,324811 - 2 .8410~  - 2.840510 - 0.04962 + .r, 
Rellic Law . . . . . . . . . . . . . . . .  - 6.518 + 6.329411 - 3.81652) - 3.815910 - 0.06661 + .rI 

Stirling . . . . . . . . . . . . . . . . . . .  - 6.151 + 6.76711 - 4 .2832~  - 4.2825111 - 0.07482 + x1 
Saxsvord . . . . . . . . . . . . . . . . .  - 3'991 + 7.9783~1 - 5.i0092) - 5'70001U - 0.09952 + xI 
Punnffi . . . . . . . . . . . . . . . . . . . .  ... ... ... ... ... "8 

Putchapollinnl.. . . . . . . . . . . . .  - 9.733 + I -oz r ru  + o.goj .8~ - 0 ' 8 2 5 0 ~  + 0.37892 + xa 
. . . . . . . . . . . . .  Dodagoontnh.. $. 4.634 + 1.742611 + 1'516jv - 1.37831~ + 0.63302 + .1; 

.. . . . . . . . . . . . .  Nnmthabad.. - 1 . ~ 1 7  + 2.498011 + 2.12082) - 1'9273W + 0.88512 + .T~ 

. . . . . . . . . . . . . . .  Deumergidn + 0'544 + 3 .5622~  + 2.90162) - 2.636820 + 1.21092 + xs 
. . . . . . . . . . . . .  Taka1 Kl1el.n.. + 2.941 + 4'657971 + 3 . 6 0 7 6 ~  - 3.27841~ + 1 .5056~  + .r2 

. . . . . . . . . . . . . . . . .  Kalianpur - 3.110 + 5*745111 + 4 .1966~  - 3 . 8 1 3 ; ~  + 1'j51@ + x2 
Keliana.. ................. + 1.523 + 7.686411 + 4 .9324~  - 4.482370 + 2.05851 + .r2 
Staro Nekrnssowl~~. . . . . . . . . .  ... ... ... ... ... tj 

. . . . . . . . . . . . . . . . . . .  Wodolui + 4.008 + 0.608671 - 0.32832) - o'ry6ow - 0.26332 + x3 
Ssuprunkowzi. . . . . . . . . . . . . .  + 5.379 + 1.230611 - 0.71772, - 0.42862~ - 0,57572 + . ~ 9  
Kremenetz . . . . . . . . . . . . . . . .  + 0.498 + 1 . 7 1 4 8 ~  - 1.05882) - 0.632320 - 0.84932 + : t i  

Beliu ..................... + 2.770 + 2.41621 - 1 .6100~  - 0 . 9 6 1 4 ~  - 1'29I4Z + ZS 

Nerncsch . . . . . . . . . . . . . . . . .  + 2.376 + 3 . 3 5 4 4 ~  - 2.4526~ - 1 . 4 6 4 6 ~  - 1'96732 + 9 
Jscobstndt . . . . . . . . . . . . . . . . .  + 4.810 + 4.020511 - 3.1224" - 1 . 8 6 4 6 ~  - 2.50452 + x3 
Dorpnt . . . . . . . . . . . . . . . . . . .  + 1.060 + 4.69661 - 3.86152' - 2'30592V - 3.09742 + s ~ a  

. . . . . . . . . . . . . . . . .  Hogland.. + 2.119 + 5'31101 - 4.58302) - 2 . 7 3 6 8 ~  - 3.67612 + xz 

Kilpi-mnki . . . . . . . . . . . . . . . .  + 1'297 4- 6.228611 - 5.74640 - 3.431510 - 4.60932 + 5 9  

Tornea . . . . . . . . . . . . . . . . . . . .  + 6.528 + 7 .3793~  - f'3412U - 4.383810 - 5.88852 + .TJ 

Stour-oivi . . . . . . . . . . . . . . . . .  + 1.261 + 8'40651t - 8 . 8 9 5 1 ~  -- 5 ' 3 0 5 8 ~  - 7'12692 + 1's 

Fuglenoes . . . . . . . . . . . . . . . . . .  + 2.783 + 9.1223~1 -10 '0206~ - 5 . 9 8 3 9 ~ ~  - 8'03772 + .Z'J 
... North End . . . . . . . . . . . . . . . .  ... ... ... ... 4 

. . . . . . .  Hecrcnlogemcnt Berg + 0.303 + 0 .8032~  + 0.16722) + 0 '  133510 + 0.10062 + ~4 

. . . . . . . . . .  Roynl Obsormtory - 0.755 + 1.51047~ + 0.24712) + 0'197410 + 0.14872 + XA 

. . . . . . . . . . . . . . . .  ZmartKop + 0'832 + 1 .6156~  + 0 .2534~  + o.zoz.+zu + 0.1525~ + :r, 

. . . . . . . . . . . . . . . .  CapePoint - 0.322 + 1.G608u + 0 .2557~  + 0'2042w + 0.15392 + 1.1 

Tarqui . . . . . . . . . . . . . . . . . . . .  ... ... ... ... ... 
.. . . . . . . . . . . . . . .  Cotchesrlui + 0.582 + 1.122414 + 1.0852~ - 1.oo611u - 0.40652 + 4 

. - - - -- - - 
* ~Jfcmoira of the R o p l  Astronomical Society, vol. n i x ,  pagc 30. 



The sum of the squares of these 40 wrrcctions beirlg ]uncle ir minimum, we get the fclllowi:~g 
eqoetions for u v tu z after having eliminated s, z, x, s, zI ; 

o = - 33.0215 + 228.0293~ - 136.2457~ - 147.577020 - 82.72882 

o = + 13.1070 - 136.2457'1 + 188.6212~ + 95.950910 + 114.747jz ( 3 )  
o = + 16.9976 - 147.5770U + 9 5 . ~ 5 0 9 ~  + 100.o405tu +- ,56.4999: 

o = - 49223 - 82.7288~ + 114.7473~ + 56.49991~ -+ 88.5808: 

writing A B C D for the absolute terms in these equations, they become on elimination, 

o = u + 0.103665A - o.01507yB + 0.1 j8926c + 0.01498: 1) 

0 = v - 0.015079 A + 0.033558 B - 0.034271 C - 0,035694 D 

o = t u  + o-158yz6A - 0.034271B + 0.263234C + 0.024921 D 

o = z + 0.014982A - 0.035694B + 0~024921 C + 0.055623D 

Substituting here the values of A B C) D, we get- 

These values being substituted in equations (I), (2), gire- 

Polar semiaxis = 20853429 feet. 

Equatorial semiaxis = 20923 161 -k 3 189 COY 2 (W - 150.3+') 

i L  = 0.001669176 + * O O O O ~ ~ L I  COB 3 (W - ~ 5 ~ . 3 4 ' )  

I Length in 

Semiaxes. 1 - -  _ 
T o i x  1 Jlctnr. 

8 - .  

Major semiaxis = it, of equatol. (long. ;5'.34' E.) 20026350 SP7353i.3 (j37kP04-0 I 
 ino or semirris = I, of e q ~ ~ a t o r  (lung 105O.34' E.) I 20919972 1 3371540.1 6376350*1 

I 
POIN semiitxis = c, ... ... ... .. . ...... ... ...... ......... ' 20853129 5261 133.8 6356068.1 

- - . - . . . . - - - . . . - - - - - - -. - - - -. . - . . - - . - . . 

C Z - C -  I . b - c -  1 a -  r - _ , - _ _  . --  
c  285.97 c 313.38 ' c 3 2 d ~ ' ; )  

The length of the ~ileridian quadrant passing tlrrougl~ Ptllis, is . . . . , 1ooo14;2.5 metref, 

and the lninirnulll quadrant, in longitude 105' 34' is . . . . . . . . . lOOOOO24~ 5 metres 



The corrections to the latitudes of the 40 Astrono~uical Stations computed from the above values 
of u. v w z nre as in the following Table :- 

The sum of the squares of these corrections is 138.3020: lience the probable error of a single 
latitude determination is 

I I 
Stntions . Corrections . Stations . 1 ~oi-rcctianr 

. 
i , . 

Staro ~ek rksowkn  --3'3IOS 

. . . . . . . . . . .  Wodolui +0'9~85 

Ssupruukowzi ...... + 2.6272 
Kremenetz . . . . . . . . .  -z:o88z 

l3elin . . . . . . . . . . . . .  i +0.3709 

. . . . . . . . . .  Nemesch I +o.rzg7 

......... JacoLstadt +2.6062 

. . . . . . . . . . .  Dogat y .  - 1  . I557 

. . . . . . . . . . .  Hogland -0' I535 

ICilpi-maki . . . . . . . .  -1'1397 

Tornen . . . . . . . . . . . .  +3 . 7599 
. . . . . . . . .  Stour-oivi -- I . 914% 

Fuglonces . . . . . . . . . .  -0' 73 10 

. . . . . . . .  North End -1.31~7 

Heereulogement Berg -0.0393 

Royal Observatory . . -0'3123 

. . . . . . . .  . Z\vart Kop +I 3856 

. . . . . . . .  Cape Point +o.z789 

Tarqi~i . . . . . . . . . . . .  +o.z818 

Cotchcsqui . . . . . . . .  -0.2818 

. 

i I~ 

. . . . . . . .  . Formentern +z 7389 

. . . . . . . . . .  l\lontjouy + 3.6977 
Bucelone . . . . . . . . .  
Cercassonnc . . . . . . .  

, . 

-0.6549 
-2 '1257 

Pantheon . . . . . . . .  --2.7193 

Dunkirk . . . . . . . . .  -1.1360 i . . . . . . . . .  Grecuwich +0.9353 

. . . . . . . . . .  Arbury , 1 + 1.3976 
. . . . . . . . . . .  Clifto~i 1 - z . 1881 

Kellie Law . . . . . . . .  --0.6546 

Stirling . . . . . . . . . . .  --o.z,yg5 

Saxavord . . . . . . . . . .  + 1.9489 

. . . . . . . . . . . .  Punna: 1 -0'3454 

Putchnpollinm ' 1.3484 . . . . . .  -- 

Dod.600uL.h . . .  , . , . i +1 '8710 

Namth~bad . . . . . . . .  
. . . . . . .  Daumergida 

Taknl Khern . . . . . . .  
Kalinnpur . . . . . . . . .  
I<~~liaun . . . . . . . . . . .  

.2 . 08 
-0.3676 

. +z 190 

--3.6854 

+ I '835 I 



If in the first two of the equatione (3) we mnde w = 0, 5 = 0, the value8 of 1~ and w resulting 
from those two equations would determine the S1~l~e~-&icl of Ilevolutwi~ bat  representing the geodetic 
measurements. In this case we get 

o = t~ + 0.0077151 A + 0.0055773B 

And from these values there result 

I 
I.mgth in 

Semiaxen. - -- -- - -- -- - -- -- - - 
Tokes. I Metre. 

- 

Equriorinl reminxia = n rogt606r 32,2492 .j 6378206.4 
polar semiaxis = b 20855121 3261398.4 6356583.8 i 

b 291.98 

I 
- =  - 
u 294'98 

In this figure, however, the sum of the squares of the latitude corrections is 15g.yygy agninet 
rg8.30~0 in the figure of three unequal axes. 
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